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Abstract
Semi-solid thixoforming processes rely on a material microstructure made of globular solid
grains more or less connected to each other, thus developing a solid skeleton deforming into
a liquid phase. During processing, the material structure changes with the processing history
due to the agglomeration of the particles and the breaking of the grains bonds. This particular
evolutive microstructure makes semi-solid materials behave as solids at rest and as liquids during
shearing, which causes a decrease of the viscosity and of the resistance to deformation while
shearing.
Thixoforming of aluminum and magnesium alloys is state of the art and a growing number of
serial production lines are in operation all over the world. But there are only few applications of
semi-solid processing of higher melting point alloys such as steel. This can partly be attributed
to the high forming temperature combined with the intense high temperature corrosion that
requires new technical solutions. However the semi-solid forming of steels reveals high potential
to reduce material as well as energy consumption compared to conventional process technologies,
such as casting and forging. Simulation techniques exhibit a great potential to acquire a good
understanding of the semi-solid material process. Therefore, this work deals with the development
of an appropriate constitutive model for semi-solid thixoforming of steel.
The constitutive law should be able to simulate the complex rheology of semi-solid materials,
under both steady-state and transient conditions. For example, the peak of viscosity at start
of a fast loading should be reproduced. The use of a nite yield stress is appropriate because
a vertical billet does not collapse under its own weight unless the liquid fraction is too high.
Furthermore, this choice along with a non-rigid solid formalism allows predicting the residual
stresses after cooling down to room temperature.
Several one-phase material modeling have been proposed and are compared. Thermo-
mechanical modeling using a thermo-elasto-viscoplastic constitutive law has been developed. The
basic idea is to extend the classical isotropic hardening and viscosity laws to the non solid state by
considering two non-dimensional internal parameters. The rst internal parameter is the liquid
fraction and depends on the temperature only. The second one is a structural parameter that
characterizes the degree of structural build up in the microstructure. Those internal parameters
can depend on each other. The internal parameters act on the the viscosity law and on the yield
surface evolution law. Dierent formulations of viscosity and hardening laws have been proposed
and are compared to each other. In all cases, the semi-solid state is treated as a particular case,
and the constitutive modeling remains valid over the whole range of temperature, starting from
room temperature to above the liquidus. These models are tested and illustrated by mean of
several representative numerical applications.
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Nomenclature
The nomenclature used in this manuscript is mostly as close as possible to the notations
commonly used in the literature. The following basic rules are applied:
 The lower-case bold characters represent vectors or rst order tensors.
 The capital bold characters represent second order tensors1.
 The capital hand-written looking characters (for example, H) represent tensors of
order higher than 2.
However the Greek characters do not follow the rule above-cited. No general rule can be
stated for these characters, except the one linked to the use of rst or second order tensor.
General notations
I ! I ij = ij Identity 2nd order tensor
det(A) Determinant of a tensor A
tr(A) Trace of a tensor A
: Double contraction of 2 tensors
 Scalar product of 2 vectors
t Time
In the case there is no mathematical symbol between two quantities, the classical
multiplication (scalar or tensorial) is applied.
Continuum media kinematics
X Lagrangian coordinates (reference position)
x Eulerian coordinates (current position)
u Displacement
1with the exception of the Lagrangian or reference coordinates X
13
NOMENCLATURE 14
F Deformation gradient
J Jacobian
L Spatial velocity gradient
EN Natural strain tensor
D Deformation rate (with its deviatoric D^, elastic De, plastic Dp and vis-
coplastic Dvp) parts
W Spin tensor
 1D engineering strain
Constitutive laws
 Cauchy stress tensor
s Cauchy stress tensor deviator
p Hydrostatic pressure
H 4th order tensor of the material behavior (e.g. Hooke tensor in linear elas-
ticity)
f Yield surface
 Equivalent stress
crit Current critical stress
y Current yield stress
visc Current viscous stress
C Current "backstress" tensor
N Unit external normal to the yield surface
p Equivalent plastic strain (noted vp in the viscoplastic case)
p Internal parameters vector
 Cohesion degree
E Young's modulus
 Poisson ratio
G Shear modulus
K Bulk modulus
(s;l) Density (of the solid or liquid phase respectively)
 Linear thermal dilatation coecient
h1 Linear isotropic hardening coecient
NOMENCLATURE 15
0y Initial yield stress
k Viscosity parameter
m Viscosity exponent
n Hardening exponent
 Current(Apparent) viscosity
!y Linear softening coecient for the yield stress
Thermal parameters
T Temperature
Ts Solidus
Tl Liquidus
fl Liquid fraction
fs Solid fraction
er Equilibrium partition ratio
th Thermal conductivity tensor
c(s;l) Heat capacity per mass unit (of the solid or liquid phase respectively)
ceq Equivalent volumetric heat capacity
L Latent heat
Thermodynamics
' Surface heat ux
u Specic internal energy
s Entropy
h Specic enthalpy
 Specic free energy

Chapter 1
Introduction
Historically, metal forming has always been a major concern for humans in their quest
to craft dierent kinds of objects, weapons, tools, and so on. Dierent techniques for
metal forming have been developed, and many of these can be classied into two main
categories: casting and forging.
Casting: The metallic alloy is rst heated up to its melting point, then the liquid
material is poured into a die so that it takes the desired shape. The biggest part of
the energy consumed in the process concerns the heating of the material. This kind of
process allows to produce a large variety of complex geometries, most notably thin-wall
components that allow the manufacturing of lighter parts. However, during solidication,
the material tends to shrink, and this inevitably leads to porosity that weakens the
mechanical properties of the nal product.
Forging: The alloy is kept in the solid state and is deformed into the desired shape.
In this case, the consumption of energy is mainly due to the load necessary for producing
the prescribed deformation. This kind of process can oer a very good level of mechanical
properties but is limited to simpler geometrical designs than with casting. Moreover the
waste of material is higher than that in casting.
Semi-solid thixoforming: It is an intermediate process. It relies on a particular
behavior that can be exhibited by semi-solid materials. These materials display thixotropy,
which is characterized by a solid-like behavior at rest and a liquid-like ow when submitted
to shear. This behavior is illustrated in Fig. 1.1 where the metal can be cut and spread
as easily as butter.
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Figure 1.1: Photographic sequence illustrating the thixotropic behavior of a semi-solid
alloy slug [1]
1.1 Introduction to thixoforming processes
A family of innovative manufacturing methods based on this thixotropic behavior has
been developed and has gained interest over the past 30 years. These processes exhibit
several advantages, such as energy eciency, production rates, smooth die lling, low
shrinkage porosity which all together lead to near net shape capability and thus to fewer
manufacturing steps than with classical methods. Semi-solid material processes have al-
ready proved to be ecient in several application elds, such as military, aerospace and
most notably automotive industries. Examples of parts that have already been produced
by semi-solid processing are illustrated in Fig. 1.2.
Figure 1.2: Parts that can be produced by semi-solid processing [2]
Thixoforming of aluminum and magnesium alloys is state of the art and a growing
number of serial production lines are already operating all over the world. However, so far,
there are only few applications of semi-solid processing of higher melting point alloys such
as steel. This can partly be attributed to the high forming temperature combined with
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the intense high temperature corrosion that require new technological solutions. However
the semi-solid forming of steels reveals high potential to reduce material as well as energy
consumption compared to conventional process technologies. In this way, a lot of eorts
is currently being put into broadening the range of materials specically designed for
thixoforming. For the interested reader, there are several books [3, 4, 5] devoted to semi-
solid metal processing.
1.2 Goals and introduction of the research
In this context, simulation techniques exhibit great potential to gain a good un-
derstanding of these semi-solid manufacturing routes and may be very helpful in the
development of the process.
Therefore, the present work lies within the scope of the simulation of thixoforming
processes. More precisely, the goal of this work was the selection and development of
constitutive laws to model the thixotropic behavior. The constitutive model is integrated
into the (object oriented) nite element code Metafor [6] that is developed in the research
unit of "Non Linear Computational Mechanics" of the "Aerospace and Mechanical
engineering" department at the University of Liège.
The development of a constitutive modeling of the thixotropic behavior in the nite
element code Metafor which is established in the framework of large deformations theory
is an original contribution of this work. For example, the concept of tangent stiness
matrix has not yet been treated in the case of the modeling of thixoforming processes.
Basically, the present research was mainly dedicated to study steel alloys that present
a thixotropic behavior and the application to thixoforging processes, i.e. to thixoforming
processes for which the liquid fraction in the material remains small and which is thus
closer to classical forging processes. However, the philosophy that has been followed
during the elaboration of the constitutive modeling was to keep the model as general as
possible, so that it is not restricted to steel alloys.
The range of behaviors that is included in the constitutive laws that are presented
in this work is much wider and goes continuously from the classical elastic behavior
encountered at room temperature in the case of solid small deformations to the viscous
behavior of a uid, passing through the complex thixotropic behavior at the semi-solid
state. Thus, in the proposed models the prediction of the behavior of semi-solid steel
alloys containing a low fraction of liquid is treated as a particular case and the models
can degenerate properly and continuously both to the solid and the uid behavior which
is also an original contribution of this work.
This possibility to degenerate properly to classical solid behaviors, accompanied with the
choice of the specic framework of a solid elasto-viscoplastic constitutive modeling (whose
theory is explained in details in the manuscript) oers the possibility to predict the
residual stresses that remain in the part after the forming step, when the load is released
CHAPTER 1. INTRODUCTION 20
and the part is cooled down back to room temperature. The prediction of these residual
stresses is original in thixoforging and it can give a good indication about the quality of
the part for further use.
Beyond the development of the constitutive modeling, numerical simulations of more
or less elaborated thixoforming processes have been performed. On the one hand, the com-
parison between the computed quantities to the corresponding experimental data allows
to validate the proposed material modeling. On the other hand, the numerical results are
rich in information that can help to better understand the complex phenomena that are
involved.
The set up of these numerical simulations in Metafor, which gathers several concepts of the
large deformations framework, including the arbitrary Lagrangian-Eulerian formulation, is
also an original contribution of this work.
1.3 Structure of the manuscript
The present manuscript is structured as follows.
First, a brief review on the technical aspects of semi-solid metal processing, like the
heating stage, the production of alloys that are suitable for thixoforming, as well as the
forming stage by itself, is established.
Then, the specicities of the thixotropic behavior that have been observed experi-
mentally and that need to be inserted in the models are detailed. In other words, the
background rheology and mathematical theories of thixotropy are reviewed in order to
develop proper constitutive models and to simulate thixoforming processes by means
of, for example, the nite element method. In essence, thixotropic materials are highly
temperature and rate sensitive so that computational modeling must include non steady-
states as well as thermomechanical eects.
To set up the theoretical framework in which the simulations are established, contin-
uum mechanics aspects as well as associated computational procedures like kinematics
in large deformations or thermomechanical nite deformation constitutive theory, and
thermomechanically coupled conservation equations (set up as well as resolution), are
described. Treating semi-solid material, containing both liquid and solid in more or less
large proportions, can be done using the mathematical framework of both liquid dy-
namics or solid mechanics. Thus, both formalisms are detailed and compared to each other.
A state of the art of modeling thixotropy is also gathered. It can be roughly categorized
as one-phase or two-phase models. Dierent existing theories to mathematically reproduce
the thixotropic behavior are explained.
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As the central issue of this work, the focus is then put on the development of
the constitutive modeling. As already said, it is established in the frame of the solid
thermo-elasto-viscoplastic formalism, and is extended here to be able to simulate uid
ows. The key concept of the proposed models are two internal parameters. The rst
one introduces the eect of the evolution of the microstructure of the material and the
other one takes the thermal eects into account. Step by step, the dierent features of the
model are presented and discussed. The motivations that have lead to the proposition of
each of these features are also explained.
Finally, to validate the proposed constitutive laws and analyze the ability of the models
to predict the thixotropic behavior, the numerical simulations of several bench tests are
conducted. The computed results are described, analyzed, and compared to references,
which are experimental data in most cases. Two academic tests are conducted and are
mainly dedicated to study the non-steady state thixotropic behavior and the thermal
eects separately. Then two more realistic forming processes are numerically represented.
They are based on the experimental campaign that has been conducted at the University
of Liège by Pierret, Vaneetveld and Rassili [7, 8, 9, 10].

Chapter 2
Semi-solid metallic alloys forming
processes
By denition, a thixotropic material behaves as a solid when allowed to stand still
and as a liquid (it ows) when submitted to deformation. The viscosity of a thixotropic
material decreases with shearing (it is said that the material thins) and increases again at
rest (the material thickens).
Some examples of thixotropic systems include [11] the following:
 Flocculation under inter-particle forces: paints, coatings, inks, clay slurries, cosmet-
ics.
 Flocculation of droplets: emulsions.
 Flocculation of bubbles: foams.
 Interlocking of growing crystals: waxes, butter, chocolate.
 Agglomeration of macromolecules / entanglement: polymeric melts, sauces.
 Agglomeration of brous particles: tomato ketchup, fruit pulps.
Among those examples, a couple of thixotropic materials that can be encountered
in the everyday life can help to better understand this particular thixotropic behavior:
Ketchup ows out of its bottle more easily if shaken previously. Certain kinds of paints
stick on paintbrushes and walls but ow and spread when worked with the brush.
Some decades ago, a lot of work was done on the deformation of alloys during
solidication in order to better understand some defects inherent to casting. In this
environment, at the Massachusetts Institute of Technology (MIT) in the 1970s, Spencer
et al. [12] discovered that metallic alloys in the semi-solid state with some specic
microstructure could also display thixotropy.
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This discovery has given rise to a considerable interest and has resulted in to new metal
forming processes - a whole family of semi-solid processes.
2.1 Thixotropic semi-solid metallic alloys
It all started with the very unexpected results of some viscosity measurements of alloys
during solidication carried out at the MIT.
Figure 2.1: Apparent viscosity versus solid fraction for Sn-15%Pb stirred at various shear
rates during continuous cooling [12]
The solidication of a non pure material occurs in a nite range of temperatures at
which two phases coexist: a liquid and a solid phase. The material is then in the semi-solid
state. Thus, during a solidication experiment the percentage of solid contained in the
semi-solid, called the solid fraction - denoted fs - increases
1. In these experiments, the
viscosity measured as a function of the solid fraction was depending on whether the alloy
was continuously stirred or not. In both cases, the apparent viscosity increases with the
solid fraction, as the material solidies. This viscosity rise speeds up at a certain solid
1On the opposite, the percentage of liquid contained in the semi-solid, called the liquid fraction - denoted
by fl = 1  fs - decreases.
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fraction level, as the material stiens. It is this starting point of sudden stiening that
depends on the conditions of solidication. So, the stirred melt starts to stien at a much
higher solid fraction than the unstirred one. We can see in Fig. 2.1 that this "critical"
solid fraction increases with the strain rate. These experiments showed that the viscosity
of a semi-solid metallic alloy was very sensitive to the shear rate. Viscosity is a measure
of how easy it is for a material to ow. Thus, at the same solid fraction, the stirred melt
would ow more easily than the unstirred one.
Fleming and his MIT group, who discovered this phenomenon, attributed it to the
microstructure evolution of the molten alloy. It was well known that a steady solidication
led to a dendritic microstructure (see Fig. 2.2), with solid dendrites particles lying in the
liquid matrix. They proposed that a vigorous agitation during solidication leads to a
non dendritic but rather spheroidal or globular microstructure because the shearing would
continuously break up the arms of the dendrites. A comparison between dendritic and
globular microstructure is shown in gure 2.2, where the liquid phase is dark and the solid
phase is light.
A higher shear rate leads to particles closer to pure spheres and, hence, to a lower
viscosity and to an easier ow. Thus, they found that semi-solid metallic alloys with a
non-dendritic microstructure are thixotropic.
Figure 2.2: Comparison between dendritic (left) and globular (right) microstructures in a
semi-solid alloy sample [13]
2.2 Dierent types of semi-solid processing
As explained in the previous section, the key point of semi-solid forming processes is the
thixotropy of metallic alloys at the semi-solid state. For this a spheroidal microstructure
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is required. Thus, all semi-solid forming processes take place in several steps:
 production of non-dendritic microstructures,
 reheating to the semi-solid state,
 forming.
Depending on the type of the process, the reheating step can be avoided. The standard
terminology is as follows.
Rheoforming refers to a process where the raw material is brought to the total liquid
state before being cooled down to the desired semi-solid state. In this case, the metal is
liquid at the start of the forming process and the reheating stage is not needed.
Thixoforming refers to a process where an intermediate solidication step occurs dur-
ing the production phase. In this case, the metal is solid at the start of the forming process.
In addition, semi-solid forming processes can be seen as an intermediate family of
processes between casting and forging. Therefore, depending on the liquid fraction, the
forming stage can be close to casting or to forging. So, in the case where the liquid
fraction is relatively high (i.e., above about 50%), the process is closer to casting and has
got this terminology. On the other hand, a process working with lower liquid fraction is
closer to forging.
Figure 2.3: Schematic illustration of dierent routes for semi-solid metal processing
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The dierent types of semi-solid processes can be categorized as thixocasting, thixo-
forging, rheocasting, or rheoforging, illustrated in Fig. 2.3.
2.2.1 Production of spheroidal microstructure
Conventional partial solidication or remelting leads to solid dendrites in a liquid ma-
trix, which is precisely what is to be avoided in an ecient semi-solid process. Therefore,
the stage of production of a globular microstructure is critical and requires the develop-
ment of innovative processes besides regular casting or forging processes. In his book [14],
Suéry classies the processes into two main categories. The rst category contains pro-
cesses where the main microstructure modication occurs during solidication; it does not
matter whether the semi-solid thixotropic material is then formed right away (prex rheo-)
or cooled back down to the solid state and reheated before the forming step (prex thixo-).
The other category includes processes where remelting plays the major part in structure
modication.
2.2.1.1 Microstructure modication during solidication
The goal of this kind of processes is to act on the solidication stage in order to avoid
the development of dendrites. According to Suéry [14], this can be done in three ways:
 Mechanical methods impose shearing to the structure under solidication. The
shearing can be produced by dierent kinds of stirring (mechanical, passive, or elec-
tromagnetic stirring), by ultrasound or by electric shocks.
 Chemical methods modify the composition of the alloy to get grain renement and
equiaxed microstructures.
 Thermal methods use some appropriate cooling conditions to get globular mi-
crostructures. For example, maintaining a dendritic structure in the semi-solid tem-
perature range for a period of time can produce a relatively coarse globular structure
by natural maturing. The hold time needed for maturing depends on the size of the
dendrites, which in turn depends on the cooling rate. Thus, the fastest solidication
possible is tried for in order to get the nest structure before remelting it.
Another example is used in the process of new rheocasting (NRC). The alloy is molten
at its near-liquidus temperature and then cooled down slowly and homogeneously.
The liquid metal that is lightly overheated passes under the liquidus in a rapid and
homogeneous way. This produces the nucleation of numerous and thus small grains
that remain spheroidal during the slow cooling.
Certain methods can be combined together to get a better eciency.
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2.2.1.2 Microstructure modication during remelting
The achievement of the non-dendritic microstructure is made during the remelting
stage, although the structure of the alloy at the initial solid state is also very important.
These processes can be sorted into three dierent kinds [14].
 Powder metallurgy: The partial remelting of a ne powder made of several alloys
with dierent solidus temperatures can lead to a globular microstructure under proper
heating conditions.
 Deformation processes: The metallic alloy is submitted to plastic deformation
before being remelted. If the deformation is high enough, a ne grain recrystalliza-
tion occurs during remelting and the liquid penetrates the recrystallized boundaries.
There are dierent processes of this kind depending on the temperature at which
the plastic strain is imposed. A route called strain induced melt activated (SIMA)
involves hot working (above the recrystallization temperature) while the process of
recrystallization and partial remelting (RAP) involves warm working (below the re-
crystallization temperature).
 ThixomoldingTM [15]: This is an exception to the terminology "thixo".
ThixomoldingTM is a licensed process highly eective for magnesium alloys. Metal
pellets are injected into a continuously rotating screw. The shear induced to the
material by the screw generates enough energy to heat the pellets into the semi-solid
state and creates a globular structure. The material is then directly injected into a
die.
2.2.2 Reheating
The reheating of the material up to the adequate semi-solid state is necessary only in
thixoforming processes. This stage of the process is a very important one and must be of
good quality to meet the desired liquid fraction. Indeed, the liquid fraction is a crucial
parameter for the quality of die lling. The liquid fraction and thus the temperature
should be as uniform as possible to get a homogeneous behavior.
There exist two main routes for this reheating step; the resistance furnace and the
inductive heating.
2.2.2.1 Heating by resistance furnace
These furnaces supply the heat by convection and radiation. The heating times are
higher than that in induction heating. Above the industrial inconvenience of considerable
waste of time, these long heating times lead to a non homogeneous microstructure. Indeed,
the solid phase maturing depends on the hold time in the semi-solid state so that a slow
heating can lead to larger solid grain size close to the skin than in the heart of the slug.
It is possible to speed up the resistance heating by improving the heat transfer thanks to
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forced air convection or even convection in a liquid, but these means are not very ecient
in general.
2.2.2.2 Inductive heating
Inductive heating, which, unlike resistance furnace, supplies the heat directly inside the
billet, and is the most employed heating route in thixoforming. It has got the advantage to
be much faster than the previous heating by resistance furnace. This results in enhanced
productivity and energy eciency and avoids the problem of grain size mentioned in the
case of resistance heating.
A primary circuit transmits electric energy to the metallic billet which plays the role of
secondary circuit. The electric energy is then converted into heat by Joule eect losses.
In practice, as illustrated in Fig. 2.4, the sample is set inside an inductor supplied by
alternative current. This produces an alternative magnetic eld that creates induced
currents, called Foucault currents, inside the billet. These currents dissipate heat inside
the sample by Joule eect.
Figure 2.4: Schematic illustration of the inductive heating device
If no particular care is taken, the induced currents and the resulting temperature can
be non homogeneous inside the billet. By the laws of electromagnetism, also known as
Maxwell laws, it can be shown that the intensity of the induced current decreases expo-
nentially from the skin to the heart of the sample. This phenomenon is called the skin
eect. In fact, the main part of the transferred power is conned close to the surface of
the sample. The heart of the billet is heated afterward by thermal conduction from the
surface. Therefore, there is a radial inhomogeneity of the temperature (and thus of the
liquid fraction). A temperature gradient along the axis can also appear since the length of
the inductor is not innite.
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However, unlike resistance heating, these inhomogeneities can be avoided, or at least re-
duced to a minimum by a careful set up of the inductive heating process parameters.
Collot [16] states that thermal and energy eciency of the induction can be qualied by
two main values: the penetration depth and the dissipated power. These quantities depend
on various parameters that can be divided into two families depending if they characterize
the primary (the inductor geometry, the current frequency or intensity) or the secondary
circuit (the material properties or the size of the billet). The parameters of the rst kind
are chosen according to those from the second family.
These parameters are numerous and interconnected and a description of the inuence of
each is beyond the scope of this work. However, a parameter that plays a major role in
temperature homogeneity is the evolution of the power supply. In fact, it is important to
calibrate the right heating cycle with, for instance, some stages of lower power that leave
some time for the conduction to homogenize the temperature. In practice, the determina-
tion of such an appropriate heating cycle, which keeps reasonable temperature gradients,
is a big concern.
2.2.3 Forming
The last, but not least, step consists in deforming the slug into the desired shape.
As already mentioned, there exist dierent kinds of forming processes depending on
the liquid fraction obtained after reheating. Among those, it is possible to make other
dierentiations depending on the die device as illustrated in gure 2.5: extrusion, vertical
or horizontal press... Nowadays, some processes are already in production and others are
still in the stage of development. The forming can also be continuous or the billets can be
treated one by one.
Figure 2.5: Illustration of the main kinds of semi-solid forming processes
Semi-solid processes are used to treat mainly aluminum, magnesium and steel alloys.
Some bronze or copper alloys can be treated by semi-solid processing. The main
CHAPTER 2. SEMI-SOLID METALLIC ALLOYS FORMING PROCESSES 31
application elds are the automotive, aerospace and military industries. More or less
geometrically complicated parts can be produced by semi-solid processing, as already
illustrated in Fig. 1.2. In addition, thixomoldingTM mainly produces magnesium alloy
components for mobile phones, labtop, cameras, and so on.
One crucial advantage of thixoforming over solid forging is the reduction in the number
of manufacturing steps needed to reach the nal product by eliminating some operations
(forging steps, clipping, punching, nal machining) and incorporating all remaining oper-
ations into a single line [17]. This is illustrated in gure 2.6 where the component can be
obtained in a single pass by thixoforming.
Figure 2.6: From forging to thixoforging of a ange: Reduction of the number of manufac-
turing steps and geometry redesign
However, the transfer from one technology to another is never straightforward and
another fact that is illustrated by Fig. 2.6, is the necessary geometry redesign and
resize of the existing forged component for thixoforming. It is of course necessary for
the redesign to keep connecting and functional dimensions unchanged. In the case of
the ange represented in gure 2.6, the number of sharp edges has been reduced to a
minimum. This allows to obtain a laminar ow of the semi-solid material and to prevent
tool material deterioration.
On the other hand, the redesign can take advantage of the enhanced freedom in part
design that is oered by thixoforming.
A point common to all types of processes is that liquid and solid phases can move
apart, which causes segregation that can lead to inhomogeneities in the properties of the
nal product. So, in all cases, the process should be designed to minimize this eect.
Another concern, which is common with classical solid or liquid forming processes, is
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the lifetime of the die. The manufacturing costs of a die makes it worthwhile to put in
signicant eort into the design increase the average life.
2.3 Advantages and disadvantages of semi-solid process-
ing
As with any manufacturing process, there are certain advantages and disadvantages in
semi-solid processing.
The main advantages of semi-solid processing, relative to die casting, have been gath-
ered by Atkinson [1] as follows:
 Energy eciency: Metal is not being held in the liquid state over long periods of
time.
 Production rates are similar to pressure die casting or better.
 Smooth lling of the die with no air entrapment and low shrinkage porosity gives
parts of high integrity (including thin-walled sections) and allows application of the
process to higher strength heat-treatable alloys.
 Lower processing temperatures reduce the thermal shock on the die, promoting die life
and allowing the use of non-traditional die materials and processing of high melting
point alloys such as tool steels that are dicult to form by other means.
 Lower impact on the die also introduces the possibility of rapid prototyping dies.
 Fine, uniform microstructures give enhanced mechanical properties.
 Reduced solidication shrinkage gives dimensions closer to near net shape and justies
the removal of machining steps; the near net shape capability reduces machining costs
and material losses.
 Surface quality is suitable for plating.
The main disadvantages are as follows:
 The cost of raw material can be high and the number of suppliers small.
 Process knowledge and experience has to be continually built up in order to facilitate
application of the process to new components.
 This leads to potentially higher die development costs.
 Initially at least, personnel require a higher level of training and skills than with more
traditional processes.
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 Temperature control: Solid fraction and viscosity in the semi-solid state are very
temperature dependent. Alloys with a narrow temperature range in the semi-solid
region require accurate control of the temperature.
 Liquid segregation due to nonuniform heating can result in nonuniform composition
in the component.

Chapter 3
Rheological aspects
Modigell and Pape [18] describe rheology as an interdisciplinary science connecting
physics, physical chemistry, chemistry, and engineering sciences. The word "rheology"
combines the Greek words rheo, which means "ow", and logos, meaning "science".
Rheology deals with simultaneous deformation and ow of materials [19, 20]. It is
quantitatively expressed in relations between forces acting on bodies and the resulting
deformations.
Probably because of the "ow" connotation, the word rheology is mainly used in uid
mechanics. However, in general, it is concerned with the mechanics of deformable bodies
and can be seen as a discipline that aims at modeling material behavior under any of
the mathematical frameworks detailed in section 4.2. Two branches of rheology working
together have been distinguished by Modigell and Pape [18]. The rst one, often called
rheometry, should give reliable experimental data to set up heuristically dened equa-
tions. The other one is theoretical and tries to derive constitutive relations by structural
considerations. This section focuses on the second part.
3.1 Microscopic point of view
First, thixotropy in a microscopic point of view is treated, and more specically, the
microscopic origin of thixotropy is explained.
3.1.1 Origins of thixotropy
It has already been mentioned in chapter 2 that the origin of thixotropy could be found
in the globular microstructure of the material. This section will focus on the reasons why
such a structure is required and how it leads to thixotropy.
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3.1.1.1 Agglomeration
The basic phenomenon of thixotropy is the tendency of the solid particles to agglomer-
ate. Atkinson [1] explains that this agglomeration occurs because particles collide (either
because the shear brings them into contact or, if at rest, because of sintering) and, if
favorably oriented, form a boundary. "Favorable orientation" means the fact that if the
particles are oriented in such a way that a low energy boundary is formed, it will be more
energetically favorable for the agglomeration to occur than if a higher energy boundary is
necessary.
3.1.1.2 Particle size
Once the bonds are formed, the agglomerated particles sinter, with the neck size in-
creasing with time.
Because of shearing, the existing bonds between particles are broken down and the average
agglomerate size decreases [1].
Thus, there exists a concurrency between two antagonist phenomena: build up and break
down. This will dictate the particles size that, in turn, will inuence the material behavior.
3.1.1.3 Physical basis of thixotropy
When the slurry is at rest, gravity will bring the particles into contact and there is no
important shear force to break the bonds. Thus, a 3-D network can build up throughout
the material and the semi-solid will support its own weight and can be handled like a solid.
During a deformation, both build up and break down happen. Actually, shear not only
breaks the bonds, but also forces particles into contact with each other. Thus, agglom-
eration still occurs. This process is inuenced by the shear rate in two opposing ways.
Increasing the rate of shear increases the possibility of particle-particle contact but also
decreases the time of contact [1]; yet, the formation of a new solid-solid boundary needs
time to be accomplished. Overall, the structure is more or less unstructured by the defor-
mation and the material responds by a more or less viscous ow, depending on the shear
rate.
3.1.1.4 Importance of spheroidal structure
During deformation, bonds are broken and the solid globules are able to roll over each
other while the uid surrounding them acts as a lubricant. The ease with which particles
are able to move depends on the liquid fraction, the size of the particles and the degree of
agglomeration. This deformation mechanism is illustrated in Fig. 3.1 and explains why a
globular structure is required. Indeed, the globular particles move easier over each other
than dendritic phases that tend to interlock during application of an external force.
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Figure 3.1: Microstructural deformation mechanism in a semi-solid metallic alloy with
globular microstructure
The viscosity in the steady state depends on the balance between the rate of structure
build up and the rate of break down. It also depends on the particle morphology. The
closer the shape to that of a pure sphere, the lower the steady-state viscosity [1].
3.1.2 Transient behavior
We have seen that the thixotropic material is highly dependent on the load rate and
history. Moreover, during a forming process, the slurry undergoes a sudden increase in shear
rate. So, the thixotropic transient behavior is much dierent than the one under steady-
state conditions, and that is the rst one that has to be introduced in the simulations.
3.1.2.1 Shear rate step-up and step-down experiments
An experiment that is well representative of the thixotropic behavior is the shear rate
step-up and step-down, illustrated in gure 3.2. For a thixotropic material at rest, when
a step increase in shear rate is imposed, the shear stress will peak and then gradually
decrease until it reaches an equilibrium value for the shear rate over time [1]. Similarly,
when the shear rate is suddenly decreased, the material responds by an undershoot in shear
stress before another stabilization.
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Figure 3.2: Shear rate step change experiment (numerically generated; see chapter 6 for
more details)
3.1.2.2 Comparison of semi-solid metallic alloy with other thixotropic systems
The explanation of this transient behavior typical of thixotropic systems can be found
in a deeper detailed description of the microscopic mechanisms of thixotropy. For this,
Atkinson [1] compares semi-solid thixotropic metallic alloy with other thixotropic systems.
Indeed, the semi-solid metallic systems have much in common with occulated suspensions.
Figure 3.3 represents a classical diagram of the microstructure evolution and the stress
response to a change of shear rate during a simple shear experiment on such systems.
This behavior also applies for semi-solid metallic alloys with a globular microstructure. At
equilibrium, the microstructure has got enough time to adapt to a new shear rate level. So,
Fig. 3.3 distinguishes the equilibrium ow dotted curve from the isostructure evolutions
represented by plain lines.
Starting from point 'a', at which the microstructure consists of large particles agglomerates,
the shear rate is rst increased from _1 to _2. In the rst step, the ow follows the
plain line to go towards point 'a0' and then gets back on the equilibrium ow curve by a
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structure break up until the size corresponds to the ow curve that passes through point
'b0'. This point corresponds to a new microstructure made of much smaller agglomerates
than initially.
Then, the shear rate is reduced back to _1 and the ow curve corresponding to the new
microstructure is followed up to point 'b0'. Then, the new equilibrium is reached by collision
and agglomeration of individual particles to get back to point 'a' and its corresponding
microstructure made of large ocs.
Figure 3.3: Thixotropic behavior in the case of occulated suspensions [21]
Atkinson [1] discussed the similarities and dierences between thixotropy in semi-solid
metallic systems and that in other thixotropic systems. These parallelisms are associated
with the nature of the forces between the particles. In general, the forces between parti-
cles include: Van der Waals attraction, steric repulsion due to adsorbed macromolecules,
electrostatic repulsion due to the presence of like charges on the particles and a dielectric
medium, electrostatic attraction between unlike charges on dierent parts of the particle
(e.g. edge/face attraction between clay particles). In semi-solid metallic slurries, none
of these forces apply. According to Atkinson [1], the phenomena which must actually be
occurring during structural build up and break down is a process analogous to adhesion in
wear.
Another dierence between thixotropic occulations and metallic systems is the coarsening
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of the microstructure over time. In the case of metallic alloys, it has already been men-
tioned that during an isothermal hold in the semi-solid state, the average size of the solid
particles gets progressively larger. This has a major inuence on the material behavior.
Finally, many thixotropic systems show "reversibility", that is, the slurries have a steady
state viscosity characteristic of a given shear rate at a given solid fraction regardless of
past shearing history. However, in semi-solid alloy slurry systems, the evolution of particle
shape (and size) with time and stirring (Fig. 3.6) is irreversible in the sense that a globule
cannot convert back to a dendrite. The measured viscosity is then expected to depend on
the shearing rate and thermal history.
3.1.2.3 Microstructural explanation of thixotropic transient behavior
Quaak [22] proposed the mechanism illustrated in Fig. 3.4 as the microstructural basis
of thixotropic transient behavior. Right after a change in shear rate, the structure remains
unchanged ("isostructure"). During this short transient period, structure evolution has no
time to occur and the structure still corresponds to that of the previous shear rate. It is
not yet very clear whether the isostructural material behaves in a Newtonian way, as a
shear-thickening ow, or as a shear-thinning ow, but this transient period corresponds to
the overshoot (or undershoot in the case of a decrease in shear rate) in the response of the
material to the rapid shear rate change observed in Fig. 3.2.
There is then a fast mechanical process of deagglomeration where the bonds are broken,
followed by a slower diusional process where fragments coarsen and progressively get
spheroidal. These two processes correspond to the return to equilibrium, with the shear
stress evolution going back on the equilibrium shear stress that corresponds to the new
shear rate level.
Figure 3.4: Microstructural basis of thixotropic transient behavior according to Quaak [22]
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3.1.2.4 Step change experiment purpose: Identication of material parame-
ters
We have seen that the key for the thixotropic behavior is the balance between two
antagonist phenomena: build up and break down. Thus, these processes have to be inserted
in models of thixotropy and need to be characterized. For this, two relaxation times can
be quantied thanks to shear rate step change experiments: break down time and build up
time (both including the fast and slow processes discussed in section 3.1.2.3 and illustrated
in Fig. 3.1.2.3). More precisely, the break down time is the characteristic time for the
slurry to achieve its steady-state condition after a shear rate change from a lower value to
a higher value1, while the build up time is for a change from a higher shear rate to a lower
shear rate. The times for break down are shorter than those for build up. The breaking
up of 'bonds' between spheroidal solid particles in agglomerates is likely to be easier than
the formation of bonds during shear rate drops [23].
On the basis of these experiments, some tendencies can be highlighted:
 Regardless of the initial shear rate, both the viscosity and the break down character-
istic time decrease with increasing nal shear rate.
 During a change in shear rate, the height of the peak in stress evolution is proportional
to the change in shear rate.
 With longer rest times, the peak stress increases and the break down time decreases.
Atkinson [1] argued that this is consistent with microstructural evidence showing
that increasing the rest time increases the solid-particle sizes and the degree of ag-
glomeration. This increase would impede the movement of the particles upon the
imposition of the shear stress.
 The overshoot increases with increasing solid fraction.
3.1.2.5 Rapid compression test
Another test for which the material response is specic to the transient thixotropic
behavior is the rapid compression of a cylindrical sample between two parallel plates. The
typical short-time response of a semi-solid thixotropic material, recorded during a rapid
compression test is shown in Fig. 3.5 and is representative of the thixotropic behavior.
Typically, the load-displacement curve displays a peak followed by a strong increase of
the load. The rst part of the curve, before the peak, corresponds to an isostructural
behavior. The time from the peak load to the subsequent minimum load corresponds to
the time required for structure break down [24].
It is often observed experimentally that, at lower liquid fractions, the height of the load
peak as well as the minimum load beyond the peak are larger [25].
1Thus, it includes the fast process of solid bounds breaking as well as the slower coarsening process.
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Figure 3.5: Typical experimental load-displacement curve during rapid compression test
under isothermal conditions [25]
3.1.3 Eective liquid fraction
During the formation of the globular microstructure, some liquid can get entrapped
inside solid grains. For example, during solidication with vigorous agitation, M.C. Flem-
ings [26] proposed that the structure evolution could be described by Fig. 3.6. This gure
shows how some liquid can get entrapped within solid globules (see also Fig. 2.2).
Figure 3.6: Structure evolution during solidication with vigorous agitation according to
Flemings [26]
This entrapped liquid does not contribute to the ow. Thus, although the liquid
fraction may take a certain value governed by the temperature (and indeed kinetics
as the thermodynamically predicted liquid fraction is not achieved instantaneously on
reheating from the solid state), in practice, the eective liquid fraction, that is the one
that eectively participates to viscosity, should be distinguished from the nominal liquid
fraction. Obviously, the eective liquid fraction is smaller than (or equal to) the total one.
This reduced liquid fraction tends to increase the viscosity in a non negligible way since
viscosity is very sensitive to the liquid fraction.
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During a deformation, solid bonds get broken and some of the entrapped liquid is
released, leading to an increase in the eective liquid fraction. This accentuates the ease
with which the loaded material will ow and causes a decrease in the viscosity.
3.2 Macroscopic point of view
Now that the microscopic basement of thixotropy has been well established, let us focus
on some macroscopic facts.
3.2.1 Temperature eects
First of all, temperature aects the microstructure via the liquid fraction, with a sig-
nicant eect on viscosity.
In addition, viscosity is itself highly dependent on temperature. For a Newtonian uid
(e.g. the liquid matrix in a semi-solid slurry), the viscosity decreases with increase in tem-
perature.
Finally, over time, the microstructure will coarsen due to diusion and this eect will be
accelerated as the temperature increases.
Thus the thixotropic material behavior highly depends on temperature, its variation as
well as its history and a constitutive model of thixotropy should therefore be thermome-
chanically coupled.
3.2.2 Yield stress
Nowadays, there is still a dispute over whether thixotropic semi-solid alloys display
yield and whether they should be modeled as such. Anyway, in terms of modeling semi-
solid alloy die ll, the use of a yield stress may be appropriate because a vertical billet does
not collapse under its own weight unless the liquid fraction is too high [1].
Moreover, section 4.2.8 shows that the introduction of a nite yield stress in the constitutive
model is needed for the prediction of the residual stresses. Yet, in forming processes, the
residual stresses are an important indicator of the mechanical quality of the nal product
and a good model should be able to take this into account.
3.2.3 Macrosegregation
When semi-solid metallic slurries are being deformed, a pressure gradient occurs. It
induces a relative motion between the liquid and the solid grains. Thus, liquid tends to
ow out toward the surface of the component. This phenomenon can be compared to the
squeeze of a sponge and is therefore called "sponge eect".
It creates segregation between the two phases, from which result non homogeneous prop-
erties, especially in terms of liquid fraction.
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Moreover, it may lead to a too high liquid fraction at the boundaries, which causes de-
ciencies inherent to casting (shrinkage, porosities, etc.).
This phenomenon cannot be totally eradicated, but can be reduced to its minimum by an
appropriate choice of the process parameters. For this, segregation must be well understood
and its introduction into modeling may help.
Chapter 4
Numerical background in large
deformations
Numerical simulations can be of great help in the development of the thixoforming
technology. This chapter is dedicated to give a brief review of the theoretical background
in which such modeling can be implemented.
During a forming process, large deformations1 occur. The numerical problem is thus
non linear and the hypothesis of small strains and of linear elasticity is no longer applicable
to simulate such processes. The aim of this chapter is to explain and compare dierent
formulations that deal with large deformations, in terms of kinematics, material behav-
ior description and integration and time integration of the thermomechanically coupled
conservation equations.
4.1 Kinematics in large deformations
In large deformations, the current and initial congurations are signicantly dierent
(Fig. 4.1). This implies that the expressions of variables, volume integrals etc. depend on
the conguration, which is not the case under the small strains hypothesis. So, the use of
a specic formulation is required to deal with large deformations.
4.1.1 Lagrangian versus Eulerian coordinate systems
The choice of a kinematical description in a nite element model of a continuum media
under large deformations is important and may even be a determining factor in the smooth
running of the calculation.
Forces applied to such a continuum media produce the displacement of a material particle
P from
1By large deformations is meant, of course, large strains, but large displacements are also included.
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 a position X expressed in the reference conguration of volume V0 (Lagrangian co-
ordinates),
 to a position x expressed in the current conguration of volume V(t) (Eulerian coor-
dinates).
Figure 4.1: Current and reference congurations in large deformations
Any property can be described as a function of x (spatial representation) or X
(material representation) and it is generally assumed that the current position can be
written in terms of the reference coordinates by the one-to-one relationship
x = (X; t) (4.1)
where  is the application of the reference conguration to the current one. As time t
evolves, it denes the trajectory of the material particle P .
In the Lagrangian, also called material, coordinate system, the initial position X must
be known and is used as the independent variable. The displacement is
u = x(X; t) X (4.2)
Thus, the coordinates of a moving material particle are constant and the Lagrangian2
formulation tracks specic identiable material particles that are carried along with the
deformation.
In this case, the movement of free boundaries is easily followed and is computed
automatically. Indeed, using the nite element method, each mesh node is linked to the
same material particle all along the simulation, so that the mesh boundary denes exactly
(to the discretization errors) the material boundary of the body under study and the
boundary displacement conditions are immediately applied to the mesh nodes.
2The formulation is called total Lagrangian in the case the reference conguration V0 is the initial one.
If V0 is the last known conguration, it is called updated Lagrangian.
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Another advantage of this formulation is that history dependent materials are relatively
easy to handle. In the case of the nite element method, each Gauss point always
represents the same material particle.
Thus, this formalism is naturally chosen in solid mechanics. But, in the case of a uid ow,
the starting point of particles is not naturally known so that the mechanical history of
materials is not accessible. Also, due to the large displacement generally encountered, such
a Lagrangian mesh is inevitably distorted after a few time steps. For these two reasons,
the theory in uid mechanics is usually developed using the Eulerian representation.
In the Eulerian, also called spatial, coordinate system, the reference system is xed
in space and no longer linked to the material displacement. In this case, the observer is
located on a xed point in space and looks at the evolution of quantities of a particle that
passes through a xed point at a specic time.
The conservation laws are written in terms of both time t and the spatial coordinates
x, while the initial position X is treated as a dependent variable. In the case of uid
mechanics, this initial position X is usually unknown. Thus, it is the velocity rather than
the displacement that is estimated:
_u = _x =
dx
dt
(4.3)
Additional convective terms must then be added in the conservation equations in order to
represents the numerous dierent material particles seen by one point of the computational
grid. Mathematically, these terms come from the fact that Eulerian coordinates are time
dependent, so that, unlike Lagrangian coordinates, the total time derivative of a physical
quantity expressed in terms of such coordinates is dierent from the material partial time
derivative (Eq. (4.6)). The evaluation of these convective terms is complicated in the
case of elaborated constitutive laws, like those representing the behavior of materials with
memory (plasticity).
Since the mesh is attached to spatial coordinates, the material ows through the mesh
which remains perfectly undistorted. But, with such a xed mesh, free boundaries do not
correspond to the computational grid and are thus dicult to track.
4.1.2 Arbitrary Lagrangian-Eulerian formulation
On the one hand, in certain cases, like forging, the quality of the solution or even
the obtention of a solution under the Lagrangian formulation suers from the important
distortion of the mesh. On the other hand, the Eulerian description must be brushed aside
due to its inability to track free boundaries, and so to handle with boundary conditions
like die contacts, but also because of its diculties to represent the plasticity of metals.
One solution may be the global remeshing of the problem, but it remains heavy in terms
of central processing unit (CPU) time and memory costs and it is not always possible,
especially in tridimensional problems.
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Thus, in order to take advantages of both formulations while avoiding their draw-
backs, mixed Lagrangian-Eulerian approaches have been developed, like the arbitrary
Lagrangian-Eulerian (ALE) formulation that has been implemented in METAFOR by JP
Ponthot [27, 28] and R. Boman [29, 30] and is used in the applications shown in chapter 7.
Figure 4.2: Comparison between three kinematic formalisms used in continuum mechanics
[29]
Figure 4.2 represents the three presented formalisms in the reference conguration on
the left hand side, and in the current conguration on the right hand side. This gure
illustrates the limitations of both Eulerian and Lagrangian formulations (mesh distortion
and boundary tracking) that are overcome by the ALE formalism.
This section gives a brief overview of the ALE formulation.
4.1.2.1 Description of the ALE formulation
A new reference system is dened, it is called the grid reference system or compu-
tational reference system and can move apart from both material and spatial reference
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systems. Thus, the deformation of the mesh is no longer linked to the material deformation.
Above the previously dened spatial coordinates x and material coordinates X , the
computational grid coordinates  are dened. Figure 4.3 shows the newly dened volume
V, called grid volume. At the reference time t0, this volume V(t0) is occupied by the
mesh, and it is equivalent to the material volume V at time t:
V(t) = V(t) (4.4)
Figure 4.3: Media (grey) and computational grid kinematics [29]
Similarly to Eq. (4.1), the current position can be written in terms of the computa-
tional grid coordinates by the one-to-one relationship:
x = (; t) (4.5)
Any physical quantity f can be described as a function of Lagrangian, Eulerian or the
computational grid coordinates. Thus, the time derivative of such a function can take
dierent forms. In the Lagrangian formalism, the material time derivative, noted _f is used
while it is noted

f in the computational reference system:
_f =
@f
@t
jX = df
dt
(4.6)

f =
@f
@t
j (4.7)
In particular, if f is the current spatial position x, Eq. (4.6) denes the velocity of the
material reference system or material velocity v and Eq. (4.7) denes the velocity of the
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grid reference system v:
_x =
@x
@t
jX = v (4.8)

x =
@x
@t
j = v (4.9)
It can be shown that [27, 29]
_f =

f +(v   v)| {z }
c
rxf (4.10)
where c is called the convective velocity. It is the relative velocity between the material
reference systems and the grid or it can also be seen as the velocity of a material particle
in V seen from the grid reference system.
Thus, the conservation equations, which include material derivatives, have to be adapted
like in the Eulerian formalism and convective terms have to be added.
4.1.2.2 Operator split
In the ALE formalism, a new unknown appears in the conservation equations: the
velocity eld v describing the movement of the computation grid. This leads to a sophis-
ticated coupled system of equations which is heavy to solve in general. It is possible to
simplify this resolution by partitioning the Eulerian-Lagrangian operator and to solve the
equations sequentially. At each time step, the problem is solved in two distinct stages:
Lagrangian step: In a rst step, a classical Lagrangian calculation is conducted. The
mesh follows the material particles and the conservation equations do not contain any con-
vective terms. Thus, during this Lagrangian step, issues like free boundaries and plasticity
are easy to handle.
Eulerian step: Once an equilibrated Lagrangian conguration is obtained, the Eulerian
step starts. It consists in determining a new equilibrated conguration on a new mesh and
it is split in two parts:
 Mesh management: The new positions of the nodes are determined. For this, the ve-
locity eld v is calculated under the constraint of compatibility between the material
and the mesh boundaries.
 Convection: Then the Lagrangian solution is transported to the new mesh by solving
the equilibrium equations (with convective terms) of the rigid body motion between
both old and new meshes. So the evaluation of the convective term in the case of
material with memory is no longer a limitation.
 Finally, the equilibrium must be reevaluated on the new mesh. In some cases, the
nodes in contact as well as the friction forces or some local quantities have to be
corrected.
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As for any operator split methodology, it can be demonstrated that, if both operators
are linear, the obtained solution is consistent to the rst order to the fully coupled solution
[27].
4.1.3 Deformation gradient and strain rate tensors
This section gives a brief overview of some kinematic notations used to deal with large
deformations. Indeed, the concept of large deformations includes large strains on one
side, but also rigid body motion, strain rate etc. Thus, specic formulations have to be
developed to express properly a strain tensor that quanties the deformation in a body
taking these aspects into account (for example, that is equal to 0 in the case of rigid body
motion).
4.1.3.1 Denition of the deformation gradient
In order to give an accurate and mathematical description of the deformation of a
continuum media under large deformations, the deformation gradient has been dened.
It is a two-point tensor that describes the position gradient with respect to the reference
conguration:
F =
@x
@X
(4.11)
It is also called the Jacobian matrix. Since there is a one-to-one relationship between x
and X , F  1 always exists and the Jacobian J holds:
J = detF 6= 0 8t (4.12)
Moreover, it can be shown [27] that
dV = detF dV0 = JdV0 (4.13)
Thus, the Jacobian J is a measure of the change in volume and we have:
0 < J <1 8t (4.14)
But this tensor is not a measure of the strain only, since it includes the rigid body
motions that can occur during the transformation.
4.1.3.2 Polar decomposition
Any invertible tensor can be decomposed in a unique way into the product of an orthog-
onal tensor by a symmetric positive denite one. In the case of the deformation gradient,
it is always invertible and thus it can be decomposed into a pure rotation R and a pure
stretch U or V . This is called the polar decomposition and it can be written [27]:
F = RU = V R (4.15)
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with
RTR = I (or RT = R 1) and detR = 1 (4.16)
U = U T and V = V T (4.17)
Figure 4.4: Illustration of the polar decomposition
It can be seen in Fig. 4.4 that the polar decomposition F = RU represents the
transformation of the continuum media as a pure stetch followed by a pure rotation.
Thus, the tensor U denes the stretch with respect to the reference conguration and is
classied as a Lagrangian stretch tensor. On the opposite, the tensor V is dened on the
current conguration and is classied among the Eulerian strain tensors.
The tensors U and V are essential in the development of a constitutive law because
they capture only pure stretch that produces internal tension in the continuum media.
But, their numerical establishment requires a lot of mathematical operations.
4.1.3.3 Strain tensors
In practice, in order to lighten the numerical operations, the square of the stretch
tensors U and V are favored. They are called left/right Cauchy-Green tensors and are
expressed by:
Right Cauchy-Green tensor: C = U2 = F TF (4.18)
Left Cauchy-Green (Finger) tensor: B = V 2 = FF T (4.19)
Physically, they allow to evaluate the square of a segment length in the current or the
reference congurations in terms of the components of this segment in respectively the
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reference or the current congurations:
dl2 = dxTdx = dXTF TFdX = dXTCdX (4.20)
dL2 = dXTdX = dxTF  TF  1dx = dxTB 1dx (4.21)
The inverse of the right Cauchy-Green tensor C is called the Piola deformation tensor and
the inverse of the left Cauchy-Green tensor is called the Cauchy deformation tensor3:
Piola deformation tensor: C 1 = F  1F  T (4.22)
Cauchy deformation tensor: B 1 = F  TF  1 (4.23)
But, all previously dened deformation tensors do not characterize the strain properly
because they still include rigid translations and thus reduce to the unit matrix I 6= 0 when
there is no deformation. For this reason, a whole pack of strain tensors that circumvent
this limitation have been proposed and can be written in the following standardized form
called Hill's family of strain tensors:
 Lagrangian family: EL =
(
1
m
(Um   I ) if m 6= 0
lnU if m = 0
 Eulerian family: EE =
(
1
m
(V m   I ) if m 6= 0
lnV if m = 0
with m 2 R
For example, among the Lagrangian strain tensors, the Green-Lagrange strain tensor
EGL is dened by m = 2, the Biot strain tensor EB by m = 1, the natural strain tensor EN
by m = 0, or the Hill strain tensor EH by m =  1. In the Eulerian family, the Almansi
strain tensor EA is dened by m = 2.
4.1.3.4 Strain rate tensors
This section focuses on the introduction of the strain rate eects. The strain tensors
that have been dened so far do not depend on the rate of the deformation. A new
category of tensors, that depend on the velocity gradient instead of the displacement has
been dened. They are dened on the current conguration and are thus Eulerian.
The spatial gradient of velocity is given by:
L =
@ _x
@x
= _FF  1 (4.24)
and can be split into its symmetric and antisymmetric parts, according to:
L =D +W (4.25)
3This Cauchy deformation tensor is not the same as the one generally used in small deformations
CHAPTER 4. NUMERICAL BACKGROUND IN LARGE DEFORMATIONS 54
With
D = 1
2
(L +LT ) strain rate tensor (symmetric) (4.26)
W =1
2
(L  LT ) spin tensor (anti-symmetric) (4.27)
By essence, the spin tensor is neglected under the small strains assumptions and is thus
specic to large deformations.
These tensors can be used to write constitutive laws that include terms of velocity,
but, since they are Eulerian, they do not give any information on the loading history (in
particular, the strain rate tensor D cannot be classically integrated on time to return a
strain tensor).
4.2 Finite deformation constitutive theory
Behavior of materials submitted to large deformations, as well as metallic alloys at high
temperature or, more specically, thixotropic materials, are highly non linear. This section
will thus set the framework in which a constitutive law of thixotropy can be established.
4.2.1 Principle of Objectivity
Constitutive equations must be invariant under changes of frame of reference. Indeed,
two dierent observers of the same phenomenon should observe the same stress tensor in
a given body, even if they are in relative motion. Functions and elds are called frame-
indierent or objective if they transform according to the rules established for the change
of frame. The constitutive equations must be written only in terms of objective quantities.
However, the spin tensor W and thus the spatial gradient of velocity L are not objective;
and so is the time derivative of any Eulerian second order objective tensor (e.g., the Cauchy
stress tensor  is objective, and it can be demonstrated that _ is not [27]). If a constitutive
law uses a time derivative, it should be rewritten into a new form. For example, an objective
derivative of the stress tensor can be used, like the Jaumann derivative, which is written
as:
r

J
= _  W + W (4.28)
We have seen in chapter 2, that a thixotropic behavior is mainly characterized by a
high dependence on strain rate. So, it is often found in the literature that thixotropic
material properties depend on time and that there exist models where the variable time is
explicitly introduced into the constitutive law. Yet, time is not an objective quantity and
this rate sensitivity (rather than time sensitivity) exhibited by thixotropic material should
be taken into account by other means, such as a strain rate dependence since D is indeed
an objective quantity.
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4.2.2 Dierent classes of materials
Semi-solid materials contain both liquid and solid and behave as a solid or as a uid
depending on local process conditions. Thus, the rst distinction to be made is between
solid and liquid materials.
It is interesting to note that the designation of solid or liquid is more or less a matter
of convenience. Actually this designation intrinsically depends on the ratio of the material
characteristic time char with the experiment duration exp. This is expressed by the Deb-
orah number [20] : De = char=exp. The larger the Deborah number, the more solid the
material; the smaller the Deborah number, the more uid it is. So, at room temperature,
the characteristic time of glass is of the order of a century while the one of water is of the
order of a nanosecond. So, if the experiment duration is some hundreds of years, glass could
be considered as a liquid (deterioration of stained glass window in very old churches is an
experimental proof that "solids" ow). "It therefore appears that the Deborah number is
destined to become the fundamental number of rheology, bringing solids and uids under
a common concept" [20].
Still, in the present framework, the experiment durations are in the order of the second
and the classical concept of liquid and solid remains applicable.
4.2.2.1 Solids
As a solid is deformed beyond a certain level of strain, permanent, non recoverable
or plastic deformation can occur. The plastic behavior depends on the loading history.
Among solid materials, we can distinguish the dierent model behaviors illustrated in Fig.
4.5 for a 1D problem:
 Elastic: Reversible and time independent. The mechanical energy is stored into
elastic strain. The elastic strain response is instantaneous when the stress is modied.
This behavior is generally observed in rubber materials or under the small strains
hypothesis.
 Visco-elastic: Reversible but time dependent (creep, relaxation). Upon load release,
some time is required before total recovery of the initial geometry.
 Elasto-plastic: Irreversible and time independent. Permanent deformations are in-
duced. This behavior is typical of metallic alloys at room temperature.
 Elasto-viscoplastic: Irreversible and time dependent. This behavior is typical of hot
metallic alloys including thixotropic semi-solid metallic alloys.
CHAPTER 4. NUMERICAL BACKGROUND IN LARGE DEFORMATIONS 56
Figure 4.5: Dierent types of solid material behaviors in a stress-strain diagram ( _ is the
1D strain rate)
There are two main ways to describe a "solid" constitutive law: hypo- and hyper- elastic
formulations. In hyperelastic formulations, stresses are derived from a potential while in
hypoelastic formulations they are represented by an evolution law of the type:
_ = f(;L) (4.29)
which, in order to fulll the Objectivity Principle, has to be rewritten:
r
= f(;D) (4.30)
In this work, only the hypoelastic formulation will be considered.
4.2.2.2 Liquids
Liquids have very weak resistance to shear and tensile loadings. Liquids cannot prevent
themselves from shearing because they cannot develop enough restoring forces to balance
such a stress (as solids do). This means that any shear stress applied on a liquid leads
to steadily increasing strains, thus to a ow. Therefore, it does not make sense to relate
stress to strain (as it is done for solids), but rather to strain rate. The main material
parameter of this relationship is the viscosity , which is not necessarily constant since
internal structural changes induced by the deformation can cause a variation of viscosity.
Thus, one can write a canonical constitutive equation of the form:
 = g(D; ) (4.31)
The deformation is irreversible as the mechanical energy is converted into heat via
dissipation through the viscosity.
There are four main types of liquid behaviors, as illustrated in gure 4.6 for a simple
shear test:
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 Newtonian: Linear viscous behavior, characterized by a constant viscosity.
 Pseudoplastic: Also known as shear-thinning behavior, the viscosity is not constant
and is called the apparent viscosity. It decreases when the shear rate increases.
 Dilatant : Also known as shear-thickening behavior, the viscosity increases with the
shear rate.
 Bingham: The concept of plasticity is introduced in this model by means of a yield
stress. This behavior is similar to the rigid4 viscoplastic solid behavior.
Figure 4.6: Dierent types of liquid material behaviors
The following sections focus on the mathematical formulation for these dierent be-
haviors. First, two ideal behaviors of linear elastic solid and viscous liquid are developed.
Then, some more sophisticated models lying between these two "frontiers" are presented
and compared.
4.2.3 A corotational formulation
As explained in 4.2.1, in order to satisfy the Principle of Objectivity, some "generalized
time derivative", such as the Jaumann derivative have to be introduced. These slightly
complicated expressions can be transformed to a much simpler relation provided an
appropriate change of frame, such as in a corotational frame, is performed. A corotational
frame can be generated as follows.
Given any skew-symmetric tensor !, it is possible to generate a group of rotations ,
by solving: 8<: _ = !(t = t) = I (4.32)
4In a rigid model, the elastic part of the deformation is negligible. In this case, there is no strain below
the yield stress (innite elastic modulus).
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Thanks to this group of rotations, it is possible to generate a change of frame from
the xed Cartesian axes to a frame rotating with a spin !. This rotating frame is called
a corotational frame. Field quantities components in the rotating frame can then be
expressed, in terms of the same quantity in the xed Cartesian axes as
sC = s for a scalar
qC = Tq for a vector
C = T for a second order tensor
HC = T [T H] for a fourth order tensor
In this corotational frame, the Cauchy stress tensor C , as well as its time derivative
_C , can be written respectively as:
C = T (4.33)
_C = T ( _  ! + !)  T r  (4.34)
By comparing the expressions of the objective Jaumann derivative (4.28) with the time
derivative of the Cauchy tensor in the corotational frame (4.34), one can notice that an
objective derivative, such as the Jaumann rate, transforms into a simple time derivative
in the rotating frame whose rotation is such that ! =W .
For example, relation (4.30) can be rewritten, provided ! in (4.32) is identied to the
spin tensor W :
_C = fC(C ;DC) (4.35)
with
_C = T
r

J
 (4.36)
C = T (4.37)
DC = TD (4.38)
From this point on, since all quantities are expressed in the corotational frame, for the
sake of simplicity, we omit the exponent "C" for such quantities (thus, in particular, one
has
r

J
! _C written as _).
However, notice that the corotational frame is only used for solid description, while
the uid description sticks to the xed Cartesian frame. It should however be clear that
corotational frame is only a tool to help integrating the constitutive law (4.35) and that once
(4.38) has been integrated, the resulting stress tensor is brought back to xed Cartesian
axis by using the inverse of (4.38); see [31] for details.
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4.2.4 Linear elastic solid material model
In a hypoelastic formulation5, Hooke's law of linear elasticity can be expressed as:
_ = H :D (4.39)
where H is Hooke's tensor (fourth order constant tensor) and the symbol ":" represents
the double contraction of two tensors, that is, (H :D)ij = HijklDkl.
In the case of an isotropic material, the general Hooke's tensor can be reduced to two
scalar quantities called the Lamé coecients: e and e, and the equation (4.39) can be
written as:
_ = 2eD + e tr(D)I (4.40)
or, in terms of the deviatoric part of the strain rate tensor D^ =D   1
3
tr(D)I :
_ = 2GD^ +K tr(D)I (4.41)
with the elastic material parameters considered as constant so far.
 G = E
2(1+)
= e, the shear modulus
 K = E
3(1 2) = 
e + 2
3
e, the bulk modulus
 E, the Young's modulus
 , the Poisson's ratio
The volumetric part of the stress tensor can be seen as the hydrostatic pressure p in
the solid, and the constitutive equation is often written as:
_ = 2GD^ + _pI (4.42)
with _p = K tr(D).
The schematic 1D representation of the linear solid model is pictured in Fig. 4.7.
Figure 4.7: Schematic 1D representation of
the linear solid behavior
Figure 4.8: Schematic 1D representation of
linear liquid behavior
5and working in a corotational frame
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4.2.5 Linear Newtonian liquid material model
For liquids, it is generally assumed that the stress tensor results from two uncoupled
phenomena: the hydrostatic pressure p 6 and the ow which displays viscous resistance.
Thus, the stress tensor is split into two parts:
 = s0 + pI (4.43)
where s0 is called the extra stress tensor. In the case of an incompressible uid, the
hydrostatic pressure p does not depend on the strain eld and the constitutive law is
expressed in terms of the extra stress only. Since liquids are generally isotropic, it can be
written by analogy with the elastic constitutive equation:
s0 = 2D +  tr(D)I (4.44)
or in terms of the deviatoric part of the strain rate tensor D^:
s0 = 2D^ + ( +
2
3
) tr(D)I (4.45)
where  =  is the viscosity of the uid.
In many cases + 2
3
 is chosen to be equal to zero (Stoke's hypothesis) so that the second
term of (4.45) can be neglected and eventually, we can write:
 = 2D^ + pI (4.46)
which has a form similar to solid relation (4.42).
The schematic 1D representation of the linear liquid model is pictured in Fig. 4.8.
4.2.6 Hypoelastic solid elasto-viscoplastic material models
The concept of yield stress y is the key point of the hypoelastic formulation. Below
this stress, the material behavior is assumed to be linear elastic and to obey Hooke's law.
Beyond it, non reversible phenomena occur and the material behavior becomes non linear.
Viscous eects are initially neglected and are studied later.
6Usually, uid and solid formulations use opposite sign conventions for the hydrostatic pressure. As
liquids can only sustain compression loads (thus negative stresses in the "solid" convention), the uid for-
mulations generally consider compression as positive and traction as negative. For a matter of uniformity,
the solid convention will be adopted all along this manuscript.
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4.2.6.1 Basic hypoelastic hypotheses
The basic assumption for hypoelastic models consists in an additive split of the strain
rate into two parts: a reversible elastic part De and an irreversible plastic part Dp:
D =De +Dp (4.47)
Figure 4.9: Elasto-plastic behavior: schematic 1D representation
Figure 4.10: Elastic subsystem at equilibrium that leads to the constitutive relation  =
Ee
Figure 4.9 illustrates this split in the specic case of a small strain 1D problem, for
which the equation _ = _e + _p implies  = e + p. By obvious inspection of the system in
Fig. 4.9 and of the subsystem (that must be in equilibrium) in Fig. 4.10, one can write in
1D:
 = Ee = E(  p) (4.48)
or
_ = E _e = E( _  _p) (4.49)
which is generalized to 3D as:
_ = H : (D  Dp) (4.50)
4.2.6.2 Plastic part of the strain rate evolution
This section discusses the concepts of plastic strain, of yield stress and of its evolution.
Yield criterion: To dene the onset of plastic deformation, the tensorial stress state
has to be compared to the scalar yield stress. For this quantitative comparison, a scalar
quantity based on the stress state is needed. In other words, the stress is a tensor and a
way to measure its "magnitude" must be adopted. Thus the existence of a yield surface
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or yield criterion f , dened in the six-dimensional space of stresses, is assumed. This
hypersurface allows for separation between elastic and plastic states:
f(; T;p) = 0 (4.51)
where T is the temperature and p is the set of internal parameters, which describes, at
the macroscopic level, the microscopic state of the material and which is an image of the
past history of the deformation (so far, T and p are considered as parameters).
This surface divides the space into three regions, as schematically illustrated in Fig.
4.11:
f < 0: Elastic deformation domain
f = 0: Plastic deformation domain
f > 0: No-access region
Figure 4.11: 2D representation of the yield surface (the actual space is 6D)
Thus, one of these three areas is characterized by a non-admissible stress-state and a
restriction on the behavior evolution to thermodynamically admissible states should be set
up by imposing f(; T;p)  0. This additional condition imposes that, during a plastic
deformation, the yield criterion evolves and the undergone thermodynamical states must
remain on the evolving function f = 0 or, in other words, that the stress state must remain
on the subsequent yield surface. The mathematical expression of this condition, which is
called the consistency condition, is
_f =
@f
@
: _ +
@f
@p
 _p + @f
@T
_T = 0 (4.52)
where the symbol "" represents the product if used with two scalars, the scalar product
if used with two vectors of the same dimension a and b (a  b = aTb = aibi), and a
double contraction if used with two second-order tensorsA andB (AB = A : B = AijBij).
The function f can be expressed as a function of the scalar representation of the stress
state  and of a critical stress crit:
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f =    crit (4.53)
There exist several expressions for the yield surface function f depending on the crite-
rion used for the equivalent stress  and on the critical stress crit. In this work, the von
Mises criterion is adopted, which means that the von Mises equivalent stress VM and the
yield stress y are used. The equation of this particular yield surface is written as8<: f(; T;p) = VM   y(p; T )VM =  3
2
(s  C (p; T )) : (s  C (p; T ))1=2 (4.54)
where s is the deviatoric part of the Cauchy stress tensor and C is the backstress deviatoric
tensor relative to kinematic hardening.
In the space of principal stresses (i.e. eigenvalues of the stress tensor), this equation
represents a cylinder whose axis is the angle trisector of the principal stresses (hydrostatic
state of stresses: 1 = 2 = 3), whose radius is equal to
p
2=3y, and whose center is at
a distance of C (called equivalent backstress) from the origin, given by
C =
r
3
2
C : C (4.55)
Flow rule: It is assumed that the evolution of the plastic part of the strain rate runs
along the normal direction to a scalar plastic potential g and also that this plastic potential
g is identied as the yield surface f itself (associative plasticity). This gets
Dp = 
@g
@
= 
@f
@
(4.56)
where (; T;p) is a consistency or ow parameter. It can be calculated using the consis-
tency condition (4.52).
By dening  = k@f
@
k and the unit external normal direction N (such that N : N = 1)
to the yield surface f , the ow rule can be expressed by:
Dp = 
@f
@
= N (4.57)
In the particular case of the von Mises criterion and isotropic hardening, the normal direc-
tion can be written as:
N =
sp
s : s
(4.58)
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Internal variables evolution laws and hardening: Internal variables evolve with
irreversible deformations. The parameters of the yield criterion evolve with those internal
variables according to hardening laws.
There exist several possibilities of such internal variables, the one picked here being the
equivalent plastic strain p. It is dened through its rate by:
_
p
=
r
2
3
Dp :Dp (4.59)
which, according to (4.57), leads to:
_
p
=
r
2
3
 (4.60)
In the case of the von Mises criterion (Eq. (4.54)), the internal parameters have an impact
on the yield stress y and on the backstress tensor C . So, two types of hardening can be
set apart:
 The isotropic hardening refers to the evolution of the yield stress y, namely, the
radius of the yield surface. It represents an ination of the yield surface.
 The kinematic hardening refers to the evolution of the backstress tensor C , namely,
the position of the center of the yield surface in the stress space. It represents a shift
of the yield surface.
In this work, only the isotropic hardening is considered. This choice will be further dis-
cussed in chapter 6.
The isotropic hardening law will complete the present constitutive formulation. It de-
scribes the evolution of the yield stress during a plastic deformation. For example, a linear
hardening is written as [32]
y(
p; T ) = 0y
 
1  !y(T   Tref )

+ h1(T )
p (4.61)
where !y is the linear softening coecient of the initial yield stress 
0
y, Tref is the reference
temperature at which the yield stress is equal to 0y and h1 is an hardening coecient (h1
is constant in case of linear hardening). Several more or less complex forms can be dened
to simulate the yield stress evolution.
4.2.6.3 Stress rate
In thermomechanical modeling, the Hooke tensor material parameters depend on the
temperature so that Eq. (4.50) has to be extended to this thermomechanical framework
with non constant material parameters as [32]:
_ = H :De + _H : (H 1 : ) (4.62)
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Developing the Hooke tensor in the case of an isotropic material, as it is done in Eq. (4.41),
one can write:
_ = 2GD^e +K tr(De)I +
_G
G
s +
_K
K
pI (4.63)
As in the elastic case, the stress rate tensor can be split into its volumetric and deviatoric
parts:
_ = _s +
1
3
tr( _)I = _s + _pI (4.64)
Gathering Eqs. (4.63) and (4.64), these volumetric and deviatoric parts of the stress rate
can be written as
_s = 2GD^
e
+
_G
G
s (4.65)
_p = K tr(De) +
_K
K
p (4.66)
In many cases, as far as metals are concerned, the hydrostatic pressure p does not
induce any plastic strain. Actually, the von Mises criterion, which is written in terms of
the deviatoric stress tensor, is independent of the hydrostatic pressure. The plastic strain
rate is thus deviatoric (see (4.57) and (4.58)) and the trace of the elastic strain rate tensor
is equal to the one of the total strain rate tensor. The pressure variation (4.66) can thus
be rewritten as:
_p = K tr(D) +
_K
K
p (4.67)
However, the deviatoric elastic strain rate does depend on the plastic strain rate and,
considering Eq. (4.57), one has
D^
e
= D^   D^p = D^  Dp = D^   N (4.68)
Thus, the deviatoric stress rate (4.65) is rewritten as:
_s = 2G(D^   N ) +
_G
G
s (4.69)
4.2.6.4 Viscous eects
To describe a viscoplastic behavior, a von Mises yield criterion can still be used. In
this case, the region f > 0 is no longer forbidden, but a stress state inside this region
means that the behavior is viscoplastic. Thus, the consistency condition (4.52) is no longer
applicable and an additional equation is required to describe the evolution of . This
evolution law represents the viscous behavior. One largely used example of such law is the
Perzyna model [33]:
 =
r
3
2
h    y
k(vp)n
i1=m (4.70)
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wherem is a viscosity exponent, n a hardening exponent, k a viscosity parameter. All these
parameters can depend on the temperature and on the internal variables. The notation hi
(McAuley brackets) means
hxi = 1
2
(x+ jxj) =
8<: x if x > 00 if x  0
Keeping a unied formalism with plasticity, the total strain rate is split here such that
D = De +Dvp where Dvp represents the viscoplastic (irreversible) part of the strain rate.
In such a formalism, the ow rule can still be written:
Dvp = N =
r
3
2
h    y
k(vp)n
i1=mN (4.71)
By combining (4.60) and (4.70), we get the von Mises criterion generalized to viscoplas-
tic behavior, that is, where crit has been generalized to take viscous eects into account:8<: f = VM   crit = 0crit = y + k(vp)n(_vp)m = y + visc (4.72)
Figure 4.12 illustrates the elasto-viscoplastic model under small strains assumptions
and in the case of 1D problem. It is an extension of Fig. 4.9 to viscous behavior.
Figure 4.12: Elasto-viscoplastic behavior schematic 1D representation
4.2.6.5 Thermal strain rate
To take into account the thermal dilatation of the material, an additional contribution
to the strain rate is inserted: the thermal strain rate Dth. The most common way to
express this quantity is as follows [32]:
Dth = th _TI (4.73)
where th is the linear thermal dilatation coecient.
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4.2.6.6 Time integration procedures for constitutive equations
Since "solid" constitutive laws are expressed in terms of the stress rate, they need to be
integrated over time to get the eld of stresses at time tn+1. In the hypoelastic formulation
that is considered in this work, a summary of the equations to be integrated is given by
(4.64), (4.67), (4.69), (4.72), (4.60) and (4.73), and can be rewritten as8>>>>>>>>><>>>>>>>>>:
_ = _s + _pI
_s = 2G(T )D^ +
_G
G(T )
s   2G(T )N
_p = K(T )(tr(D)  3(T ) _T ) + _K
K(T )
p
f = VM   crit = 0
_
vp
=
q
2
3

(4.74)
Starting from a known equilibrated conguration at time tn, we can integrate the
constitutive equations over one time-step t = tn+1   tn (see further section 4.4.3 for
more details on time discretization). One thus has8>>>>>>>>>><>>>>>>>>>>:
(tn+1) = s(tn+1) + p(tn+1)I
s(tn+1) = s(tn) + 2
Z tn+1
tn
GD^ dt+
Z tn+1
tn
_G
G
s dt| {z }
se(tn+1)
 2 R tn+1
tn
GN dt
p(tn+1) = p(tn) +
R tn+1
tn
K tr(D) dt  R tn+1
tn
3K _T dt+
R tn+1
tn
_K
K
p dt = pe(tn+1)
f(tn+1) = 
VM(tn+1)  crit(tn+1) = 0
(4.75)
This is a strain-driven problem. The strain at time tn+1 is known
7, and a strain path
has to be chosen to determine the strain rate D(t). The increment of plastic strain is also
unknown and has to be estimated so that the generalized von Mises criterion f is veried.
Each of these two problems are solved separately by an operator-split methodology: In a
rst step, a thermo-elastic predictor e = se + peI is obtained, then, in a second step, a
viscoplastic correction restores the stresses compatibility with the extended yield function
f .
7Actually, both strain and temperature at the end of the current time step are not known at this stage,
but they are iteratively evaluated inside the Newton-Raphson loop of the nite element algorithm. Indeed,
the time integration of the constitutive equation comes within the time integration of the thermomechanical
conservation equations (see further section 4.4). Thus, the strain as well as the temperature at time tn+1
are only supposed to be known at this stage (at least they are estimated within the iterative process),
but are not necessary those who ensure a thermomechanical equilibrium. In METAFOR, in the case of a
staggered algorithm of resolution of the thermomechanical problem (see section 4.4.3.4 for more details),
the mechanical problem is solved before the thermal one, thus the current temperature has not yet been
computed when the mechanical equilibrium is solved. In this case, the initial and nal temperatures of
the current time step are taken as the ones of the previous time step.
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Thermo-elastic predictor In this rst step, the deformation is considered as purely
elastic, so that D =De, Dvp = 0.
As said previously, a strain path has to be chosen to estimate e. Gathering (4.24) and
(4.26) with the polar decomposition (4.15), one has, in a corotational frame:
DC = T
1
2
 
L +LT )

 = T
1
2

_FF  1 + ( _FF  1)T

 = TR
1
2

_UU 1 +U 1 _U

RT
(4.76)
Notice that, in the present Updated Lagrangian Formulation, F = RU are computed with
respect to the last equilibrated conguration i.e.
F (t) =
@x(t)
@x0
= R(t)U (t) (4.77)
where x0 = x(tn) are the coordinates in the last known conguration, namely in the
conguration at time tn (Updated Lagrangian Formulation).
The particular choice of a corotational frame whose spin is linked to R leads to a coro-
tational strain rate that is freed from all rotation eects and whose expression reduces
to
DC =
1
2

_UU 1 +U 1 _U

(4.78)
Moreover, if an exponential map for U is assumed, one has (see [31] for more details8):
U = eC
ste t tn
t ) _U = C
ste
t
U )DC = C
ste
t
(4.79)
where C ste must satisfy
U (tn+1) = e
Cste , C ste = lnU (tn+1) = EN(tn+1) (4.80)
On the other hand, one has
U (tn) = I (4.81)
and thus all quantities F , R, U , EN and are dened as non corotational but incremental
quantities between tn (reference conguration) and tn+1 (current conguration expressed
in the xed reference frame), see [31] fore details.
With this particular choice of strain path, we have DC = EN(tn+1)=t and is constant
and the elastic prediction can be written as8<: se(tn+1) = s(tn) + 2E^
N
(tn+1)
R tn+1
tn
G
t
dt+
R tn+1
tn
_G
G
s dt
pe(tn+1) = p(tn) + tr(E
N(tn+1))
R tn+1
tn
K
t
dt  R tn+1
tn
3K _T dt+
R tn+1
tn
_K
K
p dt
(4.82)
Also, in the resolution of the integrals, it is assumed that:
8U and C ste can commute in this case since C ste is a polynomial of U .
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- The linear thermal dilatation coecient  is constant over the time step.
- The mean values of G(T ) and K(T ) over the time step t = tn+1   tn are equal to
the values at the beginning of the time step:Z tn+1
tn
G(T )
t
dt = G(T (tn)) and
Z tn+1
tn
K(T )
t
dt = K(T (tn)) (4.83)
- The rate of variation of the parameters G(T ) and K(T ) are constant over the time
step t = tn+1   tn:
_G =
G(T (tn+1)) G(T (tn))
t
and _K =
K(T (tn+1)) K(T (tn))
t
(4.84)
- The deviatoric and volumetric parts of the elastic strain can be expressed as:
s(t)
2G(T )
' s
e(tn+1)
2G(T (tn+1))
and
p(t)
K(T )
' p
e(tn+1)
K(T (tn+1))
(4.85)
and are thus constant over the time interval
- The temperature rate _T is constant over the time step t = tn+1   tn:
_T =
T (tn+1)  T (tn)
t
=
T
t
(4.86)
For the sake of the equations simplicity, the following notation is adopted:
G0 = G(T (tn)); G1 = G(T (tn+1)); K0 = K(T (tn)); K1 = K(T (tn+1))
Under these assumptions, Eqs. (4.82), can be rewritten as:8<: se(tn+1) = s(tn) + 2G0E^
N
(tn+1) +
G1 G0
G1
se(tn+1)
pe(tn+1) = p(tn) +K0 tr(E
N(tn+1))  3K0T + K1 K0K1 pe(tn+1)
(4.87)
)
8<: se(tn+1) = G1G0 s(tn) + 2G1E^
N
(tn+1)
pe(tn+1) =
K1
K0
p(tn) +K1 tr(E
N(tn+1))  3K1T
(4.88)
If the von Mises criterion (4.54) is satised by (tn+1) = 
e(tn+1) i.e. f  0, the
deformation is elastic and thus no plastic correction is needed ( = 0).
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Viscoplastic correction In a second step, if the generalized von Mises criterion is not
veried, a pure viscoplastic deformation Dvp = N , with no conguration change (D = 0
and thus De =  Dvp) is considered. Eq. (4.75) are iteratively solved thanks to Newton-
Raphson iterations. For this, the normal N has to be discretized and approximated by a
constant tensor. Here, the generalized trapezoidal scheme is used
N (t) = (1  )N (tn) + N (tn+1) (4.89)
As said previously, this expression is used when the generalized von Mises criterion is not
veried. In this case, the normal N (tn) corresponds well to the plasticity limit.
For numerical stability matters, the parameter  should hold  > 0:5. In the present case,
a fully implicit scheme  = 1 is chosen. This is called the radial return algorithm, described
in Fig. 4.13. This algorithm assumes that the normal N to the yield surface is constant
over the time step t and is equal to the normal at the end of the time step, which, in this
case, corresponds to the normal associated to the thermoelastic predictor. Thus, assuming
this time that the parameter G is constant over the time step with G = G1, Eq. (4.75)
reduces to 8>>><>>>:
s(tn+1) = s
e(tn+1)  2G1N (tn+1)
Z tn+1
tn
dt| {z }
 
f = VM   crit = 0
(4.90)
where   has been dened as
  =
Z tn+1
tn
dt (4.91)
Figure 4.13: Elasto-plastic operator split in the case of isotropic hardening and radial
return algorithm
In the present case of Von Mises criterion and isotropic hardening, we have, considering
(4.58)
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N (tn+1) =N
e(tn+1) =
se(tn+1)
se(tn+1) : se(tn+1)
(4.92)
Thus,
s(tn+1) = s
e(tn+1)(1  2G 
se(tn+1) : se(tn+1)
) (4.93)
And
VM(tn+1) =
r
3
2
s(tn+1) : s(tn+1) = jVM;e(tn+1)  2
r
3
2
G j (4.94)
The extended yield function f can be rewritten as
f = jVM;e(tn+1)  2
r
3
2
G j   crit( ) = 0 (4.95)
where the critical stress crit( ) = y( ) + visc( ) depends on the choice of the isotropic
hardening and viscosity laws. For example, in the case of a linear hardening law (4.61)
and of a Perzyna viscosity law (4.72), one has
y(tn+1) = 
0
y
 
1  !y(T (tn+1)  Tref )

+ h1(T (tn+1))
p(tn+1) (4.96)
visc(tn+1) = k(
vp(tn+1))
n(_
vp
(tn+1))
m (4.97)
As the equivalent plastic strain vp is only dened through its rate (see Eq. (4.59)), it is
assumed:
vp(tn+1) = 
vp(tn) +
Z tn+1
tn
_
vp
dt (4.98)
Thus, considering Eqs. (4.60) and (4.91), and assuming that  is constant over the time
step, the critical stress can be written in terms of   only:
crit( ) = y( ) + visc( ) (4.99)
y( ) = 
0
y
 
1  !y(T (tn+1)  Tref )

+ h1(T (tn+1))
 
p(tn) +
r
2
3
 
!
(4.100)
visc( ) = k
 
vp(tn) +
r
2
3
 
!n r
2
3
 
t
!m
(4.101)
So, in this case, the Newton-Raphson iterations to integrate the constitutive law hold on
 , which is the last remaining scalar parameter needed to determine the nal value of the
stresses and of the internal parameters.
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4.2.7 Liquid material models
In a liquid formalism, the constitutive law is simply driven by the apparent viscosity
evolution. A widely used viscosity law is the Herschel-Bulkley expression:
 =
0y
_
+ k(_)m 1 (4.102)
Introducing this expression into the linear liquid formula (4.46) leads to the overall
constitutive law
 = 2

0y
_
+ k(_)m 1

D^ + pI (4.103)
4.2.8 Comparison of solid and liquid approaches
Behavior of liquids and solids under hydrostatic pressure are comparable, so we will
focus on the deviatoric stresses to highlight the main dierences between both formalisms.
First, we will look at the linear models. With a uid formalism, in the incompressible
linear (Newtonian) case, we have, according to (4.46)
Liquid approach: s = 2D^ (4.104)
With a solid formalism, in the linear (elastic) case, we have, according to (4.42)
Solid approach: _s = 2GD^ (4.105)
We can see that if the deformation is frozen (D^ ! 0 which does not mean that there is
no strain left), the deviatoric stresses given by the uid law (4.104) tends to zero whatever
the viscosity.
Let's now compare both formulations when nonlinearities are introduced. In the general
viscoplastic model, by rearranging equations (4.54), (4.57), (4.58), (4.60), and (4.72), we
can show that
s =
2
3

y + k(
vp)n(_
vp
)m
Dvp
_
vp (4.106)
which is equivalent to the deviatoric part of the liquid equation (4.103) in the particular
case of:
 No hardening: At elevated temperatures, strain-hardening is really low and the solid
material will deform by viscous ow: y = 
0
y and n = 0
 Rigid model: In the case of a liquid, the elastic part of the deformation is very small
and can be neglected: De ' 0 ) Dvp ' D^ and _vp = _.
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So, the so-called "solid" formalism is not restricted to solid materials (at temperature
under solidus) and can also represent a uid ow. In addition, this comparison shows
that the implication of the elastic deformation is necessary in case the residual stresses
are requested. Indeed, only a non-rigid solid formalism oers the possibility to assess the
residual stresses after unloading and cooling down to room temperature. A constitutive
law of the thixotropic behavior should be accurate in the whole range of temperatures
occurring during the full process, including cooling back to room temperature. A good
model of thixotropy should then be able to predict the behavior of a built up semi-solid
material, or of free solid suspensions, or even the elastic behavior (to describe the cooling
down to room temperature and thus the residual stresses).
4.3 Thermomechanically coupled conservation equa-
tions
In this section, the fundamental laws that should be satised by any mathematical
model of a continuummedia are presented. These equations are independent of the material
under study and have to be completed by an appropriate constitutive law.
First, the conservation laws that drive the mechanical part of the problem are briey
reminded. Then, the thermal part of the equations are established. Finally, the coupling
sources between both mechanical and thermal elds are presented.
4.3.1 Mechanical conservation laws
Here is a brief description of the equations of mass, momentum and angular momentum
conservation in both Lagrangian and Eulerian formulation.
4.3.1.1 Mass conservation
This law expresses that the mass of a material system is constant.
Global expression: Considering a material system9 of mass M and volume V(t), with
initially V(tinit) = V0, one has:
M =
Z
V(t)
dV =
Z
V0
0dV0 (4.107)
where  and 0 are the current and initial density of the material respectively.
9A material system is a set that always contain the same material particles
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Local expression: Equivalently, Eq. (4.107) can be written as
_M =
Z
V(t)
( _+ r  _x)dV = 0 (4.108)
Since the volume of integration V is arbitrary, the latter equation leads to the local form
of the mass conservation:
_+ r  _x = 0 (4.109)
which is also known as the continuity equation in uid mechanics.
4.3.1.2 Momentum conservation
The time derivative of the momentum of a material volume V(t) is equal to the me-
chanical forces applied on this material volume. These mechanical forces are composed of
the volumetric forces vector b and the surface traction vector t.
Global expression: The momentum of a material volume V(t) is dened by:Z
V(t)
 _xdV (4.110)
So, the momentum conservation is expressed by
d
dt
Z
V(t)
 _xdV =
Z
V(t)
bdV+
Z
S(t)
tdS (4.111)
where S(t) is the external surface of the volume V(t).
Local expression: The fundamental Cauchy theorem establishes the following relation-
ship between the surface traction vector t, the Cauchy stress tensor  and the unit outward
normal n to the closed surface S at the application point of the surface force:
t = n (4.112)
Thus, considering the mass conservation equation (4.109) and applying the Gauss's diver-
gence theorem, the momentum conservation equation (4.111) can be rewritten under its
local form:
x   b  r   = 0 (4.113)
4.3.1.3 Angular momentum conservation
The time derivative of the angular momentum of a material volume V(t) with respect to
some xed point is equal to the momentum of the external mechanical forces with respect
to the same point.
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Global expression:
d
dt
Z
V(t)
x ^ _xdV =
Z
V(t)
x ^ (b)dV+
Z
S(t)
x ^ tdS (4.114)
Local expression: Using (4.112), it can be shown that the local form of the angular
momentum equation is
 = T (4.115)
which means that Cauchy stress tensor must be symmetric.
4.3.2 Thermodynamic formalism
In this section, the thermodynamic basis of a coupled thermomechanical problem is
briey explained.
4.3.2.1 Thermodynamic rst principle: Energy conservation
The energy contained in a continuum media is made of two contributions: the internal
energy and the kinetic energy. The principle of energy conservation expresses that the
time derivative of this energy is equal to the sum of the power of the external forces (both
volumetric b and on the surface t), the heat production per unit mass r and the heat ux
' through the surface.
Global expression: The internal energy can be written in terms of an internal energy
density per unit mass also known as specic internal energy u:Z
V(t)
udV (4.116)
The kinetic energy is expressed by: Z
V(t)
1
2
 _x  _xdV (4.117)
So, the energy conservation is expressed by:
d
dt
Z
V(t)
udV+
d
dt
Z
V(t)
1
2
 _x _xdV =
Z
V(t)
b _xdV+
Z
S(t)
t _xdS+
Z
V(t)
rdV 
Z
S(t)
'dS (4.118)
Local expression: As for the traction surface vector in the mechanical conservation
equations, one can write (Stoke's heat ux theorem):
' = '  n (4.119)
Thus, applying the Gauss's divergence theorem, the mass conservation equation (4.109),
the momentum conservation equation (4.113) and the fundamental Cauchy theorem
(4.112), it can be shown that the local expression of the energy conservation reduces to
 _u =  :D + r  r ' (4.120)
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4.3.2.2 Thermodynamic second principle: Clausius-Duhem inequality
Two new quantities have to be dened to express the second principle of thermody-
namic: The specic entropy s(x; t) and the absolute temperature T (x; t)  0. In this work,
they will be dened as in thermostatic [27, 32, 34].
The second principle of thermodynamic postulates that the production rate of entropy in
a system is always greater or equal to the heat received by the system divided by the tem-
perature. This can be expressed mathematically by, among others, the Clausius-Duhem
inequality.
Global expression:
d
dt
Z
V
sdV 
Z
V
r
T
dV 
Z
S
'  n
T
dS (4.121)
Local expression: Again, applying the Gauss's divergence theorem, the local form of
the Clausius-Duhem inequality can be written as
 _sT   r +r '   rT '
T
 0 (4.122)
4.3.2.3 Thermal conduction equation
The state variables that dene univocally the thermodynamic state of the system are
chosen as the measure of the reversible deformation e, a set of internal variables  (written
as a vector, but they can also be a scalar, or a tensor), and the absolute temperature T .
Thus, the specic internal energy variation _u can be rewritten in terms of its dierent
contributions.
_u(e; ; T ) =
@u
@e
:De +
@u
@
 _ + @u
@T
_T (4.123)
The free energy  is an extensive state function whose variation represents the useful
work that could be supplied by a closed thermodynamic system at constant temperature.
So, if the specic free energy is noted  , we have
 = u  Ts (4.124)
According to the thermodynamic second principle, it can be shown that [32]
 = 
@ 
@e
(4.125)
s =  @ 
@T
(4.126)
Thus, using Eqs. (4.124) to (4.126), one can write:

@u
@e
=    T @
@T
(4.127)
@u
@T
= T
@s
@T
(4.128)
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Gathering Eqs. (4.123), (4.127) and (4.128) leads to
 _u =  :De   T @
@T
:De + 
@u
@
 _ + T @s
@T
_T (4.129)
Dening the specic heat capacity c of a material as the energy per mass unit that has
to be brought to the material i.e. Q0t= in order to produce a temperature raise T
divided by the same temperature raise [32], or in other words, the heat necessary to raise
the temperature of a unit mass sample by 1 oC [35]:
c =
Q0t
T
(4.130)
In the case of a uniform temperature eld and an adiabatic transformation, considering
the Clausius-Duhem equation (4.122) in the case of such a process, one has
c =
Q0t
T
=
Ts
T
(4.131)
The limit of the latter expression for the variations tending towards 0 leads to
c = T
@s
@T
(4.132)
Finally, the thermal constitutive law for heat conduction that is used in this work is
the Fourier Law:
' =  thrT (4.133)
Overall, by gathering Eqs. (4.120), (4.129), (4.132) and (4.133), the heat conduction
equation can be written as
c _T = r  (thrT ) + r +  :Dvp| {z }
_Wirr
  @u
@
 _| {z }
_Wmat
+T
@
@T
:De| {z }
_Wte
(4.134)
where _Wirr is the irreversible power, _Wmat is the power stored within the material and
_Wte is the thermoelastic dissipation. The latter three terms represent thermomechanical
coupling sources and will be detailed in the next section.
4.3.3 Thermomechanical coupling sources
This section denes qualitatively the three coupling sources terms that appears in the
heat conduction equation, and formulates the mathematical model that is used in this
work.
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4.3.3.1 Irreversible power
This rst term of thermomechanical coupling is the most commonly used and it repre-
sents the total irreversible power that is brought into the material. Its numerical expression
can be written in terms of the equivalent stress and strain rate, both being directly acces-
sible from the constitutive formulation:
_Wirr =  :D
vp =  _
vp
(4.135)
4.3.3.2 Power stored inside the material
This is the part of the irreversible power which is stored inside the material, due to
defects formation and rearrangement, and which is thus not converted into heat.
Though this is a strong assumption, we will here adopt the classical Taylor-Quinney hy-
pothesis which states that the fraction of such power over the total irreversible power
remains constant10 so that the power stored inside the material _Wmat can be written in
terms of the irreversible power _Wirr as
_Wmat = 
@u
@
 _ = (1  Tq) _Wirr ) _Wirr   _Wmat = Tq _Wirr (4.136)
where Tq is a parameter which takes usually values around 0.9 and which can be called the
Taylor-Quinney factor.
4.3.3.3 Thermoelastic dissipation
This coupling source contribution is the thermoelastic part of the reversible power
generated inside the material. It represents the Gough-Joule eect: a temperature
decrease due to the elastic extension and on the opposite, a temperature increase in a
body under elastic compression.
On the one hand, in the particular case where the constitutive elastic parameters do
not depend on temperature, the thermoelastic power reduces to
_Wte = T
@
@T
:De =  3K T tr(De) (4.137)
where, considering the incompressibility of the viscoplastic deformation, we have
tr(De) = tr(D) =
_J
J
(4.138)
On the other hand, in the more general case of temperature dependant constitutive
parameters, the contribution of the constitutive elastic parameters variation with temper-
ature is taken into account in this work via a parameter of thermoelastic dissipation Te,
and the thermoelastic dissipation is mathematically described by [32]
10This fact has been observed experimentally in the case of cold deformation processes, which means at
temperature below 0.5Tl. Thus, in the present case of semi-solid thixotropy, this is a simplication.
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_Wte =  3K T
_J
J
  3(Te   1)K T
_J
J
=  3TeK T
_J
J
(4.139)
This term is often neglected because, in forming processes, its quantitative eect is not
signicant beside the irreversible power[32].
4.4 Resolution of the thermomechanically coupled con-
servation equations
Most of the time, the analytical solution of the equilibrium equations and the consti-
tutive equations is not reachable due to the high non linearities of the equations.
Thus, numerical methods have been developed. Among them, the Finite Element Method
(FEM) is the one that is considered in this work. This numerical method is much popular
and widely used in the scientic community and will thus be considered as known. Many
references books and papers are available for the reader that would be interested by more
details on this subject [27, 36, 37].
The present section briey reminds the main features of the nite element method: weak
form and variational principles, spatial and time discretization, and iterative resolution of
the thermomechanically coupled problem.
4.4.1 Weak form
The local (or strong) description of the unknown elds, for which the conservation
equations are satised at every single point of space can only be solved analytically in
the case of very simple academic problems. Thus, approximation methods are used. The
request is softened and it is assumed that the global (or weak) form, satised in average
over a specic volume, is adequate.
For the sake of uniformity, the method of weighted residual will be described here for both
mechanical and thermal operators. It leads anyway to the same nal equations known as
the principle of virtual works.
The resolution of the strong form of the local problem:8>>><>>>:
l(u) = 0 in V
s(u) = 0 on S (natural boundary conditions)
u = u on Su (external boundary conditions)
(4.140)
where u is the unknown and with
S
\
Su = ' (4.141)
S
[
Su = S (4.142)
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is replaced by the weak form:Z
V(t)
l(u)dV+
Z
S(t)
s(u)dS = 0 (4.143)
where mi form as many complete series of linearly independent functions as the size of l.
In the case u is the solution of the problem, the weak form is obviously satised. If u0
is an admissible approximated solution, i.e. a trial solution that is continuous and satises
the essential boundary conditions, but is not the problem solution, we have l(u0) 6= 0 and
s(u0) 6= 0, and these values can thus be seen as residues of the local form. The weak form
(4.143) orthogonalizes these residues to a complete functions series on the considered area
because a function that is orthogonal to a complete functions series is identically zero11.
4.4.1.1 Weak form of the mechanical operator
The mechanical operator l(u) is given by Eq. (4.113), and s(u) are associated to the
natural boundary conditions, for example t = t, where t is the surface traction vector and
t is the applied surface forces vector. Thus, the weak form of the mechanical operator isZ
V(t)
mecxdV 
Z
V(t)
mecbdV 
Z
V(t)
mecr  dV+
Z
S(t)
mec(t   t)dS = 0 (4.144)
where mec is an arbitrary but kinematically admissible test function.
Applying the Gauss's divergence theorem and using the fundamental Cauchy equation
(4.112), the weak form of the mechanical equilibrium equations can be rewritten asZ
V(t)
mecxdV+
Z
V(t)
rmec : dV 
Z
V(t)
mecbdV+
Z
S(t)
mectdS

= 0 (4.145)
4.4.1.2 Weak form of the thermal operator
The thermal operator l(u) is given by Eq. (4.134) where the latter four terms can
be gathered in a single one heat source written Q. The operator s(u) represents the
natural boundary conditions, for example ' =  ', where ' is the total heat ux through
the surface and ' is the applied surface heat ux. Thus, the weak form of the thermal
operator isZ
V(t)
thc _TdV 
Z
V(t)
thr  (thrT )dV 
Z
V(t)
thQdV 
Z
S(t)
th('+ ')dS = 0 (4.146)
Applying the Gauss's divergence theorem, and using the Stoke's heat ux theorem
(4.119), the weak form of the thermal equilibrium equations can be rewritten asZ
V(t)
thc _TdV+
Z
V(t)
rththrTdV 
Z
V(t)
thQdV+
Z
S(t)
th'dS

= 0 (4.147)
11if the size of the series is high enough - in the case of a continuous function u, the series should be
innite
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4.4.2 Finite element method: Spatial discretization
Moreover, using the FEM, the continuum media is spatially discretized in an assembly
of cells called nite elements that are connected to each other by nodes on their external
faces.
4.4.2.1 Unknown elds discretization
The nite elements that are used in this work are kinematically admissible. It means
that the discretization concerns the unknown eld of displacements along with the tem-
perature eld. This discretization method allows to rewrite the equilibrium equations as a
set of non linear algebraic equations whereof the unknowns are the nodal displacements q
and temperature . The unknown eld are thus rewritten as
u(x) =Nmec(x)q (4.148)
T (x) =N th(x) (4.149)
where Nmec and N th are respectively the mechanical and thermal shape function matrices.
For example, in the case of a 2D problem discretized with n nodes, one has
u(x) =
0@u(x; y)
v(x; y)
1A (4.150)
=
0@N1(x; y)    Nn(x; y) 0    0
0    0 N1(x; y)    Nn(x; y)
1A
0BBBBBBBBBBBB@
u1
...
un
v1
...
vn
1CCCCCCCCCCCCA
(4.151)
T (x) = T (x; y) (4.152)
=

N1(x; y)    Nn(x; y)
0BBB@
T1
...
Tn
1CCCA (4.153)
where u and v refer to displacements along the x and y axes respectively.
Also, isoparametric elements are used, which means that the element geometry is inter-
polated thanks to from the shape function matrix Nmec and the positions of the element
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nodes xN :
x() =Nmec() x
N (4.154)
) u() = x() X () =Nmec()xN  Nmec()XN =Nmec() uN (4.155)
=Nmec() q (4.156)
where  are normalized isoparametric coordinates. Thus, the following time derivatives
hold
_x =Nmec _x
N =Nmec _q (4.157)
x =Nmec x
N =Nmec q (4.158)
And the same way for the temperature eld:
T () =N th()  ) _T =N th _ (4.159)
Inside the elements, the local elds are deduced from the nodal values by means of
shape functions Nij of the element. In this work, the Galerkin method is used and the
same set of functions is used for both the weighted residue functions mi and the shape
functions Nim.
4.4.2.2 Equilibrium equation discretization
Mechanical operator: Introducing the spatial discretization (4.156) in the weak form
of the mechanical operator (4.145) with the Galerkin method mec = N
T
mec, and noting
Bmec = rN Tmec, we getZ
V(t)
N TmecNmecdV| {z }
M
q +
Z
V(t)
Bmec : dV| {z }
f int
 
Z
V(t)
N TmecbdV+
Z
S(t)
N TmectdS

| {z }
f ext
= 0 (4.160)
where f int and f ext are the internal and external forces vectors respectively.
Thermal operator: Introducing the spatial discretization (4.159) in the weak form of
the thermal operator (4.147) with the Galerkin method th =N th, and notingB th = rN Tth,
we getZ
V(t)
N TthcN thdV| {z }
C
_ +
Z
V(t)
B ththB
T
thdV| {z }
K
  
Z
V(t)
N TthQdV| {z }
hv
 
Z
S(t)
N TthqdS| {z }
hs
= 0 (4.161)
where hv and hs are the volumetric and surface heat sources vectors respectively.
Where the shape functions or interpolation functions matrix N is expressed in terms of
the isoparametric coordinates  and the integrals are estimated using the Gauss quadrature
method.
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4.4.2.3 Equilibrium residue
In practise, the equilibrium equations (4.160) and (4.161) cannot be veried exactly
and a small imbalance is tolerated. It takes the sense of equilibrium residue:
rmec(t) =M q + f int   f ext = f inert + f int   f ext ' 0 (4.162)
rth(t) = C _ +K    hv   hs = hcap + hcond   hv   hs ' 0 (4.163)
where hcap and hcond are the heat capacity and thermal conduction vectors respectively.
These two equations can be gathered into one that expresses the semi-discretized thermo-
mechanical problem:
r =
0@rmec
rth
1A (4.164)
and equilibrium is satised when
r = 0 (4.165)
The nodal displacements and temperatures are also gathered as generalized displacements
z :
z =
0@q

1A (4.166)
4.4.3 Time integration of the thermomechanically coupled conser-
vation equations: Time discretization
The resolution of the non linear algebraic system obtained in the previous section
is done by incremental formulation. The loading is applied gradually and the time is
discretized into time steps. This method observes naturally the real load history and
can thus handle dynamic cases. Another advantage is that this incremental formula-
tion applies to any material behavior as well as to conservative or non conservative loading.
So, the time is discretized into time steps t:
tn+1 = tn +t
The generalized nodal displacements are evaluated only at these specic discrete times:
z(t)! z(tn)
The problem issue is thus turned into nding an equilibrated conguration at time
tn+1 knowing an equilibrated conguration at time tn. In other words, starting from
a known conguration at time tn, an increment of time and the corresponding load
update are performed. Then a new equilibrated conguration, i.e. satisfying (4.165)
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at a given tolerance, has to be found. As the problem is extremely non linear, nding
a new equilibrated conguration necessitates to use an iterative strategy such as the
Newton-Raphson procedure. In the present work, only implicit schemes are used, so the
explicit schemes will not be described here.
4.4.3.1 Discrete time derivative
The equilibrium equations (4.162) and (4.163) depend on the generalized displacements
and their time derivatives, thus to solve these equations, the relationship between the
dierent orders of time derivative has to be approximated.
On the one hand, in the resolution of the mechanical problem, several algorithms are
available in METAFOR (such as the generalized mid point [27], the Newmark [38], the
Chung-Hulbert [39] or the conservative schemes [40]). For example, the Newmark family
algorithm uses Taylor series, which leads for any continuous function f :
f(t+t) =
NX
k=0
tk
k!
fk(t) +
1
N !
Z t+t
t
fN+1()(t+t  )Nd (4.167)
According to the idea of Newmark, the nodal displacements, and their time derivative are
evaluated (exactly) as:
q(tn +t)
N=1
= q(tn) + t _q(tn) +
Z tn+t
tn
q()(tn +t  )d (4.168)
_q(tn +t)
N=0
= _q(tn) +
Z tn+t
tn
q()d (4.169)
Then, the way the integrals are evaluated leads to dierent numerical schemes. For exam-
ple, the Newmark scheme considers the acceleration q() constant over the time step. The
acceleration is interpolated between tn and tn+1 = tn +t following the trapezoidal rule:
q() = (1  2)q(tn) + 2q(tn+1) in (4.168)
q() = (1  )q(tn) + q(tn+1) in (4.169)
where  and  are the Newmark parameters.
Thus, using the Taylor series, we get:
_q(tn+1) =

t
(q(tn+1)  q(tn))     

_q(tn)     2
2
t q(tn) (4.170)
q(tn+1) =
1
t2
(q(tn+1)  q(tn))  1
t
_q(tn)  1  2
2
t q(tn) (4.171)
This way, the conguration at tn being known, the only remaining unknown are the
displacements at the end of the time step i.e. q(tn+1). These will be determined using the
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mechanical equilibrium residue at the end of the time step r(tn+1).
On the other hand, in the resolution of the thermal problem, one discrete temperature
variation is written as:
_(tn+#) =
(tn+1)  (tn)
t
(4.172)
where # 2 [0; 1] is the scheme parameter. Two algorithms of resolution can be used in
METAFOR: the generalized mid point scheme and the generalized trapezoidal rule [41].
The generalized mid point scheme consists in interpolating the temperature between tn
and tn+1 = tn +t following:
(tn+#) = (tn + #t) = (1  #)(tn) + #(tn+1) (4.173)
Gathering Eqs. (4.172) and (4.173), one has
_(tn+#) =
(tn+#)  (tn)
#t
(4.174)
The remaining unknowns are the temperatures at time tn+# = tn+#t. They must verify
the thermal equilibrium rth(tn+#) = 0.
The generalized trapezoidal scheme consists in interpolating the temperature variation
between tn and tn+1 = tn +t following:
_(tn+#) = _(tn + #t) = (1  #) _(tn) + # _(tn+1) (4.175)
Gathering Eqs. (4.172) and (4.175) and , one has
_(tn+1) =
(tn+1)  (tn)  (1  #)t _(tn)
#t
(4.176)
The remaining unknowns are the temperatures at time tn+1 = tn +t. They must verify
the thermal equilibrium rth(tn+1) = 0.
4.4.3.2 Numerical iterative resolution of the equilibrium equation
The equilibrium equations (4.162) and (4.163) are solved by Newton-Raphson itera-
tions.
Start: For the rst iteration i = 0, a predictor has to be chosen. In this work, in the case
of a Newmark scheme, the rst trial on the displacements is given by Eq. (4.168) where it
is assumed that q(tn+1) = 0. This is a classical choice which conducts to a good robustness
of the scheme [27, 36, 41]. In the case of a generalized trapezoidal scheme, the rst trial
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on the temperatures is given by Eq. (4.176), where the temperature variation at time tn+1
is chosen as zero: _n+1 = 0. In other words, the rst trial at iteration i = 0 is chosen as:
z i=0 =
0@q(tn) + t _q(tn) + t2 1 22 q(tn)
(tn) + (1  #)t _(tn)
1A (4.177)
It generally leads to r(z i=0) 6= 0.
Iterations: Then, using a Newton-Raphson algorithm, the values of the generalized dis-
placements are updated so that the trial at iteration i is as follows:
z i+1 = z i  
0BB@ @r@z|{z}
KT
1CCA
 1
i
ri (4.178)
where KT =
@r
@z
is the tangent stiness matrix.
End: A criterion which delimits when the non equilibrium can be considered as accept-
able, and thus when the iterations can stop, must be dened. Mechanical and thermal
forces are not of the same order of magnitude so that two scalar criteria are used:
nF + nR
nDM
krmeck
kf extk < PRECmec (4.179)
1
nDT
krthk
khsk+ khcond + hvk+ khcapk < PRECth (4.180)
where the vectors f ext, hs, hcond, hv and hcap have been dened in Eqs. (4.162) and (4.163),
kvk is the Euclidean norm of a vector v, PRECmec and PRECth are the tolerances on
the mechanical and thermal equilibrium respectively12, and nDM , nDT , nF and nR are
respectively the number of mechanical and thermal degrees of freedom, the number of
imposed loads and of reaction forces.
So, the mechanical part of the criterion compares a measure of the out-of-balance forces
with the mean mechanical load. The thermal part of the criterion expresses the ratio
between the norm of the out-of-balance thermal power and the sum of a measure of the
surface thermal power, of the steady-state thermal power and of the transient thermal
power.
4.4.3.3 Simultaneous solving of the mechanical and thermal problem
In this case, the mechanical and thermal equilibrium equations are solved simulta-
neously, as presented in the previous sections. This kind of simultaneous resolution is
12In this work, they are usually chosen as 10 4.
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called monolithic resolution scheme or fully coupled scheme. If the thermal and mechan-
ical residues are fractionated as well as the nodal displacements and temperatures, the
global tangent stiness matrix can be rewritten as:
KT =
0@@rmec@q @rmec@
@rth
@q
@rth
@
1A (4.181)
This resolution scheme is unconditionally stable in the case of linear problems [42]. Also,
the coupling between the mechanical and thermal elds is conducted at every iterations.
This is an advantage of the scheme in an accuracy point of view, but the evaluation and
the inversion of the tangent stiness matrix requires a large amount of calculation time
[32, 42].
4.4.3.4 Staggered solving of the mechanical and thermal problem
The staggered resolution schemes [32, 42] aim to split the thermomechanical operator.
The discretization of these sub-operators leads thus to smaller algebraic equations systems.
In practise, this staggering is made at the time step level and leads to two subproblems
solving by Newton-Raphson iterations on this time step: the mechanical and the thermal
equilibrium.
Mathematically, it is possible to start by solving the mechanical problem and to solve
the thermal one in a second step, or to solve these two problems in the opposite order. The
choice of which problem should be solved at rst depends on the nature of the intended
applications. For example, in the case of metal forming, the heat sources are mainly
derived from the mechanical problem above the thermal boundary conditions. Under these
conditions, it is necessary to solve the mechanical problem rst, so that the dissipation
terms _Wirr, _Wmat and _Wte have been updated for the current time step before the resolu-
tion of the thermal problem. Thus, in METAFOR, the mechanical problem is solved at
rst and followed by the thermal one. Alternatively, for welding-like problems [43], where
thermal eects are dominant, the thermal problem can be solved before the mechanical one.
The staggered resolution schemes can be of dierent kinds, the main categories being
the isothermal and adiabatic staggered schemes. For the resolution of the mechanical
problem on a time step, the temperature is considered as constant in the isothermal case,
while the adiabatic scheme assumes a constant entropy [32, 42].
The unconditional stability is ensured only for the adiabatic scheme in the linear case.
Indeed, the isothermal staggered scheme can become unstable in the presence of strong
thermomechanical coupling. Thus, the stability limit of the scheme can be expressed,
through the magnitude of the thermomechanical coupling, by [32, 41, 42]
cpl =
9K22Tref
c(K + 10G
3
)
 1 (4.182)
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where c is the specic heat capacity and where the parameter cpl quanties the magnitude
of the coupling in the case of thermoelasticity with constant elastic properties. In the case
of a real metal forming situation, this parameter cpl takes values of the order of 10 2 so
that the use of an isothermal staggered scheme is justied as far as stability is concerned.
It is preferred in the present situation since, in addition, in the presence of strong
thermomechanical coupling, the adiabatic staggered scheme leads to oscillations for non
constant time step size (see [32] for more details). It is discussed in section 4.4.3.6 that,
dealing with metal forming, a non constant times step size is precisely recommended.
In conclusion, in this work focusing on metal forming processes, the staggered isother-
mal scheme, which allows important CPU savings, is justiably used.
4.4.3.5 Consistent tangent operator
The mechanical and thermal tangent stiness matrices can be split into geometrical
and material parts (see [27] for more details). Since this work focuses on constitutive
model, only the material part of the mechanical and thermal tangent stiness matrices
are established here13.
Mechanical material tangent stiness: To obtain the material part of the mechanical
tangent stiness, the Cauchy stresses increment in terms of the natural strains increment
is linearized, in a consistent way, from the stresses given by the radial return scheme:
(tn+1) = p
e(tn+1)I + s
e(tn+1)  2G (tn+1)N (tn+1) (4.183)
Thus, the linearized equation is given by (see [31] for details):
dz =M : dzEN (4.184)
with, using a von Mises criterion and in the case of isotropic hardening:
Mijkl = Kijkl +G(ikjl + iljk   2
3
klij)  2
~GNijNkl
1 +
~h=3 ~G
1+( 1)~h=3 ~G
(4.185)
 =
VM
VM;e
and ~G = G (4.186)
G =
G
1 G=G and K
 =
K
1 K=K (4.187)
~h =
dcrit
dvp
=
r
3
2
dcrit
d 
(4.188)
13The geometrical part of the mechanical and thermal tangent stiness matrices are expressed in [27] and
[32, 34] respectively, and in the case a monolithic scheme is used, the thermomechanical or mechanothermal
stiness matrices are obtained by numerical perturbations.
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Thermal material tangent stiness: The material part of the thermal tangent sti-
ness depends on:
@c
@T
and
@th
@T
(4.189)
In general, these terms are obtained by numerical perturbations.
4.4.3.6 Time steps size
In metal forming, the right choice of a time step size is very delicate and an automatic
time step size procedure is used in Metafor. The user must enter the initial and the
maximum time step size.
One possible adaptation of the time step size is based on the convergence rate of the
previous time steps. In practice, the goal is to reach convergence in a specic number of
iterations OPTI at each time step (in this work, the default value is OPTI = 4). Thus,
the time step size tn+1 = tn+1  tn of the current time step depends on the previous time
step size tn = tn  tn 1 and the number of iteration NITE needed to get convergence of
this previous time step as:
tn+1 =
tnp
NITE  OPTI (4.190)
Another method of time step size adaptation based on the integration error exists in
Metafor but it is not used in this work and will thus not be detailed here.

Chapter 5
State-of-the-art in FE-modeling of
thixotropy
This section lists the existing models of thixotropic behavior in a non exhaustive way.
They are classied in terms of whether the modeling is one phase or two phase.
The models should introduce the structural considerations discussed in the previous
section about rheology and should be thermomechanically coupled.
5.1 One phase models
In one phase models, the material is regarded as a single homogeneous (though mixed)
continuous phase and the relative displacement between the phases cannot be taken into
account.
This kind of modeling is relatively simple to implement, as it concerns only the
constitutive law, which is not the case of a two phase model. We have seen in section 4.2
that, using a liquid formalism, the constitutive law is driven by the apparent viscosity and
that a yield stress can be introduced. These two quantities are also fundamental in the
solid hypoelastic formulation, as it is is driven by viscosity and isotropic hardening1 laws.
Thus, despite the fact that existing one phase models can dier by the formulation that is
chosen (liquid or solid, hypoelastic or hyperelastic etc.), the models are classied by the
choice of viscosity and yield stress evolution form. All the equations that are presented in
this section can be implemented in any constitutive formalism.
During the process, the material structure continuously evolves with the strain history
due to the agglomeration of the particles and the breaking of the grain bonds. Thus, some
models use an internal scalar parameter that describes the state of the microstructure. It
1No kinematic hardening has been proposed for thixotropy yet. This is probably due to the lack of
experimental data. Also, it is commonly accepted that the thixotropic behavior is mainly driven by viscous
eects so that the consideration of such a complex kinematic hardening is not worth.
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can be the degree of structural build up [44, 45, 46], the number of bonds [1] or the average
numbers of particles in each agglomerate [19]. Various names, notations and evolution
descriptions can be found in the literature. However, all these formulations can be reduced
into a single one common to all models, which allows a more direct comparison. This
general formulation will be detailed further (chapter 6). Here, the structural parameter
that has been chosen to present all the models is the cohesion degree , illustrated in
Fig. 5.1. It characterizes the degree of build up in the microstructure. It can take values
between 0 and 1:  = 1 if the structure is fully built up and  = 0 if the structure is fully
broken.
Figure 5.1: Illustration of the cohesion degree
Many models also introduce the liquid fraction fl or the solid fraction fs as an internal
parameter. To ease their comparison, all models are presented here in terms of the liquid
fraction. Generally, this volumetric fraction only depends on the temperature.
5.1.1 Apparent viscosity evolution
This section gives a non exhaustive list of proposed mathematical descriptions of the
apparent viscosity in terms of the equivalent viscoplastic strain rate2 noted _
vp
and, in
some cases, of the cohesion degree  as well as the liquid fraction fl.
Even though the yield stress is taken as a term of the viscosity in some liquid models,
it is not included here since the next section is devoted to the yield stress description.
2This is the most general term, it can be reduced to the shear rate _ in the case of the description of a
simple shear test with a liquid formalism. In this case, _ =
p
D^ : D^ =
p
3=2_
vp
.
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5.1.1.1 Models based on the Norton-Ho law
Many one phase models [44, 47] are based on the Norton-Ho law, which in terms of
the evolution of viscosity is also known as the Ostwald-de-Waele [1] relationship:
 = k(_
vp
)m 1 (5.1)
with s = 2D^, where D^ is the deviator of the strain rate tensor.
The complex rheology of thixotropy is taken into account by means of the structural
parameter (and sometimes the liquid fraction) via the parameters k and m in various ways.
For example, Modigell and Koke [47, 48] suggested:8<: k = k1ek2(1 fl)m = m1 (5.2)
Or, as another example, Burgos and Alexandrou [44] proposed the following empirical
relationships: 8<: k = k1ek2m = m1 +m2+m32 (5.3)
where k1, k2, m1, m2, and m3 are constant material parameters.
Models of this kind have the advantage of being simple and numerically ecient. The
cited models have been implemented within a uid formalism and validated on shear rate
jump experiments. Thus, relatively simple experiments allow for material parameters iden-
tication.
5.1.1.2 Micro-macro model
Favier et al. [13, 49, 50] developed a rigid3 thermo-viscoplastic model using microme-
chanics and homogenization techniques. Thus, the constitutive law is written under the
following form:
s = 2(_)D^ with
8<: D^ = D^
vp
(De = 0)
_ = _
vp
( _e = 0)
(5.4)
Basic concepts and fundamental equations of micromechanics and homogeniza-
tion: This section briey recalls some general fundament of micromechanics theories
on which is based the micro-macro model. Then, a further section is devoted to the
application of these concepts specically for the thixotropic behavior.
Generally speaking, micromechanics is dened by Shaofan [52] as a scientic discipline
that studies mechanical, electrical and thermodynamical behaviors of materials with
3Recently, they proposed an enhancement of the model which introduces the elastic deformation [51]
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microstructure. In the present case, micromechanics is used to describe the mechanical
behavior of micro-heterogeneous materials from a representation of their microstructure
and the local microscopic behavior. More precisely, according to Shaofan [52], a major
objective of this kind of study is to nd the statistical average material properties, also
called the eective properties, of the heterogeneous material through various homogeniza-
tion methods. Favier [53], in the context of thixoforging, denes micro-heterogenous as a
material in which stress and strain elds uctuate at the microscopic scale.
In general, Shaofan [52] characterizes the material microstructure as either a denite
structure or a random structure. The so-called mechanical homogenization theory
primarily deals with materials of media with random microstructure distribution. In other
words, it is assumed that the materials are disordered, which means that the uctuations
do not display any periodic array [53].
Denition of the representative volume element: The heterogeneities may happen at dif-
ferent scales and the global response depends on all the mechanisms occurring at these
dierent scales. Homogenization, or statistical averaging, consists in determining the over-
all behavior from an understanding of these microscopic mechanisms. However, the in-
troduction of all of them is not eective since it would lead to a much too complicated
model. Hence, it is necessary to look for the relevant scales [53]. Traditionally, the stan-
dard micromechanics methodology in engineering applications treats a micro-heterogenous
material as a generic continuum model with a two-level paradigm: microscopic structure
and macroscopic structure. This conventional two-level paradigm is a special mathematical
homogenization model that is usually not associated with any xed length scale [52]. In
other words, two relative length scales are dened: microscopic and macroscopic length
scales l and L. A volume element with characteristic dimension of L is called a Repre-
sentative Volume Element (RVE). Shaofan [52] denes the RVE for a material point of a
continuum medium as a statistical ensemble of microscopic scale objects surrounding or
constituting the macroscopic material point. Thus, the model considers that the overall
properties of the heterogeneous material are an appropriate average of the microscopic
properties over the RVE. In order to these overall properties being representative of the
heterogeneous material under consideration, both length scales l and L are chosen in such
a way that [53] (see Fig. 5.2):
 At the microscopic length scale l, the properties of interest are directly relevant to
determine the overall properties.
 The overall or averaged properties on any RVE are the same.
 The size L of the RVE is much larger than the characteristic length scale that are
wishes to capture: l=L << 1 (scale separation conditions)
 The size L of the RVE is such that it includes a large number of heterogeneities
 The size L of the RVE is much lower than the part size R (see Fig. 5.2) so that it
can be considered as a material point of a valid continuum mechanics description.
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Under these circumstances, the boundary conditions on the RVE can be assumed homo-
geneous and correspond to the macroscopic variables.
Figure 5.2: Schematic representation of dierent scales of analysis [53]
Statistical averaging: If the material is assumed homogeneous at the macroscopic level,
the average value < T >V over the RVE (of volume V) of a microscopic scale tensor eld
T (x) (where x is the position vector of a material point inside the RVE) is dened as
< T >V=
1
V
Z
V
T (x)dVx (5.5)
When the scale separation condition is veried (l=L << 1), it can be demonstrated [52]
that, when homogeneous boundary conditions are applied on the RVE, the Cauchy stress
eld average over the RVE <  >V is equal to the constant Cauchy stress tensor pre-
scribed on the RVE boundary and thus to the overall stress tensor at the RVE location 
(averaging theorem). It is important to note that the exact stresses distribution as well as
the material properties distribution inside the RVE is not known and generally not uniform.
The Eshelby's equivalent eigenstrain method: According to Shaofan [52], the main homog-
enization method used in engineering applications in the case of random microstructure
is the Eshelby's equivalent eigenstrain method [54]. Shaofan [52] dened the concept of
"Eigenstrain" as a generic name used in micromechanics to describe a transformation
strain eld that can equivalently represent induced strain due to mist of inhomogeneities,
thermal expansion, plastic strain, residual strain, phase transformation, etc, all of
which, when homogeneously applied, produce a compatible deformation eld without
generating stresses. Eshelby's equivalent eigenstrain principle establishes the equivalency
between an eigenstrain eld and an inhomogeneity distribution, such that distribution of
inhomogeneities may be replaced by the eigenstrain eld with the equivalent mechanical
eect. As illustrated in Fig. 5.3, this equivalency mapping process translates the material
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heterogeneity into an added non-uniform strain distribution, while making the material
properties become homogeneous again [52].
In this work, the following notation is adopted. A local quantity is noted T  and one
has:
T (x) =
8<: T

I if x
 2 VI
T M if x
 2 VM
(5.6)
Also, the average value of a quantity T over the volume of the inclusions VI or of the
matrix VM is noted < T >VI= T I or < T >VM= TM respectively.
Figure 5.3: Illustration of Eshelby's equivalent eigenstrain principle: Initial heterogeneous
body (left) and equivalent homogeneous body (right) in the case of a linear elastic solid
[52]
In the case of a linear elastic solid, the criterion for choosing suitable eigenstrain eld is
the following stress consistency condition [52]:
HI : I = HM : (I   ) (5.7)
where HI and HM are the Hooke tensors in the inclusion of volume VI and in the matrix
of volume VM respectively,  is the prescribed eigenstrain eld and I =<  >VI is the
average deformation over the inclusion.
Eshelby's ellipsoidal inclusion: The Eshelby's solution of an ellipsoidal inhomogeneity em-
bedded in an isotropic unbounded medium ( = 0), in which a uniform eigenstrain  is
prescribed, in the case of linear elasticity provides the connection between the disturbed
strain eld I (x
) inside the inclusion (that is for x 2 VI) and the prescribed eigenstrain
eld  (see [52] for the mathematical developments), which is written as:
I (x
) = SI :  (5.8)
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where SI is the fourth order Eshelby tensor. The Eshelby tensor for an ellipsoidal inclusion
is a constant tensor under uniform elastic loading and the value of its components only
depends on the aspect ratio of the ellipsoid [52]. According to Shaofan [52], the Eshelby's
solution implies that the induced strain eld inside the inclusion I is uniform due to
the uniformly prescribed eigenstrain distribution. Thus, the average deformation over the
inclusion can be written as:
I = I = SI :  (5.9)
Concentration tensor denition: When a macroscopic stress  is prescribed on the RVE
boundary, the averaging theorem asserts that <  >V= . Thus, the prescribed macro-
scopic stress induces a macroscopic deformation
<  >V=  = H 1 :  (5.10)
whereH is the eective (or homogenized) Hooke tensor. If the interaction among inclusions
is neglected (it is assumed that inclusion population is small), considering Eq. (5.9), one
can write:
I =  + SI :  (5.11)
Gathering Eqs. (5.7) and (5.11), one has
I =
h HI  HM 1 : HMi : h HI  HM 1 : HM   SIi 1| {z }
AI
:  (5.12)
AI is called the strain concentration tensor of the deformation in the inclusion. The
latter tends to incorporate microstructure or more precisely spatial distribution of the
heterogeneities within the material. In general, the strain concentration tensor is noted:
A(x) =
8<: A

I if x
 2 VI
AM if x
 2 VM
(5.13)
And it can be demonstrated that:
1
V
Z
V
AdV = I (5.14)
where V is the volume of the RVE.
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Methodology of the micro-macro model to nd the eective viscosity: In the
micro-macro model, it is assumed that the heterogeneities are randomly distributed so
that there is no spatial correlation between them. The spatial distribution can thus be
labeled as isotropic. Also, the microscopic properties are considered to be isotropic. Under
these hypotheses, the heterogeneities can be represented by one single spherical inclusion
embedded into a matrix [13, 49, 50, 51, 53]. Since the components of the Eshelby tensor
for an ellipsoidal inclusion and a uniform eigenstrain only depends on the aspect ratio of
the ellipsoidal and not on its radius, Eshelby tensor for a spherical inclusion is unique
whatever its radius. In other words, there is no embedded length scale or scaling factor
for spherical inclusions [52].
Figure 5.4: Schematic representation of the micro-macro model methodology scheme
The methodology of the modeling is illustrated in Fig. 5.4 and contains the following
three steps4:
1. Localization: Local variables, such as stress or strain elds are dierent from the
overall variables due to the inhomogeneities within the material. Concentration equa-
tions aim to relate local and overall variables. In the present case, the localization
step is performed on the strain rate. In the particular case of the constitutive equa-
tion (5.4), where the behavior is represented by the scalar quantity , the localization
tensor A reduces to a scalar A and and the local strain rate eld D^

is written as
D^

= A D^ (5.15)
To compute the concentration tensor, a relevant representation of the material has to
be chosen. In the micro-macro model, Favier et al. [49, 50] adopt the self-consistent
and the generalized self-consistent models.
4The equations presented in this section are particularized to the case of a constitutive equation of
the form of Eq. (5.4), but the interested reader may nd a more general and detailed presentation of the
theory of micromechanics in [52]
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These two models are based on the Eshelby spherical inclusion (see [53] for more
details) which is illustrated in Fig. 5.5 in the case of a constitutive law of the form
of (5.4). In this case, the behavior of the inclusion and of the matrix are represented
by the continuous apparent viscosity of the inclusion I and the continuous apparent
viscosity of the matrix M .
Figure 5.5: Schematic representation of the Eshelby spherical inclusion model
In the case of a behavior of the form of Eq. (5.4), and considering Eq. (5.14), the
localization variable corresponding to the Eshelby model can be written as [53]:
A =
8<: AI =
5M
3M+2I
in VI
AM =
1 fIAI
fM
in VM = V  VI
(5.16)
where VI and VM are the volume of the inclusion and of the matrix respectively, and
where fI = VI=V and fM = VM=V represent the volumetric fractions of the inclusion
and of the matrix respectively. Extreme situations can be deduced from Eq. (5.16)
[53]:
 Soft particle (cavity): I <<< M ) AI ! 53 , D^
I
= 5
3
D^
 Hard particle : I >>> M ) AI ! 0, D^I = 0
 No inhomogeneity: I ! M ) AI ! 1, D^I = D^
In the case of both self-consistent and generalized self-consistent models, the volu-
metric fraction of the inhomogeneities are such that the interactions between each
other can no longer be neglected. This is introduced in the model by considering that
the spherical inclusion is embedded into a homogeneous equivalent medium (HEM)
having the overall properties of the heterogeneous material. This way, one inhomo-
geneity feels the eects of the applied load as well as of the interaction with other
inhomogeneities through the HEM.
As it is represented in Fig. 5.6, the self-consistent model assumes that the hetero-
geneities (for example, the two phases) have the same signicance. In this case, there
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is no distinct matrix. More precisely, the material is no longer seen as inclusions em-
bedded into a matrix, but rather as two kinds of inhomogeneities embedded into the
HEM. The behavior of each kind of inhomogeneities is represented by their respective
apparent viscosities 1 and 2.
Figure 5.6: Schematic representation of the self-consistent model
In the case of a behavior of the form of Eq. (5.4), and considering Eq. (5.14), the
localization variable corresponding to the self-consistent model can be written as [55]:
A =
8<: A1 =
5
3+21
in V1
A2 =
1 f1A1
f2
in V2 = V  V1
(5.17)
where f1 = V1=V and similarly f2 = V2=V represent the volumetric fraction of the
heterogeneities.
Figure 5.7: Schematic representation of the generalized self-consistent model
The generalized self-consistent model, illustrated in Fig. 5.7, is still based on the idea
of a single inclusion, but it considers a more complex topology of the heterogeneous
material, which is viewed as a coated inclusion embedded in the HEM. In the case
of a behavior of the form of Eq. (5.4), and considering Eq. (5.14), the localization
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variable corresponding to the generalized self-consistent model can be written as [56]:
A =
8><>:
A1 =
52
32+212+
6
5
f2
f1
(1 2)( 2)
in V1
A2 =
1 f1A1
f2
in V2 = V  V1
(5.18)
2. Local behavior: At the microscopic scale, it is assumed that the local behavior has
got the same form as the macroscopic one, but is non homogeneous. It can be written
as
s =
8<: s1 = 21(_1)D^

in V1
s2 = 22(_2)D^

in V2 = V  V1
(5.19)
3. Homogenization: To achieve the scale transition back to the macroscopic scale, an
homogenization over the stress eld is performed. In this case, the homogenization
is performed over the stress eld. The stress eld average over the RVE is equal to
the constant stress tensor prescribed on the RVE boundary and thus to the overall
stress tensor at the RVE location s. Consequently, the latter can be written as [53]:
s =
1
V
Z
V
sdV (5.20)
(5:19)
=
1
V
Z
V1
21(_1)D^

dV+
1
V
Z
V2
22(_2)D^

dV (5.21)
(5:15)
=
1
V
Z
V1
21(A1 _)A1D^dV+
1
V
Z
V2
22(A2 _)A2D^dV (5.22)
= 2

f1A11(A1 _) + f2A22(A2 _)

D^ (5.23)
Thus, gathering Eqs. (5.4) and (5.23), we can deduce the overall or macroscopic
apparent viscosity of the heterogeneous material:
(_) = f1A11(A1 _) + f2A22(A2 _)
(5:14)
= 2 + f1A1(1   2) (5.24)
Considering Eq. (5.17) or (5.18), it can be seen that, both self-consistent and gen-
eralized self-consistent models lead to implicit equations (since A1 depends on the
overall apparent viscosity ), so proper numerical scheme needs to be carried out for
their evaluation [53].
Application to thixotropic behavior: The micro-macro model individualizes the me-
chanical role of the non-entrapped and entrapped liquid and of the solid bonds and the solid
grains in the deformation mechanisms. In a statistical representation of the microstruc-
ture, this complex system is represented by spherical "coated inclusions" (Fig.5.8), the
inclusion is composed of the solid grains and the entrapped liquid whereas the coating,
called the "active zone", is composed of the solid bonds between dierent solid grains and
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the non-entrapped liquid. This gives more importance to the active zone where the strain
is mainly localized [13, 49, 50].
Figure 5.8: Microstructure of semi-solid alloy and schematic representation in the micro-
macro model [49]. The liquid phase appears in dark, the solid phase in grey. Entrapped
liquid can be clearly seen as black spots inside grey grains.
To determine the apparent viscosity, homogenization techniques are used at two scales.
Thus, there are three distinct scales overall: two microscopic scales and one macroscopic,
so that the model may rather be labeled as a micro-meso-macro model. The macroscopic
apparent viscosity  is deduced from the microscopic apparent viscosities A and I of the
active zone and of the inclusion respectively using the generalized self-consistent approx-
imation. The apparent viscosities A and I of the active zone and of the inclusion are
both calculated from the liquid and solid behavior using the self-consistent approximation.
The set of equations that are obtained under these circumstances are summarized in Fig.
5.9.
Subscripts "A" and "I" stand for the active zone and the inclusion respectively, and
superscripts "s" and "l" correspond to the solid phase and the liquid phase, respectively.
The four variables f s;lA;I are the fraction of the dierent separated scales. Among them, the
fraction of active zone fA is considered as a material parameter. The solid fraction in the
active zone f sA is equivalent to the cohesion degree . Indeed, if f
s
A = 0, there are no solid
bonds, which corresponds to  = 0. On the other hand, if f sA = 1, all the liquid is entrapped,
which is characteristic of a fully built up structure ( = 1). Favier et al. proposed two
versions of the model [53]. First, a macroscopic description of the internal structure strain-
dependence is used. In other words, the cohesion degree  = f sA is calculated in terms
of the overall strain rate _. Secondly, the description of the relationships between local
deformation mechanisms and microstructure evolution is improved by incorporating the
fact that the relevant shear rate is not the overall one but the local one within the solid
bonds _
s
A.
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Figure 5.9: Self-consistent approximation at two scales in the micro-macro model [13, 49,
50]
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It can be seen in Fig. 5.9 that all the remaining "zone fraction" (fI , f
s
I , f
l
I and f
l
A) can
be deduced from fA and f
s
A = .
The variables As;lA;I are the localization variables of the strain rate from one scale to a
smaller one. For example, AsI , and A
s
A are the strain rate localization variables of the
solid phase in the inclusion and in the active zone respectively and AI is the strain rate
localization variable of the inclusions in the global semi-solid material. The mathematical
details of this micro-macro model are deepened in section 6.3.3 dedicated to the imple-
mentation of the model in the present work.
Overall, considering the set of equations described in Fig. 5.9, the graph of the viscosity
as a function of the strain rate can be drawn as in Fig. 5.10, in the case of tin-15%wt lead
alloy5. The model predicts a thixotropic behavior characterized by a decreasing viscosity
with increasing strain rate, followed by a liquid-like behavior characterized by a very low
(but non zero) constant viscosity. The transition between these "thixotropic" and "liquid"
regime, which is quite sharp, has been observed in real experiments, but is too drastic in
the numerical simulations. Real mechanical percolation eect is softer and more complex
[13]. This is due to the formulation of the self-consistent model.
Figure 5.10: Evolution of the macroscopic apparent viscosity as a function of the equivalent
strain rate predicted by the micro-macro model in the case of a tin-15%wt lead alloy and
of a steady-state and macroscopic cohesion degree
This micro-macro model is more complex than the previous ones, that were based on
the Norton-Ho law (see section 5.1.1.1), and is thus numerically more expensive. However,
according to the authors, it has the advantage that it is physically and not phenomeno-
logically based leading to a more straightforward identication of the material parameters.
5In this gure, it is assumed that the evolution of the strain rate in time is slow enough to use a steady-
state cohesion degree (see section 6.1 for more details). Also, a macroscopic description of the cohesion
degree is used, as the cohesion degree is calculated in terms of the overall strain rate.
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In addition, it gives interesting results in term of the softening of the material that is
experienced beyond a certain level of deformation.
5.1.1.3 Model considering the eective liquid fraction
Lashkari and Ghomashchi [19] conducted viscometer measurements from which they
deduced a viscosity law. This is not strictly modeling since they did not implement it, but
the formulation they proposed is original and worth to point out. Instead of introducing
the structural parameter via the power-law parameters, it is the eective liquid fraction
that is used. We have seen that some entrapped liquid is released with structure break
down; thus, it is clear that the eective liquid fraction depends on both the liquid fraction
and the structural parameter.
The authors use a uid formalism and consider a microstructure made of suspension of
clusters. Thus, their results are not applicable if a solid network exists in the material.
They proposed the following viscosity law:
 = kl(f
eff
l )
 m (5.25)
where kl is the viscosity of the liquid matrix and where f
eff
l (; fl) is a function of both the
liquid fraction and the structural parameter. In their work [19], Lashkari and Ghomashchi
use another structural parameter, but for a matter of clarity to compare all the dierent
models, their formulation is rewritten here in terms of  (see section 6.2.2 for more details).
They proposed the relation
f effl = fl [1  (1  fl)] (5.26)
This formulation has not been validated yet in the literature, but can look attractive
because of its simplicity and its requirement limited to only two material parameters (kl
and m).
5.1.1.4 Models with no structural parameter
Some authors have proposed models that circumvent the use of any structural parameter
such as , and instead use the viscosity as a direct measure of the structural behavior.
In some cases [1], this is expressed by relating the rate of viscosity to the viscosity
dierence between the steady state e and the current viscosity, which leads to a dierential
equation of the type
d
dt
= k(e(_
vp
)  )m (5.27)
where e can be expressed in dierent ways, like for example [1]:
e = ae
b(1 fl)(_
vp
)c (5.28)
These models have been validated and match to experiments with reasonable accuracy.
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Figure 5.11: Illustration of the "Cross model"
The viscosity can also be expressed in terms of the strain rate only. As illustrated in
Fig. 5.11, the Cross model [57] assumes that the behavior becomes Newtonian at very low
and very high strain rates:
 = 1 +
0   1
f(_
vp
)
(5.29)
where as _
vp ! 0,  ! 0 and as _vp !1,  ! 1
and where f(_
vp
) can take dierent forms such as [1]:
f(_
vp
) = 1 + k(_
vp
)m (5.30)
or:
f(_
vp
) =
 
1 + (k _
vp
)m
n 1
m (5.31)
These models are only valid under steady-state conditions and it is discussed in section
3.1.2 that it is the transient behavior that is relevant for the modeling of thixotropic die
lling.
5.1.2 Yield stress evolution
At elevated temperatures of the order of the solidus, the yield stress and particularly the
hardening are negligible. For this reason, many researchers do not include them into their
model. Yet, it has been demonstrated that they were important to simulate properly the
whole process including the cooling down back to room temperature. In fact, no specic
hardening law has been proposed in the frame of the simulation of thixoforming, while
only few yield stress descriptions as a function of the liquid fraction and the structural
parameters have been developed.
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In their uid dynamics model, Koke and Modigell [47] use the following relationship in
addition to the viscosity law (5.2):
y = 
0
y(fl) (5.32)
where 0y is the yield stress of a fully built up structure.
Also to complete their viscosity law (5.3), Burgos and Alexandrou [44] conducted shear
rate jump experiments and ended up with the empirical law:
y = ya

arctan
ybyc
yd
+ arctan

yb
  yc
yd   

(5.33)
where ya;b;c;d are material parameters.
5.2 Two phase models
The main advantage of two phase models, like those proposed by Kang et al. [58],
Choi [59], Zavaliangos [60] and Petera [61, 62, 63], is that they are able to predict the
relative displacement between the solid and the liquid phase and can thus represent
macrosegregation. We have seen that this phenomenon cannot be totally eradicated
but that the choice of a judicious set of process parameters can minimize it. Thus,
that kind of models can be useful to optimize the process parameters in order to avoid
macrosegregation. For example, when working at very low liquid fraction, the phenomenon
of macrosegregation is not critical and the use of a two phase model is not necessary.
In such a two phase model, a eld representing the liquid phase ow is added. During
semi-solid metal processing, the behavior of the liquid phase, which the solid skeleton is
deforming in, can be seen as a uid ow through a porous medium. This eld is generally
assumed to be governed by the Darcy law so that the relative movement between the two
phases will be linked to the pressure gradient within the liquid. This section presents
briey the main features of this formulation, which is close to the ones that are used in
soil mechanics.
5.2.1 Two coupled elds
Two calculations are done simultaneously: The rst one corresponds, as in one phase
models, to the (thermo6)mechanical equilibrium and the second one represents the liquid
ow.
6As already mentioned, thermal eects should be introduced in the modeling of semi-solid processes
but, as for one phase models, the thermal eld will not be detailed here.
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5.2.1.1 Mechanical analysis:
It ensures the momentum conservation of the whole biphasic system is satised, it
reads: 8<: r   + b = 0 on V(t)n = t on S(t) (5.34)
where b is the volumetric forces vector (inertial forces included) acting on the current
volume V(t) and t is the surface force vector acting on the current surface S(t) whose unit
outward normal is n.
5.2.1.2 Liquid phase ow:
It is governed by the Darcy law, which links the liquid ow through the porous media
to the hydrostatic pressure gradient:
fl _usl =

kl
(rp  l g) (5.35)
where _usl = _us   _ul is the relative velocity between the liquid and the solid phases, l is
the liquid phase density, kl is the liquid phase viscosity, g is the acceleration of gravity and
 is the permeability tensor.
5.2.2 Coupling sources
The two elds described above are interconnected. Mathematically, the connections
can be taken into account by the addition of some terms in one of the governing equations
(5.34) and (5.35). However, it also can link variables appearing in these equations. So,
this section describes the coupling terms and shows how the unknowns can be reduced
to a set of two, which are the solid-phase displacements us (and its rate _us) and the
hydrostatic pressure p.
5.2.2.1 Continuity equation:
One of the rst coupling sources between the liquid ow and the mechanical equilibrium
is the continuity equation, which is a consequence of the mass conservation:
@
@t
+r  ( _u) = 0 (5.36)
In the case of incompressible material, the density of the material  is constant and one
has
_ = 0 =
@
@t
+ _u  r = 0 (5.37)
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Thus, the continuity equation reduces to:
r  _u = 0 (5.38)
The overall velocity _u is dened as the weighted sum of the velocities of individual phases
factored by the corresponding fraction of solid fs and liquid fl [63]:
_u = fs _us + fl _ul (5.39)
Thus, the continuity equation reduces to:
r  (fs _us + fl _ul) = 0 (5.40)
)r  _us =r  (fl _usl) (5.41)
So, the Darcy law (5.35) can be rewritten only in terms of the displacement (rate) of
the solid phase and of the pressure p:
r  _us =r 


kl
(rp+ (lg))

(5.42)
5.2.2.2 Interaction forces:
In addition, the liquid ow inuences the mechanical equilibrium by interaction forces
between phases. For the mechanical analysis, the liquid phase is considered as empty and
is replaced by its hydrostatic pressure, as illustrated in Fig. 5.12.
Figure 5.12: Schematic representation of the forces acting inside the semi-solid material
The total internal force ATT acting on the semi-solid material is thus made of two
contributions: a force Ass acting on the solid region of surface As and a force AlpI acting
on the liquid zone of surface Al
7 [58]:
ATT = Ass + AlpI ) T = eff + flpI (5.43)
7The sign convention of negative compression is maintained despite it was not the one adopted by the
authors of [58].
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where eff = As=AT s is the eective stress, meaning the part of the stress tensor that
contributes to the constitutive law. Using an appropriate constitutive law that links the
stresses to the strains that are deduced from the displacements, the eective stress eff is
thus related to the displacements of the solid phase _us. Dierent constitutive laws have
been proposed. For example, Kang et al. [58] use a viscoplastic model with the porous
Shima and Oyane yield criterion [64]. In addition, any of the constitutive law presented in
the previous section about one phase models can be used.
Chapter 6
Description of the one-phase modeling
This chapter aims to describe the dierent constitutive laws that have been imple-
mented in the home-made nite element code Metafor [6] in the present research. This is
an original contribution of this work.
In the semi-solid state, the material is subjected to phase change which aects the
conservation equations. Thus, on top of the selection of a specic constitutive modeling,
which is presented in this chapter, the phase change eects on conservation equations
are taken into account in the numerical simulations. Appendix A is dedicated to the
consideration of this eect.
All constitutive laws that are studied here are one-phase models based on a solid
thermo-elasto-viscoplastic formulation with isotropic hardening, which has been described
in section 4.2.6. The choice of this specic framework is motivated by the following
arguments.
First, one phase models are much simpler and thus lighter in terms of implementation
and CPU costs. As long as macrosegregation is not a big concern, the consideration
of such a complex two-elds calculation that is needed by two-phase models is not necessary.
In addition, the model should be not only able to describe the behavior of semi-solid
thixotropic structures, but should also be able to degenerate to solid, liquid as well as free
suspensions models. This is possible under the hypoelastic formalism and special care has
been taken in the development of the model to meet this requirement.
Another important point is the prediction of the residual stresses after unloading and
cooling down back to room temperature which gives a good indication on the quality of
the nal product and is thus an important feature that a model should include. Along
the fact that a billet at rest can sustain its own weight (unless the liquid fraction is too
high), the use of a nite yield stress y, that is obviously present for a metal at room
temperature, is also necessary for the prediction of the residual stresses. Furthermore,
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neither purely liquid formalism nor rigid models, that do not present any elastic strain, can
predict such residual stresses. Thus, the use of a (semi) solid thermo-elasto-viscoplastic
formulation, which considers the elastic part of the deformation, is relevant.
The consideration of the thermomechanical coupling is fundamental as the thixotropic
behavior is very sensitive to temperature variations. The constitutive models developed in
this work are all available for pure mechanical calculations as well as coupled thermome-
chanical analysis. This kind of calculation allows to take into account the die-slug thermal
exchanges, the viscoplastic dissipation, the thermal dilatation and the heat generated by
friction.
Finally, it has been seen in chapter 3 describing the rheology of thixotropic materials,
that such behavior is mainly driven by viscous eects. Thus, it is assumed here that the
kinematic hardening can be neglected.
The basic idea is to adapt the simulation techniques, that are specic for the thixotropic
behavior and are presented in the literature in the frame of a uid formulation, to the solid
mechanics formalism. By analogy with liquid formalism, the concept of apparent viscosity
 is introduced as:
crit = y +  _
vp
(6.1)
In the case of a classical Perzyna viscosity law (4.70), the apparent viscosity  is thus
written as:
 = k(vp)n(_
vp
)m 1 (6.2)
Thus, the extended von Mises criterion (4.72), is used and can be rewritten as:
VM   y(_vp; vp)  (_vp; vp)_vp = 0 (6.3)
The latter equation shows that, in this case, the development of a new constitutive law
reduces to the expression of the current yield stress and viscosity by appropriate isotropic
hardening and viscosity laws.
Also, the specic behavior of thixotropy, in both steady-state and transient conditions,
is accounted for by means of two additional non-dimensional internal parameters: the
liquid fraction fl and the cohesion degree  that have been already mentioned in section 5.1.
Overall, the extended consistency equation [31] is written as:
VM   y(fl; ; _vp; vp)  (fl; ; _vp; vp)_vp = 0 (6.4)
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As shown in section 4.4.3.5, the establishment of the consistent tangent operator requires
~h =
dcrit
dvp
=
d(y +  _
vp
)
dvp
=
@y
@vp
+
@y
@ _
vp
d_
vp
dvp
+
@y
@
d
dvp
+
@y
@fl
dfl
dvp
+

@
@vp
+
@
@ _
vp
d_
vp
dvp
+
@
@
d
dvp
+
@
@fl
dfl
dvp

_
vp
+ 
d_
vp
dvp
(6.5)
If it is assumed here that the equivalent plastic strain rate _
vp
is constant over the time
step t = tn+1   tn, we have,
_
vp
(tn+1) =
vp(tn+1)  vp(tn)
t
) d
_
vp
dvp
=
1
t
(6.6)
and Eq. (6.5) reduces to
~h =
@y
@vp
+
@y
@ _
vp
1
t
+
@y
@
d
dvp
+
@y
@fl
dfl
dvp
+

@
@vp
+
@
@ _
vp
1
t
+
@
@
d
dvp
+
@
@fl
dfl
dvp

_
vp
+

t
(6.7)
Various models based on this framework have been implemented and are described
in the following sections. Several expressions for both internal parameters (section 6.1
for the cohesion degree and section 6.2 for the liquid fraction), hardening and viscosity
laws (section 6.4 for the isotropic hardening and section 6.3 for the viscosity law) are
considered. For each of them, the corresponding term of Eq. (6.7) for the consistent
tangent stiness matrix are established.
In summary, the original contributions of this work to constitutive modeling of
semi-solid thixotropy can be summarized as follows. The main one concerns the fact
that the models of thixotropic behavior that are proposed in this work are the rst to be
developed under a solid thermo-elasto-viscoplastic formulation.
Coupled to an implicit time integration for the constitutive model, this implies the
necessity to derive a consistent tangent operator, which is a concept that has not been
addressed in the framework of modeling thixoforming processes yet.
Such a formulation implies the possibility to include into the model the thermomechanical
eects and the transient behavior, as well as the possibility to predict the residual stresses
after unloading and cooling down back to room temperature.
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Also, all the models are not restricted to the semi-solid state and have been meant to
degenerate properly to complete solid state and liquid state constitutive relation. Again,
this has been made possible thanks to the adoption of the hypoelastic formulation. Note
that, as the constitutive modeling framework proposed here is implemented within a solid
constitutive formalism and with a Lagrangian (or at least ALE) formulation, it does not
pretend to be able to carry out numerical simulation of a uid ow.
The analysis and validation of the proposed models are done afterward in chapter 7,
where the models are applied to the numerical simulation of several experiments.
6.1 Cohesion degree
The rst internal parameter is the cohesion degree , discussed in section 5.1, and is
illustrated in gure 6.1. During the process, the material structure changes with the strain
history due to the agglomeration of the particles and the breaking of the grain bonds. So,
 is a structural parameter that characterizes the degree of build up in the microstructure
and can take values between zero and one:  = 1 if the structure is fully built-up and  = 0
if the structure is fully broken. A fully broken structure corresponds to solid particles in
suspension in a uid.
Figure 6.1: Illustration of the cohesion degree:  = 1 in a fully built-up structure,  = 0
in a fully broken structure
6.1.1 Isothermal cohesion degree
In a rst step, the eects of temperature and liquid fraction are not taken into account.
They will be accounted for later.
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6.1.1.1 Isothermal formulation of the cohesion degree
The evolution of the structural parameter  can be expressed by a dierential equation
that describes the kinetics between the agglomeration of the solid grains and the destruction
of the solid bonds due to shearing (analogy to chemical reactions). It is assumed that the
break down term depends on the amount of existing bounds , while the build up rate is a
function of the fraction of bonds that can still be created i.e. (1 ). Dierent expressions
of this type have been published [1, 44], whose most general form is given by:
_ = a(1  )1+a1| {z }
build up
  bec_vp(
_
vp
_0
)d| {z }
break down
(6.8)
where a, b, c, d and a1 are material parameters that remain constant in the isothermal
case. _0 is the reference strain rate and is generally taken to one (1/s). It allows to keep
the dimension of b independent of the value of d. In order to simplify the mathematical
expressions, an adimensional strain rate is dened as:
_
vp
adi =
_
vp
_0
(6.9)
This isothermal formulation introduces thus 5 new material parameters to be identied. In
particular, the model proposed by Burgos et al. [44] is a simplied version of (6.8) where d
and a1 are both xed to 1 and 0 respectively. According to Atkinson [1], Cheng and Evans
[45] impose c = 0 = a1 but let d as a parameter. Finally, Moore [46] uses the simplest
formula by setting c = 0 = a1 and d = 1.
The particular case a1 = 0 is the most frequently used in the literature and, since it leads
to more simple analytical expressions, it is treated separately in this work. When a1 = 0,
Eq (6.8) can be rewritten as
_= a 

a+ bec
_
vp
(_
vp
adi)
d

 (6.10)
, _+

a+ bec
_
vp
(_
vp
adi)
d

  a = 0 (6.11)
The sensitivity of the model to the parameter a1 is studied in chapter 7, which is
dedicated to the numerical applications. In this chapter, it is shown that, as long as the
value taken by a1 keeps a physical meaning, it does not strongly aect the numerical
results. Thus, the latter parameter a1 is only considered in the present isothermal
formulation.
The steady-state (or equilibrium) cohesion degree e can be dened as the one at which:
_(e) = 0 (6.12)
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In the particular case of a1 = 0, one has according to Eq. (6.10):
e =
a
a+ bec_
vp
(_
vp
adi)
d
=
 a
@ _
@
(6.13)
So, another equivalent form of the dierential equation (6.10) to evaluate the cohesion
degree expresses that the evolution of the cohesion degree is proportional to the "distance"
from equilibrium [47]:
_ =

a+ bec
_
vp
(_
vp
adi)
d

(e   ) =  @
_
@
(e   ) (6.14)
6.1.1.2 Time integration of the cohesion degree
The evolution of the cohesion degree (t), which is an internal parameter used in the
isotropic hardening and viscosity laws, has to be computed by time integration of Eq.
(6.8). Since it depends on the equivalent plastic strain rate _
vp
, which is another internal
parameter, the time integration of the cohesion degree is performed inside the radial
return procedure (see section 4.2.6.6). This means that the cohesion degree is computed
at each iteration of the radial return algorithm, corresponding to one trial of equivalent
plastic strain rate. At each of these iterations, the viscoplastic strain rate _
vp
is assumed
to be known and constant over the time step [31].
In the present framework of incremental formulation (see section 4.4.3), the time
integration of the cohesion degree consists in updating its value over the time step. In
other words, starting from a known value of the cohesion degree at time tn, an increment
of time and the corresponding update of the cohesion degree are performed.
For this, an initial value of the cohesion degree 0 is necessary at the rst time step of the
whole simulation t0. This initial value of the cohesion degree 0 is considered as an initial
condition and is thus entered by the user.
The update of the cohesion degree over the current time step must satisfy Eq. (6.8),
which is generally non linear, and thus necessitates specic numerical techniques. Again,
the specic case where a1 = 0 is treated separately.
In the general case a1 6= 0, the following iterative Newton-Raphson procedure is used
for the implicit time integration of Eq. (6.8):
- It is assumed that the rate of cohesion degree _ is constant over the time step, which
reads
_(tn+1) =
(tn+1)  (tn)
t
(6.15)
Gathering Eqs. (6.8) and (6.15) leads to
(tn+1)  (tn) t

a(1  (tn+1))1+a1   b(tn+1)ec_
vp
(_
vp
adi)
d

= 0 (6.16)
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- A small error is admitted in Eq. (6.16) and takes the sense of a residue r:
r = (tn+1)  (tn) t

a(1  (tn+1))1+a1   b(tn+1)ec_
vp
(_
vp
adi)
d

(6.17)
- Starting with the value of the cohesion degree at the previous time step (tn) as rst
guess, Newton-Raphson iterations are performed: the trial at iteration i is as follows:
i+1 = i  

@r
@
 1
i
r;i (6.18)
(6.17)) i+1 = i  
i   (tn) t

a(1  i)1+a1   biec_
vp
(_
vp
adi)
d

1 + t
 
aa1(1  (tn))a1 + bec_vp(_vpadi)d
 (6.19)
Then, the iterations are stopped once the following criterion is veried1:
r;i < PREC (6.20)
In the particular case a1 = 0, the time integration of Eq. (6.10) is more simple than
in the general case.
Method number 1: Indeed, on the one hand, if we assume that the equivalent plastic strain
rate _
vp
is constant over the time step (which is always the case in the radial return
algorithm), the dierential equation (6.10) can be solved analytically.
- Homogeneous equation:
_h +

a+ bec
_
vp
(_
vp
adi)
d

h = 0) h = Cste (a+bec
_
vp
(_
vp
adi)
d)t (6.21)
- Particular solution:
_p = 0
(6:12)) p = e = a
a+ bec_
vp
(_
vp
adi)
d
(6.22)
- Initial condition:
(tn) = h(tn) + p(tn) = C
ste (a+be
c_
vp
(_
vp
adi)
d)tn + e (6.23)
) Cst = ((tn)  e)e(a+bec
_
vp
(_
vp
adi)
d)tn (6.24)
1The tolerance is generally set to PREC = 1e
 8:
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And the updated cohesion degree (tn+1) can be written as
(tn+1) =
a
a+ bec_
vp
(_
vp
adi)
d
+

(tn)  a
a+ bec_
vp
(_
vp
adi)
d

e (a+be
c_
vp
(_
vp
adi)
d)t (6.25)
= e|{z}
steady-state
+((tn)  e) e t| {z }
transient
(6.26)
where  is the break down characteristic time, dened as:
 =  
 
@ _
@
! 1
=
1
a+ bec_
vp
(_
vp
adi)
d
=
e
a
(6.27)
Method number 2: On the other hand, if, as for the general case, a constant rate of cohesion
degree is assumed over the time step, we can introduce Eq. (6.15) into Eq. (6.10) which
leads to
(tn+1)  (tn) t

a  (a+ bec_vp(_vpadi)d)(tn+1)

= 0 (6.28)
In this particular case a1 = 0, there is no need for a numerical technique to solve the latter
equation, and one has:
(tn+1) =
(tn) + at
1 +
 
a+ bec_
vp
(_
vp
adi)
d

t
(6.29)
= e|{z}
steady-state
+((tn)  e) 1
1 +
 
a+ bec_
vp
(_
vp
adi)
d

t| {z }
transient
(6.30)
Comparison of the two methods: In order to compare the cohesion degree (tn+1) obtained
under each assumption of constant rate of cohesion degree _ and constant equivalent plastic
strain rate _
vp
over the time step, we can consider the Taylor series in the neighborhood of
the origin (Maclaurin series), which reads for any continuous function f :
f(x) =
1X
k=0
fk(a)
k!
(x  a)k a=0=
1X
k=0
fk(0)
k!
xk (6.31)
and, in particular, for the exponential function f(x) = ecx, we have to the rst order
ecx '
1X
k=0
ck
k!
xk = 1 + cx (6.32)
Thus, if the time step size t is suciently small, both expressions of  (6.26) and (6.30)
corresponding respectively to the hypothesis of constant equivalent plastic strain rate and
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of constant rate of cohesion degree over the time step are consistent to the rst order.
Figure 6.2 compares the evolution of the cohesion degree  and of its rate _ with the
equivalent plastic strain rate _
vp
calculated by both formulations that are considered in the
particular case a1 = 0 and that are referenced in the legend as:
 Hyp on _vp: The dierential equation is solved analytically under the assumption of
a constant _
vp
to express the current cohesion degree as Eq. (6.26).
 Hyp on _: The assumption of a constant rate of cohesion degree transforms the
dierential equation (6.10) into the algebraic equation (6.30).
in the case of a time step t = 10 (s), of a tin- 15%wt lead alloy with 55% of liquid
(a = 0:035 (1/s), b = 0:00018, c = 0:0012 (s) and d = 1 [44]2 3), of an initial structure fully
built-up (0 = 1) and of the following time evolution of the equivalent plastic strain rate:
_
vp
(t) = sl t with sl = 1 (s 2) (6.33)
where sl stands for the slope. The equivalent plastic strain rate evolves between the values
of 0 and 2000, so that, considering Eq. (6.27), the breakdown characteristic time varies in
the interval ]0.25, 28.57[ and can thus be smaller than the time step size. The choice of a
large time step has been taken here on purpose, in order to illustrate its eect.
Figure 6.2 shows that both possible formulations give close results. Indeed, on the top of
Fig. 6.2, the curves, that correspond to the evolution of the cohesion degree, superimpose
perfectly. About the rate of the cohesion degree, it can be seen on the bottom of Fig. 6.2
that the correlation is not as good as for the cohesion degree, but it gets better if the time
step size is reduced (not represented in the gure).
As the formulation (6.26) does not make assumption on the rate of cohesion degree (the
assumption on the equivalent plastic strain rate is done anyway), it is the one that has
been chosen to be implemented in Metafor.
6.1.1.3 Physical interpretation of the cohesion degree
Figure 6.3 focuses on more physical aspects. It compares the evolution of the cohesion
degree  and of its rate _ in terms of the equivalent plastic strain rate _
vp
in the case of
a time step t = 0:01 (s), of a tin- 15%wt lead alloy, of an initial structure fully built-
up (0 = 1) and for several cases of time evolution of the equivalent plastic strain rate:
_
vp
(t) = sl t, namely for several values of sl.
2These material parameters are identied in [44] by mean of simple shear tests and under a uid
formulation at which the equivalent strain rate is written as _ =
p
D^ : D^ =
p
3=2_
vp
and have thus been
corrected consequently: b(3=2)d=2 and c
p
3=2.
3If not said otherwise, these material parameters are used in all the illustrations of the present section
6.1 devoted to the cohesion degree.
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Figure 6.2: Comparison between the two considered formulations of the evolution of the
cohesion degree  and its rate _ with the equivalent plastic strain rate _
vp
, in the particular
case a1 = 0.
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Figure 6.3: Evolution of the cohesion degree  and its rate _ with the equivalent plastic
strain rate _
vp
for several cases.
First, the gure illustrates the physical meaning of the cohesion degree: an increasing
strain rate breaks down more rapidly the state of the microstructure, which is expressed
by a decrease in the cohesion degree , up to a limit value of strain rate at which the
structure is fully broken and made of free suspension ( = 0). Beyond this limit value,
which depends on the slope of the strain rate time evolution sl, the rate of cohesion degree
_ tends to zero and the cohesion degree  remains at zero.
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It can also be seen from this gure that when decreasing sl, meaning that the equivalent
plastic strain rate is growing more slowly, the cohesion degree gets closer to its steady-state
curve, while its rate gets closer to zero. This means that the microstructure has got enough
time to readjust to the new strain rate conditions and gets closer to the equilibrium. On
the opposite, if the equivalent plastic strain rate evolution speeds up (sl increases), the
rate of cohesion degree _ decreases (or increases in absolute values) and the limit value of
strain rate corresponding to free suspension increases.
6.1.1.4 Consistent tangent operator
The establishment of a consistent tangent operator (6.7) requires the evaluation of
d
dvp
=
@
@ _
vp
d_
vp
dvp
+
@
@vp
(6.34)
The cohesion degree is formulated in terms of the equivalent plastic strain rate _
vp
only
and the equivalent plastic strain vp does not appear in the equations. Thus, one has:
@
@vp
= 0 (6.35)
If, as above, the equivalent plastic strain rate is assumed constant over the time step,Eq.
(6.34) reduces to
d
dvp
=
@
@ _
vp
1
t
(6.36)
In the general case a1 6= 0, it is also assumed that the rate of cohesion degree _ is
constant over the time step, so that one can write
@
@ _
vp =
@ _
@ _
vp t (6.37)
Thus, considering Eq. (6.8), one has, for the consistent tangent operator:
d
dvp
=
@ _
@ _
vp =  

d
_
vp + c

bec
_
vp
(_
vp
adi)
d (6.38)
In the particular case a1 = 0, we have seen that the assumption of a constant rate of
cohesion degree is not necessary for the time integration. Gathering Eqs. (6.36) and (6.25)
leads to:
d
dvp
=
1
t
@
@ _
vp
h
e + ((tn)  e) e (a+bec
_
vp
(_
vp
adi)
d)t
i
(6.39)
=  

d
_
vp + c

bec
_
vp
(_
vp
adi)
d
"
  e
 
1 +
e (a+be
c_
vp
(_
vp
adi)
d)t   1
(a+ bec_
vp
(_
vp
adi)
d)t
!#
(6.40)
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In the case a constant rate of cohesion degree is assumed over the time step, introducing
Eq. (6.30) into Eq. (6.36) leads to the same result (6.38) as in the general case a1 6= 0.
In order to compare both formulations, using again the Maclaurin series for the exponential
function f(x) = e cx, one has to the rst order:
e cx '
1X
k=0
( c)k
k!
xk = 1  cx (6.41)
Thus, Eq.(6.40) can be approximated by:
d
dvp
=  

d
_
vp + c

bec
_
vp
(_
vp
adi)
d[  e (1 + 1  (a+ be
c_
vp
(_
vp
adi)
d)t  1
(a+ bec_
vp
(_
vp
adi)
d)t
)| {z }
=0
] (6.42)
=  

d
_
vp + c

bec
_
vp
(_
vp
adi)
d (6.43)
which is equivalent to the expression (6.38) obtained for the tangent operator in the general
case a1 6= 0 as well in the particular case a1 = 0 if a constant rate of cohesion is assumed.
6.1.2 Favier's cohesion degree
So far, the formulation of the cohesion degree does not include the liquid fraction.
However, the cohesion degree depends on the liquid fraction since it should be zero at the
liquid state, and unity at the solid state, whatever the strain rate. There can be no solid
bonds at a fully liquid state and a solid structure must be fully built up. Thus, in order
to degenerate properly to a pure solid or liquid state behavior, Favier et al. [49] propose
to introduce the liquid fraction into Eq. (6.10)4 as:
_ = a(1  fl)  

a(1  fl) + bflec_
vp
(_
vp
adi)
d

(6.44)
Thus, in the case of non zero strain rate _
vp
, we have:
e =
a(1  fl)
a(1  fl) + bflec_vp(_vpadi)d
)
8<: fl ! 0 ) e ! 1fl ! 1 ) e ! 0 (6.45)
It can be seen from Eq.(6.45) that if there is no plastic strain rate _
vp
= 0, the equilib-
rium cohesion degree e keeps a unit value, whatever the amount of liquid that is present
4Thus with a1 = 0, which is the case for all non isothermal formulations studied in this work. Also, in
the particular case of Favier's micro-macro model [49], the material parameter c is taken to be zero, but
it has been generalized to a non zero c in this work.
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in the semi-solid material, which in particular does not allow to predict a fully broken
structure at the liquid state:
_
vp ! 0 ) e ! a(1  fl)
a(1  fl) = 1 8fl (6.46)
In their micro-macro model, Favier et al. [49] refer to percolation theories which
predict that above a critical volumetric fraction of liquid, the solid phase appears as
isolated agglomerates so that the cohesion degree 5 is equal to zero (no solid bonds).
Under a critical liquid fraction fc, labeled as the percolation threshold, "a macroscopically
connected network of solid is formed" [49].
In addition, the introduction of the liquid phase into the calculation of the cohesion
degree, by means of a! a(1 fl) and b! bfl, tends to decrease both competitive terms of
agglomeration and break down due to strain rate. As, in the case of signicant strain rate,
the term of structure break down is dominant, the weakening of the latter term induced
by the introduction of the liquid fraction would lead to a higher predicted cohesion degree
than the isothermal model does. However, the structure break down that accompanies the
melting of the material is supposed to act on the same way as the one due to strain rate.
Thus, the predicted curves that introduce the eect of melting should be lower, or at least
of the same amount of magnitude, than the isothermal one, which neglects it. Thus, the
material parameters a, b and should be adapted to the introduction of the liquid fraction.
Indeed, in the isothermal model, these parameters correspond to a specic liquid fraction,
that can be noted as f0. As the non isothermal formulation should correspond to the
isothermal one in the case of a process conducted at this specic constant liquid fraction
f0, both parameters should be corrected the following way:
a! a
1  f0 (6.47)
b! a
f0
(6.48)
6.1.2.1 Steady-state version
In a rst step, Favier et al. [49] proposed a steady-state formulation of the cohesion
degree which, in the present formalism, can be generalized as:
 =
8><>: e
(6.45)
= a(1 fl)
a(1 fl)+bflec_vp (_vpadi)d
if fl < fc
0 if fl  fc
(6.49)
5Denoted as the solid volumetric fraction of the active zone fsA in the micro-macro model, but equivalent
to the cohesion degree .
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Even though this formulation degenerates well at full solid or liquid state, as we have,8<: fl ! 0 )  ! 1fl ! 1 )  ! 0 (6.50)
It does not reproduce the transient behavior of the thixotropic material, which is precisely
one of the material main characteristics. Moreover, this steady-state formulation requires
the knowledge of an additional material parameter: fc.
Again, the tangent operator needs to be evaluated and, according to Eq. (6.36), can
be written as
d
dvp
=
@
@ _
vp
1
t
=
8<: @e@ _vp 1t =   et
( d_vp+c)be
c_
vp
(_
vp
adi)
d
a(1 fl)+bflec_vp (_vpadi)d
if fl < fc
0 if fl  fc
(6.51)
6.1.2.2 Transient version
Afterwards, Favier et al. [50] proposed an enhanced version of their previous micro-
macro model to transient behavior. This is made thanks to a transient evolution law of
the structural parameter instead of the previous steady-state one6, ending up with8<: _
(6.63)
= a(1  fl)(1  )  bflec_
vp
(_
vp
adi)
d if fl < fc
 = 0 if fl  fc
(6.52)
The break down characteristic time is written as
 =
1
a(1  fl) + bflec_vp(_vpadi)d
(6.53)
At the limit of pure solid or liquid state, the resolution of Eq. (6.52) leads to:8<: fl ! 0 )  ! 1 + ((tn)  1)e atfl ! 1 )  ! 0 (6.54)
And we can see that with the latter formulation, it takes some recovery time for the solid
skeleton to rebuild, even in the absence of any liquid phase. Indeed, the break down
characteristic time  is equal to 1
a
at the solid state.
This transient formulation requires the knowledge of no additional material parameter
besides the steady-state version.
6In addition, they "postulate that the solid bonds break as soon as the local shear reaches a critical
value vpc " [50], but it is chosen here not to consider this fact.
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In this case, the tangent operator reads, according to Eq. (6.36)
d
dvp
=
@
@ _
vp
1
t
=
8<: ~h if fl < fc0 if fl  fc (6.55)
with
~h =  

d
_
vp + c

bfle
c_
vp
(_
vp
adi)
d
"
+ e(1 +
1  e @ _@t
@ _
@
t
)
#
(6.56)
@ _
@
=  a(1  fl)  bflec_
vp
(_
vp
adi)
d (6.57)
where e is dened in Eq. (6.49)
6.1.3 Original cohesion degree
The previous section about Favier's non isothermal cohesion degree highlights two
weaknesses of this formulation.
6.1.3.1 First step towards the original cohesion degree
First, it is shown that, in the case there is no strain rate, the formulation cannot predict
the deagglomeration that results from the melting of the solid grains. This is overcome
by the introduction of a percolation above a critical liquid fraction, resulting to a sharp
structure destruction at this critical amount of liquid fraction.
A smoother way to overcome this limitation is proposed in this work as an alternative to
the percolation eect. The idea is to introduce a dependence of the parameter d on the
liquid fraction, in order to get:
fl ! 1
_
vp ! 0
9=;) e = a(1  fl)a(1  fl) + bflec_vp(_vpadi)d(1 (fl)e) ! 0 (6.58)
In the case the equivalent plastic strain rate would be exactly 0 (_
vp
= 0), the proposed
formulation (6.58), as the isothermal one, still predicts a steady-state cohesion degree e
that remains equal to 1. However, in this case, as we work under a hypoelastic formalism,
the constitutive model considers a pure elastic deformation so that the cohesion degree is
not evaluated and is thus not a concern.
In the case of a very small equivalent plastic strain rate (_
vp
<<), the result of the
latter formulation (6.58) is illustrated on the top of Fig. 6.4. This gure represents the
evolution of the steady-state cohesion degree e during the phase change of a material
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(here, a tin- 15%wt lead alloy is considered) under very low equivalent plastic strain
rate (_
vp
<<). Under these circumstances, in the case of melting, the solid skeleton is
subjected to deagglomeration not due to the deformation but due to the melting of the
solid grains. Similarly, in the case of solidication, the solid skeleton gets rebuilt thanks
to the solidication of the material on top of the natural agglomeration process.
In this case, it does not matter which phase change (melting or solidication) is happening
because they both gives the same results, as it is the equilibrium or steady-state cohesion
degree that is under study here.
It can be seen on the top of Fig. 6.4 that Favier's model with percolation (green curve)
tends properly to the values of 1 and 0 at the solid and liquid states respectively. This
has been made possible thanks to the percolation eect, as without it the steady-state
cohesion degree remains at 1 (blue curve, underneath the red curve). The rst version of
the original formulation proposed in this work (6.58), represented in red, tends smoothly
from a fully built-up structure to a fully broken one. But this happens at higher liquid
fraction than in Favier's model, since no critical liquid fraction has been dened in the
original formulation. The eect of the additional material parameter e is also analyzed, as
the red plain curve stands for e = 15 while the red dotted curve for e = 1. The higher the
value of e, the more abrupt the predicted steady-state deagglomeration due to melting.
However, in the case of a signicant strain rate (_
vp 6= 0), it can be seen on the bottom
of the gure under study, which represents the steady-state cohesion degree in the case
_
vp
= 250 (1/s), that the choice of the value of e may have a strong eect on the results.
For instance, if e = 1, the predicted steady-state cohesion degree of the original model
gives results that are far away from the other models, while a value of e = 15 gives closer
results up to the critical liquid fraction fc. The divergence that keeps occurring beyond
the critical liquid fraction is corrected by the second step towards the original model
which is treated in the next section.
Finally, it should be noticed that, like it is done for the material parameters a and b, the
value identied for d under isothermal conditions (fl = f0) should be corrected following
d! d
1  (f0)e (6.59)
In conclusion, two ways to formulate the deagglomeration due to melting are described
in this section: Favier's percolation eect as well as the introduction of the material pa-
rameter e. Both of them present advantages and disadvantages and thus they both have
been considered and implemented in Metafor.
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_
vp
<<
_
vp 6= 0
Figure 6.4: Evolution of the steady-state cohesion degree e with the liquid fraction fl at
constant equivalent plastic strain rate _
vp
predicted by several models in the case of a tin-
15%wt lead alloy; analysis of the inuence of the new material parameter e
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6.1.3.2 Second step towards the original cohesion degree
The second limitation of the previous formulation is the inability to reproduce the
straightforward (de)agglomeration at the solidus (liquidus). Again, this is partly corrected
by the percolation at high liquid fractions. But the problem remains at the solid state.
In this work, an enhanced formulation is proposed to speed up the agglomeration process
near the solidus as well as the microstructure breaking process near the liquidus. For this,
the material parameters a and b are rewritten in terms of the liquid fraction as:
a(fl) = a(1  fl) + e fl (6.60)
b(fl) = bfl + e
 (1 fl) (6.61)
In this case, the break down characteristic time can be written as:
 =
1
a(1  fl) + e fl + (bfl + e (1 fl)) ec_vp(_vpadi)d(1 (fl)e)
(6.62)
Original model: Starting from the rst step of the original model, Eq.(6.10) is rewritten
as
_ =
 
a(1  fl) + e fl

(1  )   bfl + e (1 fl)ec_vp(_vpadi)d(1 (fl)e) (6.63)
Thus, the cohesion degree at the end of the current time step t = tn+1  tn can be written
as an explicit function of the equivalent plastic strain rate:
(tn+1) = e + ((tn)  e) e (a(1 fl)+e fl+(bfl+e (1 fl))ec
_
vp
(_
vp
adi)
d(1 (fl)e))t (6.64)
with
e =
a(1  fl) + e fl
a(1  fl) + e fl + (bfl + e (1 fl))ec_vp(_vpadi)d(1 (fl)e)
(6.65)
As it is illustrated in Figs. 6.5, if the parameters  and  are suciently large, we have at
the solid state (fl = 0):8>>>>>>><>>>>>>>:
 = 1
a+(1+e ec_
vp
(_
vp
adi)
d)
! 0
e =
a+
a++e ec_
vp
(_
vp
adi)
d
! 1
(tn+1) = e + ((tn)  e)e
 

a++e ec
_
vp
(_
vp
adi
)d

t ! e
_ = (a+ )(1  )  e ec_vp(_vpadi)d ! 0
(6.66)
And at the liquid state (fl = 1), we have:8>>>>>><>>>>>>:
 = 1
e +(b+)ec_
vp ! 0
e =
e 
e +(b+)ec_
vp ! 0
(tn+1) = e + ((tn)  e)e (e +(b+)ec
_
vp
)t ! e
_ = e (1  )  (b+ )ec_vp ! 0
(6.67)
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Figure 6.5: Evolution of the cohesion degree  with the liquid fraction fl at constant
equivalent plastic strain rate _
vp
predicted by the original model in the case of a tin-
15%wt lead alloy; analysis of the inuence of the new material parameters  and 
Fig. 6.5 represents the evolution of the cohesion degree predicted by the enhanced
proposed formulation (6.63) during phase change, in the case of a constant signicantly
non zero equivalent plastic strain rate _
vp 6= 0. In this case, the transient cohesion degree
is studied, so that the direction of the phase change, melting or solidication, does matter.
In the case of melting (fl varies from 0 to 1), represented by plain curves, the structure
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break down due to deformation is added to the one due to the melting of solid grains.
On the other hand, in the case of solidication (fl varies from 1 to 0), represented by
dotted curves, the natural agglomeration of the solid grains is to be added to the one due
to phase change. A cycle of melting followed by a solidication (where the temperature
varies from the solidus to the liquidus, and then back to the solidus), constitutes an hys-
teresis, which should gives an indication about the identication of the parameters  and .
In the present section, only a qualitative analysis of the sensitivity to these two
material parameters is done. It can be seen on the top of Fig. 6.5 that, keeping 
constant, a decrease of  induces a delay in the predicted melting deagglomeration, as
well as in the solidication reagglomeration. The slope of these structure modication due
to phase change is not sensitive to . Thus, under a certain value of  the formulation
does not tend to the right limits neither at the solid state nor at the liquid state (see the
red curve in Fig. 6.5 corresponding to  = 100).
Similarly, it can be seen on the bottom of Fig. 6.5 that, keeping this time  constant,
if  decreases, the prediction of the phase change deagglomeration/reagglomeration starts
sooner but is slower (the slope decreases). Thus, if the value chosen for  is too high,
the model predicts an abrupt change in microstructure at the end of the phase change,
similarly to Favier's percolation eect, but at dierent critical liquid fraction, which is not
numerically ecient.
In conclusion, this enhanced proposed model introduces 3 new material parameters e,
 and . Fig. 6.4 showed that a high value should be chosen for e. More precisely, in
the present case of a tin- 15%wt lead alloy, the results can be considered as acceptable if
e > 9.
The analysis of Fig. 6.5 allowed to establish a minimal value for  and a maximal one
for , in the case of a tin- 15%wt lead alloy. Among these numerically admissible values,
the choice of the right ones that represent the real thixotropic behavior should be done by
experimental identication.
However, it can be seen in Fig. 6.5 that the choice of both parameters  and  has no
inuence on the cohesion degree in a large range of liquid fraction (in the present case,
from fl = 0:15 to 0.7 all curves superimpose well). It is not represented here, but this
fact is also true with the choice of the parameter e > 9. In fact, all these new parameters
are mostly introduced for numerical matters and their experimental identication is not
critical.
The same way as for the isothermal cohesion degree, according to Eq. (6.36), the
tangent operator can be written as
d
dvp
=  (bfl + e (1 fl))ec_
vp
(_
vp
adi)
d(1 (fl)e)

d(1  (fl)e)
_
vp + c
"
+ e(1 +
1  e @ _@t
@ _
@
t
)
#
(6.68)
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where e is dened in Eq. (6.65) and where one has
@ _
@
=  a(1  fl)  e fl   (bfl + e (1 fl))ec_
vp
(_
vp
adi)
d(1 (fl)e) 1 (6.69)
Enhanced Favier's model: It is also possible to start from Favier's model (6.52) and
to speed up the process of agglomeration once the solid state is reached by introducing Eqs
(6.60) and (6.61). In this case, the decohesion due to melting is taken into account by means
of the percolation eect that occurs at the critical liquid fraction fc. This formulation can
be written as:
8<: (tn+1) = e + ((tn)  e) e
 (a(1 fl)+e fl+(bfl+e (1 fl))ec_
vp
(_
vp
adi)
d)t if fl < fc
 = 0 if fl  fc
(6.70)
with
e =
a(1  fl) + e fl
a(1  fl) + e fl + (bfl + e (1 fl))ec_vp(_vpadi)d
(6.71)
Fig. 6.6 represents the evolution of the cohesion degree predicted by the latter
enhanced Favier's formulation, in the case of a constant plastic strain rate _
vp 6= 0. The
same observations as in Fig. 6.5, which corresponds to the original model, can be made,
except at high liquid fractions at which the percolation appears in the present formulation.
Again according to Eq. (6.36), the tangent operator can be written as
d
dvp
=
@
@ _
vp
1
t
=
8<: ~h if fl < fc0 if fl  fc (6.72)
with
~h =  (bfl + e (1 fl)))ec_
vp
(_
vp
adi)
d

d
_
vp + c
"
+ e(1 +
1  e @ _@t
@ _
@
t
)
#
(6.73)
@ _
@
=  a(1  fl)  e fl   (bfl + e (1 fl))ec_
vp
(_
vp
adi)
d (6.74)
where e is dened in Eq. (6.49)
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Figure 6.6: Evolution of the cohesion degree  with the liquid fraction fl at constant
equivalent plastic strain rate _
vp
predicted by the enhanced Favier's model in the case of a
tin- 15%wt lead alloy; analysis of the inuence of the new material parameters  and 
6.1.4 Models comparison
As a summary of the present section devoted to the calculation of the cohesion
degree, the four models considered in this work and implemented in Metafor are com-
pared. Since, the crucial point of the analysis of these several versions is the sensitivity to
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phase change, the comparison is made on the basis of the evolution with the liquid fraction.
First, Fig. 6.7 compares four steady-state formulations for the cohesion degree: the
isothermal version (with a1 = 0) exposed in section 6.1.1 in black, Favier's formulation
detailed in 6.1.2.1 in green and both formulations proposed in this work (section 6.1.3)
in red and blue respectively.
First, it can be seen on the upper side that, if the equivalent plastic strain rate is close to
zero, the isothermal model predicts a fully built-up structure at the liquid state, which
makes no physical sense. Both Favier and enhanced Favier's model predict an admissible
behavior at the limits of full solid and liquid states, but with a very sharp transition
between the corresponding behaviors. Finally, the original model predicts a smoother
transition, at least a C0 continuous transition, which is also shifted to a higher liquid
fraction (fl ! 1).
In the case of signicant strain rate illustrated on the bottom of Fig. 6.7, the isothermal
model cannot handle the change in the microstructure due to phase change, while the
other three models give similar results.
Now, looking at the transient cohesion degree, the results of the same four models are
compared in Fig. 6.8. In this case, the direction of the phase change (melting or solidi-
cation) is important and is represented by plain or dotted curves respectively.
On the top of the gure, representing the case of very low strain rates, the same conclusions
as in the case of the steady-state cohesion degree can be made in the case of melting. How-
ever, the case of solidication is a little bit dierent. First, the slow natural agglomeration
process has to be taken into account and the isothermal curve does not stay at zero. Also,
the percolation has no eect in this direction and Favier's model is not able to predict a
fully built-up structure at the solid state. This is corrected in both enhanced Favier's and
original models, as they predict a combination between the natural agglomeration of the
solid grains and the agglomeration due to the solidication of new solid grains.
The introduction of some strain rate has not much eect on the dotted solidication curves
(see bottom of Fig. 6.8). Indeed, starting from a totally unbuilt liquid structure, the strain
rate cannot break much solid bounds and can only slightly counteracts the agglomeration
process. The solidication curve is thus just a little bit lower than the one corresponding to
a vanishing strain rate. On the other hand, in the case of melting, the process starts from
a fully built-up solid structure and there can be not much more agglomeration. Thus, the
introduction of some strain rate has a strong eect on the curves, as it can be seen in Fig.
6.8. The isothermal model neglects the deagglomeration due to melting and thus predicts a
somewhat built-up structure at the liquid state. In Favier's and enhanced Favier's models,
the percolation happens at the critical liquid fraction. This forces the model to return to
an unbuilt structure at the liquid phase. With the original model proposed in this work,
the structure deagglomeration caused by melting is softer than in Favier's model, but is
shifted at a higher liquid fraction.
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_
vp
<<
_
vp 6= 0
Figure 6.7: Evolution of the steady-state cohesion degree e with the liquid fraction fl at
constant equivalent plastic strain rate _
vp
predicted by several models in the case of a tin-
15%wt lead alloy (Favier and enhanced Favier produce identical curves on upper graph).
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_
vp
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_
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Figure 6.8: Evolution of the transient cohesion degree  with the liquid fraction fl at
constant equivalent plastic strain rate _
vp
predicted by several models in the case of a tin-
15%wt lead alloy.
6.2 Liquid fraction
The second internal parameter is the volumetric fraction of liquid fl present in the
mushy state.
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6.2.1 Full liquid fraction
The full liquid fraction fl aims to represent the phase change due to temperature
variations. For example, during a forming process, due to contact with cool die walls or
with ambient air, the temperature inside the billet decreases and some amount of liquid
can solidify. In this model, the liquid fraction depends only on the temperature.
Let Vliq and Vsol be the respective volumes of liquid and solid, the liquid fraction fl is
dened as:
fl =
Vliq
Vsol + Vliq
(6.75)
There exists experimental methods that can provide liquid fraction curves in terms of
temperature at dierent temperature rates. For example, Dierential Scanning Calorimetry
(DSC) is a well-known ecient method, but is limited to low temperature rates. For higher
heating/cooling rates, more sophisticated methods are needed and the development of
proper, practical and accurate methods is still a challenge. In addition, the determination
of the curves of liquid fraction in terms of both temperature and temperature rate require
a large amount of experiments. Finally, the evolution of the liquid fraction with the
temperature depends on the thermal history of the material, so that there is no guarantee
that this kind of empirical curves are still valid during the forming process that happens
after the inductive heating. For all these reasons, the empirical curves are not considered in
this model and an analytical equilibrium formulation is adopted: the following steady-state
Scheil [19, 65] equation:
fl =
8>>><>>>:
0 if T  Ts
T Ts
Tl Ts
 1
r 1
if Ts < T < Tl
1 if T  Tl
(6.76)
where r is the equilibrium partition ratio, Ts and Tl are the solidus and liquidus tempera-
tures respectively.
While the solidus and liquidus temperature are material parameters that can be iden-
tied by classical experimental procedures like DSC, the equilibrium partition ratio is not.
Thus, it has to be chosen upon qualitative considerations. First, by inspection of Eq.
(6.76), it can be seen that admissible values for r are strictly greater than one (r > 1) in
order to keep a continuous liquid fraction function of temperature. Also, Figs. 6.9 and
6.10 qualitatively compare liquid fraction curves in the case of the Scheil equation with
various values of the equilibrium partition ratio r on one side, and in the case of a typical
DSC experiment on the other side.
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Figure 6.9: Illustration of the Scheil equation
Figure 6.10: Example of a liquid fraction curve obtained by DSC
It can be noticed on Fig. 6.10 that at both liquidus and solidus temperatures, the slope
of the liquid fraction curves tends to zero, which is not always the case with the Scheil
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curves. In fact, by successive derivations of Eq.(6.76) by the temperature T , we have in
this case
dfl
dT
=
8>>><>>>:
0 if T  Ts
f
(2 r)
l
(r 1)(Tl Ts) if Ts < T < Tl
0 if T  Tl
and
d2fl
dT 2
=
8>>><>>>:
0 if T  Ts
(2 r)f (3 2r)l
(r 1)2(Tl Ts)2 if Ts < T < Tl
0 if T  Tl
(6.77)
Both Fig. 6.9 and Eq. (6.77) show that, in the cases where r < 2, the slope of liquid
fraction tends to zero near the solidus, which is in good agreement with the empirical DSC
curve. However, it is not the case at the liquidus, and the Scheil equation (6.76) is not able
to reproduce this fact, whatever the value of r. This can also be shown mathematically by
the fact that the sign of the curve bend (d2fl=dT
2) is xed by the one of 2   r and does
not change over the semi-solid interval.
In conclusion, values of r 2]1; 2[ are recommended if not working at high liquid fraction,
which is the case in thixoforging. On the other hand, if the working temperature is close
to the liquidus, r should be chosen as r > 2 in order to get close DSC-type results, even
though they cannot be reached. It is shown in appendix A that this qualitative divergence
between experimental and modeling curves near the liquidus can cause numerical troubles.
The Scheil equation requires the knowledge of 3 material parameters: Ts, Tl and r.
The evaluation of the tangent operator (6.7) needs the evaluation of dfl=d
vp which is
zero in the present case of a liquid fraction that depends on temperature only.
6.2.2 Eective liquid fraction
An alternative to the liquid fraction is the eective liquid fraction f effl described in
section 5.1.1. It connects both internal parameters  and fl. Indeed, following Lashkari
and Ghomashchi [19], the eective liquid fraction is a combination between both internal
parameters fl and . As already discussed, the eective liquid fraction is a corrected liquid
fraction. It excludes the liquid that is entrapped inside the solid grains:
f effl = fl   f entrappedl (6.78)
This is illustrated in Fig. 6.11 where some examples of entrapped liquid are circled in
red. This part of the liquid does not actually contribute to the ow. With the breaking of
the solid bonds some of this entrapped liquid is released so that f entrappedl depends on the
cohesion degree .
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Figure 6.11: Illustration of the liquid entrapped into the solid grains
In their work [19] discussed in section 5.1.1.3, Lashkari and Ghomashchi proposed the
following expression for the entrapped liquid fraction
f entrappedl =
n  1
n
A(1  fl) (6.79)
where n is the structural parameter dened as "the average number of particles in each
agglomerated chunk" [19], and A is "the model parameter related to packing mode which
decreases with increasing packing density" [19]. The physical interpretation made in this
work for these two structural parameters is illustrated in Fig. 6.12.
Figure 6.12: Interpretation of Lashkari and Ghomashchi structural parameters
In order to deduce an expression for the eective liquid fraction applicable in the present
model, these structural parameters n and A have to be rewritten in terms of the selected
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internal parameters  and fl. The value n = 1 means there is only one particle in each
agglomerate, as it can be seen on Fig. 6.12, so that the solid bounds are all broken which
corresponds to  = 0. Also, while n increases, a solid skeleton is building up which is
expressed in the present model by a rising cohesion degree . Thus, it can be assumed
that n is related to  and reads
n! 1, ! 0 (6.80)
n!1, ! 1 (6.81)
dn
d
> 0 (6.82)
Hence, the following correspondence between n and  is assumed
 =
n  1
n
(6.83)
On the other side, it is shown on Fig. 6.12 that, keeping n constant, the concentration of
the agglomerates increases if A gets smaller, which involves an increase of solid fraction.
Thus, it is considered that the model parameter A is linked to the liquid fraction:
fl = A (6.84)
Overall, the expression of the entrapped liquid fraction (6.79) can be rewritten in terms of
the internal parameters  and fl.
f entrappedl = fl(1  fl) (6.85)
Finally, Eq. (5.26), presented in section 5.1.1.3, has been established by gathering Eqs.
(6.78) and (6.85):
f effl = fl   fl(1  fl) = fl [1  (1  fl)] (6.86)
The latter two expressions (6.85) and (6.86) are illustrated on the bottom of Fig. 6.13
that represents the evolution of the entrapped liquid f entrappedl by dotted lines, and of the
eective liquid fraction f effl by plain lines, during the progressive melting of a tin- 15%wt
lead alloy under constant strain rate. The result depends on the calculation of the cohesion
degree  and is thus represented in the four cases considered in the previous section and
illustrated on the top of Fig. 6.13: isothermal (black), Favier (green), enhanced Favier
(blue) and original (red) transient cohesion degree (with corrected material parameters a,
b and d as noticed in section 6.1.4).
Physically, it is expected that, starting at the solid state, all liquid fraction starts at a
value of zero. Then, increasing the temperature, some liquid appears, all of it is entrapped
inside the solid grain at the beginning (f entrappedl ' fl and f effl ' 0). Then the strain
rate as well as the phase change both break the solid skeleton down which release some
entrapped liquid. Thus, some eective liquid fraction appears. There is a competition
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between this entrapped liquid release which tends to decrease it and the appearance of
new droplets of liquid resulting from melting which tends to increase the entrapped liquid.
After reaching a maximum, the entrapped liquid starts to decrease back to zero at the
liquid state.
Figure 6.13: Evolution of Lashkari and Ghomashchi's entrapped and eective liquid frac-
tion with the liquid fraction fl at constant equivalent plastic strain rate _
vp
for the four
considered formulations of the cohesion degree (see top) in the case of a tin- 15%wt lead
alloy.
CHAPTER 6. DESCRIPTION OF THE ONE-PHASE MODELING 143
It can be seen in Fig. 6.13 that these physical facts are well represented by Lashkari
and Ghomashchi's model, whatever the model used for the cohesion degree. Besides, the
choice of one specic formulation for the cohesion degree has not much incidence on the
eective liquid fraction (less than 5%, except for the percolation eect).
This formulation has got the advantage to introduce no new material parameters to be
identied.
The evaluation of the tangent operator (6.7) needs the evaluation of dfl=d
vp which can
be written as
df effl
dvp
=
@f effl
@ _
vp| {z }
=0
d_
vp
dvp
+
@f effl
@vp| {z }
=0
+
@f effl
@
d
dvp
=  fl(1  fl) d
dvp
(6.87)
6.3 Viscosity law
To stick with the formalism that has been chosen in the present work and which is
described by Eq. (6.4), the viscosity law describes the apparent viscosity in terms of the
internal parameters: (fl; ; _
vp
; vp).
6.3.1 Burgos' viscosity law
Burgos and Alexandrou [44] proposed a viscosity law based on the Norton-Ho law:
 = k
 
_
vpm 1
(6.88)
To ensure a dimensional consistency independent of the value of m, the latter equation is
rewritten here as
 = k
 
_
vp
adi
m 1
(6.89)
Burgos and Alexandrou [44] introduce the specic behavior of thixotropic materials by
means of the empirical law (5.3), that links the parameters k and m to the cohesion degree
, and which is illustrated in Fig. 6.14:8<: k = k1ek3m = m1 +m32 +m4 (6.90)
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Figure 6.14: Typical evolution of the viscosity parameters with the cohesion degree follow-
ing Burgos' empirical law in the case of a tin- 15%wt lead alloy
They drew up the law (6.90) on the basis of experimental data of shear stress response to
ve isothermal shear rate step-up and step-down experiments carried out by Modigell et
al. [66] with tin- 15%wt lead alloy and illustrated in Fig. 6.15. They make the assumption
that starting from the same steady-state shear-stress, the structure remains the same (and
hence ) immediately after the shear rate step experiments, which is based on the fact that
in such experiments there is not enough time for the structure to change [66]. They end up
CHAPTER 6. DESCRIPTION OF THE ONE-PHASE MODELING 145
with ve isostructural and isothermal ow curves (shear stress vs shear rate, represented by
dotted lines in Fig. 6.15) and concluded that the isostructural behavior is shear-thickening,
meaning that the apparent viscosity increases with the strain rate (since the value of the
parameter m remains above one). Using the isothermal law (with a1 = 0) presented in
section 6.1.1 for the cohesion degree , the experiments also lead to the identication of the
corresponding material parameters (a, b c and d) for the alloy studied. It is important to
notice that these ve experimental ow curves correspond to values of the cohesion degree
 above 0.52.
In summary, Eq. (6.90) is accurate at a constant liquid fraction and the material parameters
are identied at a cohesion degree higher than 0.52.
Figure 6.15: Illustration of one isothermal shear rate step-up and step-down experiment
[66] and of the deduction of the corresponding isostructural stress-strain rate curve
An enhancement of the Burgos' law (6.90), which introduces the eect of the liquid
fraction is proposed here. It is based on Koke and Modigell [47, 48] experimental fact that
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both parameters k and m increase exponentially with the solid fraction fs = 1  fl.8<: k = k1ek2(1 fl)+k3m = (m1 +m32 +m4)em2(1 fl) (6.91)
Overall, the proposed viscosity law, that is referenced as "enhanced Burgos' viscosity
law" is written as
 = k1e
k2(1 fl)+k3  _vpadi(m1+m32+m4)em2(1 fl) 1 (6.92)
Figure 6.16 represents the evolution of the apparent viscosity  with the equivalent plastic
strain rate _
vp
, under isothermal conditions, predicted by the enhanced Burgos' viscosity
law (6.91), in the case of a tin- 15%wt lead alloy with 55% of liquid (k1 = 4:3E   7 Pa s,
k2 = 0:1, k3 = 12:173, m1 = 3:7798, m2 = 0:1, m3 = 1:7811 and m4 =  3:6079), but no
longer in the case of shear rate step experiments. Instead, starting at rest and with a fully
built-up structure (0 = 1), the equivalent plastic strain rate keeps increasing with time
following _
vp
(t) = sl t. Several cases of strain rate time evolution, namely several values of
sl, are considered as in section 6.1.1.3.
It can be seen from Figs. 6.16 that, initially at a value of zero which corresponds to rest,
the predicted apparent viscosity starts increasing with the strain rate, then the deagglom-
eration of the solid skeleton induces a decrease of the apparent viscosity while the strain
rate keeps increasing. Once the cohesion degree gets below the limit value of 0.52, at
which the law is no longer validated by the experiments, (represented by thin dotted lines
on the top of Fig. 6.16 and reported on the bottom of it) the model predicts an apparent
viscosity that increases tremendously with the strain rate. This fact illustrates the limits
of the present model.
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Figure 6.16: Evolution of the cohesion degree and of the corresponding apparent viscosity
with the equivalent plastic strain rate _
vp
following Burgos' viscosity law under isothermal
conditions (fl = 0:55) and in the case of a tin- 15%wt lead alloy
The use of this Burgos' viscosity law requires the identication of 7 specic material
parameters k1;2;3 and m1;2;3;4.
The material part of the tangent operator with the viscosity law under study can be
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written in terms of:
@
@
=
@k
@
(_
vp
adi)
m 1 + k
@m
@
(_
vp
adi)
m 1 ln _
vp
adi (6.93)
= 

k3 + (2m3+m4)e
m2(1 fl) ln _
vp
adi

(6.94)
@
@vp
= 0 (6.95)
@
@ _
vp = k(m  1)(
_
vp
adi)
m 1
_
vp (6.96)
The last term to determine is @
@fl
and it depends on which (full or eective) liquid fraction
is used with this law. In the case the full liquid fraction is used, this term is equal to zero,
whereas if the viscosity law is written in terms of the eective liquid fraction, one has:
@
@fl
=
@k
@fl
(_
vp
adi)
m 1 + k
@m
@fl
(_
vp
adi)
m 1 ln _
vp
adi =  

k2 +m2 m ln _
vp
adi

(6.97)
6.3.2 Original viscosity law
In the previous section, it has been seen that viscosity laws based on the Norton-Ho
law  = k(_
vp
adi)
m 1, like (6.92), or those proposed by Burgos [44] or by Modigell [47] (see
section 5.1.1), are not extensible to a fully broken structure. In this case,  = 0 and this
parameter cannot act on the apparent viscosity anymore, the latter one keeps increasing
with the strain rate.
So, in the present model, a combination between the behavior of a built up structure and
of free solid suspensions is proposed. This leads to a smooth cubic interpolation between
both behaviors, illustrated in Fig. 6.17:
 = susp + 
2(3  2)(skel   susp) (6.98)
where susp and skel are the viscosity of the free solid suspensions and of the solid skeleton
respectively.
The viscosity of the agglomerated clusters skel is expressed by the enhanced Burgos'
law (6.92) where both internal parameters are introduced via the viscosity parameters k
and m:
skel = k(_
vp
adi)
m 1 (6.99)
with 8<: k = k1ek2(1 fl) ek3m = (m1 +m32 +m4) em2(1 fl) (6.100)
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Figure 6.17: Illustration of the original viscosity law
The following expressions ll the material part of the tangent operator:
@
@
=
@susp
@
+ 2(3  2)

@skel
@
  @susp
@

+ 6(1  )(skel   susp) (6.101)
@
@fl
=
@susp
@fl
+ 2(3  2)

@skel
@fl
  @susp
@fl

(6.102)
@
@vp
= 0 (6.103)
@
@ _
vp =
@susp
@ _
vp + 
2(3  2)

@skel
@ _
vp   @susp
@ _
vp

(6.104)
The terms depending on the viscosity of a deforming skeleton skel are dened in Eqs.(6.94)
to (6.96) which is established for the enhanced Burgos' viscosity law.
To complete the formulation, a behavior has to be picked up for the free solid suspen-
sions susp. It can be chosen as Newtonian by assuming a constant viscosity susp = kl. An
alternative is to consider the formulation (5.25) proposed by Lashkari and Ghomashchi [19]
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to describe the behavior of dispersed suspensions. Finally another viscosity law is proposed
to describe the behavior of a disagglomerated structure. The latter two propositions are
described here under.
6.3.2.1 Enhanced Lashkari's viscosity law for free solid suspensions behavior
It has been seen in section 5.1.1.3 that, considering a microstructure made of suspension
of clusters, Lashkari and Ghomashchi [19] proposed the following viscosity law
susp = kl

f effl
 ml
(6.105)
where kl is the viscosity of the liquid state and ml is a viscosity parameter.
Under this form, this viscosity law is not applicable to the solid state, since the apparent
viscosity predicted by (6.105) is undened if f effl ! 0. Indeed, this viscosity law (6.105)
corresponds to the particular case of free solid suspensions in a liquid matrix, which stands
for at least signicant eective liquid fractions.
Thus, Lashkari's law (6.105) needs to be adapted to insert it into the proposed overall
viscosity law (6.98) in such a way that it gets applicable over the all admissible range of
eective liquid fraction f effl . The same trick as for the prediction model of the cohesion
degree, presented in section 6.1.4, is applied and the material parameter ml is assumed to
depend on the liquid fraction following
ml(fl) = msusp(1  (1  fl)esusp))
8<: ml(fl)! 0 if fl ! 0ml(fl)! msusp if fl > 0 (6.106)
where msusp is a viscosity parameter.
Finally, the enhanced Lashkari's viscosity law for free solid suspensions behavior can be
written as
susp = kl

f effl
 msusp(1 (1 fl)esusp )
(6.107)
To study this proposed viscosity law, the same condition as in section 6.1.3 has been
applied in a rst step. Specically, the top graph of Fig. 6.18 represents the predicted
evolution of the apparent viscosity  and of its two contributions susp and skel during
the phase change of a material (in this case, a tin- 15%wt lead alloy is considered:
kl = 1:81E   3 (Pa s), msusp = 2:5 [19] and esusp = 15) under constant strain rate:
_
vp
= 250 (1/s). For the cohesion degree, represented on the bottom of the gure along
with the eective liquid fraction, the original model is used.
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Figure 6.18: Evolution of the apparent viscosity and of its two contributions susp and skel
with the liquid fraction fl at constant equivalent plastic strain rate _
vp
predicted by the
enhanced Lashkari's viscosity law in the case of a tin- 15%wt lead alloy (the plain green
curve is underneath the red one for fl < 0:9).
Physically, the viscosity is expected to decrease with melting and to gets towards a value
of kl at the liquid state, on the one hand. On the other hand, in the case of solidication,
the apparent viscosity is initially equal to the one of the liquid matrix kl and increases
slowly with the appearance of solid grains. In the present case of a solidication process
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under constant strain rate, the solid structure under construction remains in the state of
free suspensions so that the cohesion degree remains low. Thus, the apparent viscosity
keeps being close to the viscosity of the liquid phase kl until a solid skeleton appears, at
the very end of the solidication process.
It can be seen in Fig. 6.18 that the predicted apparent viscosity of a built solid skeleton
skel, represented by a green curve, decreases well with melting and increases well with
solidication in the range of liquid fraction fl 2 [0:1; 0:9], corresponding to a slow variation
of the cohesion degree. Outside this range, corresponding to sudden thresholds (either
break down at high liquid fractions in the case of melting or build up at low liquid fractions
in the case of solidication) the model loses any physical meaning as both green curves
undergo a minimum followed by a behavior driven only by the evolution of the liquid
fraction. Focusing on the model of free suspensions susp, represented by blue curves, it
is to be noticed that the predicted viscosity of such free suspensions remains similar to
the viscosity of the liquid phase kl at high liquid fractions and increases when the liquid
fraction decreases. However, if fl < 0:1, the model curves go through a maximum and get
back to a value of kl at the solid state, which makes no physical sense. This peak that
appears at low liquid fraction is inherent to the formulation of susp (6.107).
In summary, Burgos' model of a built up skeleton developed in section 6.3.1 works well
except under thresholds, while the enhanced Lashkari's model of free suspensions behavior
works well for high liquid fractions and thus low cohesion degree. Thus, the overall apparent
viscosity proposed in this section, being a combination between Burgos' and Lashkari's
viscosity laws, represents well the thixotropic behavior over the whole experience. Indeed,
except for the rapid structure changes happening in the neighborhood of both solidus and
liquidus temperatures, the overall apparent viscosity, represented in red, is mainly driven
by Burgos' law in the case of melting (plain curve, where the cohesion degree remains close
to one as it can be seen in the gure) while it is mainly driven by Lashkari's viscosity in
the case of solidication (dotted curve, where the cohesion keeps close to zero). During
the structure changes, the apparent viscosity transfers from one behavior skel or susp to
the other.
It is not represented here, but the choice of the value of esusp may have a light eect on the
results. Indeed, it has a strong eect on the viscosity of the free suspensions susp, especially
at low liquid fractions, as a smaller value of esusp induces a larger dierence between the
original Lashkari's formulation (6.105) and the enhanced one (6.107) on a larger range of
liquid fraction. However, this eect on the overall predicted apparent viscosity remains
negligible since the contribution of susp on the overall apparent viscosity is not signicant
for the precisely low liquid fractions (thus high cohesion degree ) at which susp is aected
by the choice of the parameter esusp.
As another illustration of the proposed viscosity law, Fig. 6.19 represents the model
response to increasing strain rate under isothermal conditions (fl = 0:55), like it has
already been done in sections 6.1.1 and 6.3.1. Here, only one value of sl = 1 is considered.
Again, the original model is used for the cohesion degree, as shown on the bottom of the
gure.
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Figure 6.19: Evolution of the apparent viscosity and of its two contributions susp and skel
with the equivalent plastic strain rate _
vp
predicted by the enhanced Lashkari's viscosity
law in the case of a tin- 15%wt lead alloy
The rst fact that can be noticed in Fig. 6.19 is a reminder of the weakness of Burgos'
viscosity law that has been discussed in section 6.3.1. Beyond a certain level of strain rate,
the degree of built up or the microstructure gets too low to be represented by Burgos'
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model, which has been identied for a quite built-up microstructure ( > 0:52), and the
corresponding viscosity starts to increase tremendously (see green curve).
Also, the model based on the behavior of free suspension susp, represented in blue, predicts
an apparent viscosity of the same order of magnitude than the viscosity of the liquid phase
kl during the whole process, and thus largely underestimates the apparent viscosity.
Overall, the same way as under phase change with constant strain rate, the original viscosity
law is driven by either Burgos' law skel or Lashkari's law susp depending on the state of
agglomeration of the microstructure. During deagglomeration, the viscosity law lays in
between its two contributions skel and susp. Thus, it predicts a response that makes
physical sense over the whole process.
This law introduces 3 additional material parameters: the viscosity of the liquid matrix
kl, the viscosity parameter msusp and the numerical parameter esusp.
To establish the tangent operator, we need to dene7:
@susp
@
= 0 (6.108)
@susp
@f effl
=  msusp(1  (1  fl)esusp) susp
f effl
(6.109)
@susp
@ _
vp = 0 (6.110)
6.3.2.2 Original viscosity law for free solid suspensions behavior
An original viscosity law which describes the behavior of solid grains suspended in a
liquid matrix is also proposed. It is based on Koke and Modigell [47, 48] experiments that
revealed an exponentially increasing apparent viscosity with the solid fraction, as it has
been done in the enhanced Burgos' viscosity law. Moreover, to introduce the eect of the
state of the microstructure agglomeration, the eective liquid fraction f effl is used instead
of the thermal one fl. It ends up to the following expression:
susp = kle
ksusp(1 feffl ) (6.111)
Thus, at the liquid state, both suspension and overall viscosities tend to the one of the
liquid matrix and increases with the formation of a solid network.
As in previous section 6.3.2.1, the proposed viscosity law is analyzed by means of two
specic processes.
7Here, the operator @@fl must be written as
@
@feffl
. It is necessary to distinguish them, because of the
term msusp(1  (1  fl)esusp) which holds on the full liquid fraction fl only, i.e. not on the eective liquid
fraction feffl .
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The rst one, represented in Fig. 6.20, is the phase change under constant strain rate
of a tin- 15%wt lead alloy (ksusp = 7:5). The analysis of this Fig. 6.20 has to be done in
correlation with the red curve on the bottom of Fig. 6.18 which describes the evolution of
the eective liquid fraction under such circumstances.
The second process under study is the isothermal loading of the same alloy with in-
creasing strain rate. The response predicted by the model is illustrated in Fig. 6.21, which
has to be completed by the red curve on the bottom of Fig. 6.19 representing the evolution
of the eective liquid fraction under the same circumstances.
Figure 6.20: Evolution of the apparent viscosity and of its two contributions susp and skel
with the liquid fraction fl at constant equivalent plastic strain rate _
vp
predicted by the
original viscosity law in the case of a tin- 15%wt lead alloy.
In both cases, the green curves representing skel are identical to those in Fig. 6.18 and
Fig. 6.19, as it is driven by the same Burgos' viscosity law.
As it can be seen in Fig. 6.20 and 6.21, the original viscosity law Eq. (6.111), which aims
to describe the behavior of free solid suspensions, evolves in the opposite direction than
the evolution of the eective liquid fraction f effl (see bottom of Figs. 6.18 and 6.19). Also,
the free suspensions viscosity susp remains close to the viscosity of the liquid matrix kl
which is several orders of magnitude lower than the viscosity of the solid skeleton.
The overall apparent viscosity is thus similar to the one predicted by the enhanced
Lashkari's model. The choice of one or the other law for the viscosity of the free sus-
pensions is not determinant in this case.
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Figure 6.21: Evolution of the apparent viscosity and of its two contributions susp and skel
with the equivalent plastic strain rate _
vp
predicted by the original viscosity law in the case
of a tin- 15%wt lead alloy.
This law introduces 2 additional material parameters: the viscosity of the liquid matrix
kl and the viscosity parameter ksusp.
The establishment of the tangent operator requires:
@susp
@
= 0 (6.112)
@susp
@fl
=  ksuspsusp (6.113)
@susp
@ _
vp = 0 (6.114)
6.3.3 Micro-Macro law
Another viscosity law, based on the micro-macro model proposed by Favier et al. [49]
and already discussed in section 5.1.1.2 has been implemented in Metafor.
The basis of Favier's micro-macro model are thoroughly dierent from the empirical
laws of the kind of Burgos or Modigell that have been considered so far. It aims to describe
the macroscopic mechanical behavior of the semi-solid material from a representation of
CHAPTER 6. DESCRIPTION OF THE ONE-PHASE MODELING 157
its microstructure and the local microscopic behavior.
The methodology of micromechanics and homogenization techniques used in the
micro-macro model is described in section 5.1.1.2, and the present section focuses on the
application to modeling thixotropic behavior and especially on the equations.
Favier's original version, as described in section 5.1.1.2, is based on a rigid thermo-
viscoplastic constitutive law. What is proposed in this work is to take up the fundamentals
of the model to gather a viscosity law applicable to the hypoelastic formalism used in this
work. For this, the scale transition of the variables elds is performed on the equivalent
plastic strain rate _
vp
and on the viscous part of the yield function visc (see Eqs. (4.72)
and (6.1)):
crit = y +  _
vp|{z}
visc
(6.115)
Thus, as it is illustrated in Fig. 6.22, the localization step is performed over the equivalent
plastic strain rate _
vp
and the homogenization step averages the viscous part of the yield
function visc. To lighten the notations, the subscripts visc and the superscripts
vp are
omitted at the microscopic scales.
Figure 6.22: Schematic representation of the micro-macro model methodology scheme
adapted to a hypoelastic formulation
According to Favier [49], a self-consistent approximation is used at two scales. At
the higher scale, the semi-solid material is represented by spherical inclusions and their
coating called the active zone. At the lower scale, the inclusions and the active zone are
both made up of liquid and solid.
1. Lower scale:
 Active zone: The active zone (noted by subscripts A) is made up of the solid
bonds (sA) and the non entrapped liquid (
l
A).
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As mentioned in section 5.1.1.2, the fraction of solid in the active zone f sA is
equivalent to the cohesion degree  and has to be calculated by one of the models
proposed in section 6.1. As discussed in section 5.1.1.2, the relevant strain rate
is the local plastic strain rate within the solid bounds _
s
A. However, in this work,
only a macroscopic representation of the cohesion degree is considered and the
cohesion degree is calculated in terms of the overall plastic strain rate. This
choice is motivated by numerical eciency matters. Indeed, it allows to keep
the calculation of the cohesion degree outside the resolution of the micro-macro
problem which necessitates an iterative procedure, as it will be seen further in
this section.
The fraction of solid and liquid in the active zone f s;lA are such as:
f sA =  (6.116)
f lA = 1   (6.117)
- Variables localization: A classical self-consistent approximation is used to ac-
count for the interactions between the liquid and the solid. The two phases
are equally treated: each particle of liquid (respectively solid) interacts with
the surroundings (i.e. the neighboring particles of solid (respectively liquid))
through a ctitious homogeneous medium having the eective properties of
the heterogeneous coating. The localization variables AsA and A
l
A are given
by [49]
_
s
A = A
s
A
_A (6.118)
_
l
A = A
l
A
_A (6.119)
where, according to the self-consistent scheme:
AsA =
5A
3A + 2sA
(6.120)
- Local behavior: At the microscopic scale, the behavior of the solid bonds is
represented by a classical Norton-Ho law, while the non entrapped liquid
behavior is assumed Newtonian:
sA = 
s
A
_
s
A with 
s
A = kp
 
_
s
A
mp 1
(6.121)
lA = 
l
A
_
l
A with 
l
A = kl (6.122)
where kp and mp are the viscosity parameters of the solid bonds.
- Homogenization: The averaging conditions on stresses and on the localization
variables can be written as
1 = f sAA
s
A + f
l
AA
l
A (6.123)
A = f
s
A
s
A + f
l
A
l
A (6.124)
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 Inclusions: Similarly to what is done for the active zone, the inclusions (noted
by subscripts I) are made up of the solid grains (
s
I) and the entrapped liquid
(lI). The fractions of solid and of liquid in the inclusions f
s;l
I are such as:
fs = 1  fl = Vs
V
=
V sA + V
s
I
V
=
V sA
VA
VA
V
+
V sI
VI
VI
V
= f sAfA + f
s
I fI (6.125)
1 = f sI + f
l
I (6.126)
So that we have
f sI =
1  fl   fA
fI
(6.127)
f lI =
fl   fA + fA
fI
(6.128)
- Variables localization: The localization variables AsI and A
l
I are given by [49]
_
s
I = A
s
I
_I (6.129)
_
l
I = A
l
I
_I (6.130)
where, according to the self-consistent scheme:
AsI =
5I
3I + 2sI
(6.131)
- Local behavior: At the microscopic scale, the behavior of the solid grains
is represented by a classical Norton-Ho law, while the entrapped liquid
behavior is assumed Newtonian:
sI = 
s
I
_
s
I with 
s
I = ks
 
_
s
I
ms 1
(6.132)
lI = 
l
I
_
l
I with 
l
I = kl (6.133)
where ks and ms are the viscosity parameters of the solid grains.
- Homogenization: The averaging conditions on stresses and on the localization
variables can be written as
1 = f sIA
s
I + f
l
IA
l
I (6.134)
I = f
s
I 
s
I + f
l
I
l
I (6.135)
2. Higher scale: At this scale, the mechanical interactions between the coated inclusions
are solved by the generalized self-consistent scheme. The fractions of active zone fA
and of inclusions fI are assumed to be constant material parameters and read [49]
fI =
R3
(R +R)3
(6.136)
1 = fI + fA (6.137)
where R is the radius of the spherical inclusion andR is the thickness of the coating.
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- Variables localization: The localization variables AA and AI are given by [49]
_A = AA _
vp
(6.138)
_I = AI _
vp
(6.139)
where the expression of the concentration variables AA and AI in the case of
spherical coated inclusion and incompressible8 isotropic material with a thin
layer approximation is given by [49]
AI =
5A
3A + 2IA +
6
5
fA
1 fA (I   A)(   A)
(6.140)
- Local behavior: The local behavior is determined by the lower scale approximation
detailed above:
A = A _A (6.141)
I = I _I (6.142)
- Homogenization: The averaging conditions on viscous stresses (under the present
hypoelastic formalism) and on the localization variables can be written as
1 = fAAA + fIAI (6.143)
 _
vp
= visc = fAA + fII (6.144)
All together Eqs. (6.116) to (6.144) form a large system of equations that can analyt-
ically be reduced up to 3 equations in terms of 3 unknown localization variables AsA, A
s
I
and AI : 8>>><>>>:
0 = (3AsA   5)A + 2AsAsA
0 = (3AsI   5)I + 2AsIsI
0 = (3AI   5)A + 2AIIA + 65fAA2I(I   A)2
(6.145)
with8>>><>>>:
A = kl + (
s
A   kl)AsA and sA = kp

AsA
1 AI(1 fA)
fA
_
vp
adi
mp 1
I = kl + (
s
I   kl)AsI 1 fl fA1 fA and sI = ks
 
AsIAI _
vp
adi
ms 1
 = A + (I   A)AI(1  fA)
(6.146)
The resolution of the system of equations (6.145) is made inside the radial return process
(see section 4.2.6.6 for more details), thus the system is solved at each iterations of the
radial return process. In this case, we make sure that we have _
vp 6= 0, since on the
8which is the case of the plastic part of the deformation
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contrary there would be no plasticity and the current apparent viscosity would not have
to be updated.
The system (6.145) is solved using the following Newton-Raphson iterative procedure: An
adimensionalized residue r is dened as
r = _
vp
adi
0BBB@
(3AsA   5)A + 2AsAsA
(3AsI   5)I + 2AsIsI
(3AI   5)A + 2AIIA + 65fAA2I(I   A)2

_
vp
adi
1CCCA (6.147)
where , A, I , 
s
A and 
s
I are detailed in Eq. (6.146).
To keep a physical sense, all the viscosities should remain positive and, looking at Eq.
(6.146), the localization variables should do so:
AsA > 0 (6.148)
AsI > 0 (6.149)
AI > 0 (6.150)
AA =
1  (1  fA)AI
fA
> 0) AI < 1
1  fA (6.151)
To make sure that the Newton-Raphson iterative process respects conditions (6.148) to
(6.151), the unknowns AsA, A
s
I and AI are rewritten in terms of a new set of variables x
following
AsA = x
2
1 + tol > 0 8x1 2 R (6.152)
AsI = x
2
2 + tol > 0 8x2 2 R (6.153)
AI =
(1  tol)(sin2(x3) + tol)
1  fA 2]0;
1
1  fA [ 8x3 2 R (6.154)
(6.155)
where tol = 1:E   16 is a numerical tolerance to approach zero.
The following Newton-Raphson iterations are proceeded to nd x
xi+1 = xi  

@r
@x
 1
r (6.156)
and are stopped once the following precision9 is reached:
kr;ik < PREC (6.157)
9The tolerance is generally set to PREC = 1e
 9:
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The evolution of the overall apparent viscosity with the equivalent plastic strain
(_
vp
) obtained by this method is discussed in section 5.1.1.2 (see Fig. 5.10). The model
predicts a shear-thinning behavior, which is characteristic of the thixotropic behavior.
The specicity of the micro-macro model is the presence of a threshold at which the
material abruptly loses its consistency. This is called the percolation eect. The model
takes credit to reproduce this transition between solid and liquid behavior, but in a too
drastic way. This is due to the self-consistent formulation.
The implementation of the micro-macro model in Metafor has been veried by compar-
ing the results with reference data published by Favier et al [53]. This verication holds
on the evolution of the apparent semi-solid viscosity with the shear rate obtained with
the same set of materials parameters for the Sn-15% Pb alloy as in the reference model
presented in [53] (ks = kp = 1 Mpa, kl = 1:81e   3 Pa, ms = mp = 0:43, fa = 0:007,
a = 1, b = 0:8, c = 0, d = 0:2, fc = 0:6). Fig. 6.23 compares the apparent viscosity
predicted by the model implemented in Metafor in the frame of this work (blue curves)
with the one predicted by Favier et al, which is taken as the reference solution for the ver-
ication (red curves). Also, Favier [53] validates the micro-macro model by comparing the
predicted results to experimental data [67], which is represented in green in Fig. 6.23. The
simulations as well as the experiments are conducted under steady-state conditions, thus
the steady-state cohesion degree is used in the calculations. Also, the test is isothermal
and two liquid fractions have been considered : fl = 0:5 (represented in Fig.6.23 by plain
curves for the calculations and stars for the experiments) and fl = 0:55 (represented in
Fig.6.23 by dotted curves for the calculations and triangles for the experiments).
It can be seen in Fig. 6.23 that the results obtained in this work are in good agreement
with both Favier's model and the experiments. The slight dierences between both cal-
culations may come from the fact that, in this work, the cohesion degree is driven by the
overall macroscopic strain rate, while it is driven by the strain rate in the active zone in
the reference.
This viscosity law necessitates the identication of 6 specic material parameters: the
viscosity of the liquid phase kl, the viscosity parameters of the solid bounds kp, mp and
of the solid grains ks, ms and the volumetric fraction of active zone fA. As discussed in
section 5.1.1.2, the number of experiments required for parameters identication is lower
than with empirical laws of the kind of Burgos described in section 6.3.1 because most of
the model parameters are physically-based rather than empirical [53].
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Figure 6.23: Verication of the micro-macro model implementation in Metafor by compar-
ison with Favier's and experimental results [53]
According to Eq. (6.7), to establish the tangent operator, the following terms have
to be computed: @
@vp
, @
@ _
vp , @@ ,
@
@fl
. However, the computation of the latter term @
@fl
is
actually not necessary because the use of an eective liquid fraction makes no sense with
this model and thus the liquid fraction does not depend on the equivalent plastic strain.
Mathematically, looking at Eq.(6.7), the term @
@fl
is thus multiplied by @fl
@vp
= 0.
Moreover, the micro-macro viscosity law is written in terms of the equivalent plastic strain
rate so that it reads:
@
@vp
= 0 (6.158)
There are two remaining terms to develop. The rst one is:
@
@
= (1  (1  fA)AI) @A
@
+ (1  fA)AI @I
@
(6.159)
where
@A
@
= AsA(
s
A   kl) (6.160)
@I
@
=  AsI(sI   kl)
fA
1  fA (6.161)
And the second one is:
@
@ _
vp = (1  (1  fA)AI) @A
@ _
vp + (1  fA)AI @I
@ _
vp + 2 sin(x3) cos(x3)(1  tol) dx3
d_
vp (I   A)
(6.162)
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where
@A
@ _
vp = A
s
A(mp   1)sA +
@A
@x
 dx
d_
vp (6.163)
@I
@ _
vp = A
s
I
1  fl   fA
1  fA (ms   1)
s
I +
@I
@x
 dx
d_
vp (6.164)
with
@A
@x
=
0BBB@
2x1(mp
s
A   kl)
0
 2 sin(x3) cos(x3) 1 tol1 (1 fA)AIAsA(mp   1)sA
1CCCA (6.165)
@I
@x
=
0BBB@
0
2x2
1 fl fA
1 fA (ms
s
I   kl)
 2 sin(x3) cos(x3) 1 tol(1 fA)AIAsI
1 fl fA
1 fA (ms   1)sI
1CCCA (6.166)
Finally, as the unknowns x are computed in such a way that the residue r is close to zero
for any value of the equivalent plastic strain rate, one can write:
dr
d_
vp = 0 =
@r
@ _
vp +
@r
@
d
d_
vp +
@r
@x
 dx
d_
vp (6.167)
So that
dx
d_
vp =  

@r
@x
 1
@r
@ _
vp +
@r
@
d
d_
vp

(6.168)
with
@r
@ _
vp =
r
_
vp|{z}
!0
+_
vp
adi
0BBBBBB@
[(3AsA   5)+ 2]AsA(mp   1)sAh
(3AsI   5)1 fl fA1 fA + 2
i
AsI(ms   1)sA
r3
_
vp|{z}
!0
+_
vp
adi
h
f1A
s
A(mp   1)sA + f2AsI 1 fl fA1 fA (ms   1)sI
i
1CCCCCCA (6.169)
and
@r
@
= _
vp
adi
0BBB@
(3AsA   5)@A@
(3AsI   5)@I@
_
vp
adi
 
f1
@A
@
+ f2
@I
@

1CCCA (6.170)
CHAPTER 6. DESCRIPTION OF THE ONE-PHASE MODELING 165
where it has been set:
f1 = (3AI   5) [ + (1  (1  fA)AI)A] + 2AII   12
5
fAA
2
I(I   A) (6.171)
f2 = (3AI   5)(1  fA)AIA + 2AIA + 12
5
fAA
2
I(I   A) (6.172)
6.4 Yield stress and isotropic hardening
At the semi-solid state, the hardening of the material is not signicant so that the
choice of a proper hardening law may seem to be not decisive. This is a part of the reason
why the kinematic part of the hardening is neglected in this modeling. However, the use
of a hardening law is still relevant in order to keep a right degeneration to solid behavior,
especially when the material is cooled down back to room temperature after forming.
The proposed isotropic hardening law is based on a simple linear hardening. As a liquid
does not display yield, this law also takes into account a decrease of the yield stress with
liquid fraction elevation. It is expressed by:
y = (1  fl)h2 (0y(T ) + h1(T ) vp) (6.173)
where h1 is the linear hardening coecient, and it will be proved later that it is almost
negligible at high temperatures around the solidus. However, the use of such a term allows
to meet a classical linear hardening law at the solid state (fl = 0), particularly when one
cools down the component to room temperature.
Also, in order to introduce the cohesion degree into the isotropic hardening law, the
eective liquid fraction f effl can be used instead of the liquid fraction.
This hardening law necessitates the identication of 1 single material parameter specic
to the semi-solid behavior: h2.
When this hardening law is used, the tangent operator contains the following terms
@y
@
= 0 (6.174)
@y
@vp
= h1(1  f effl )h2 (6.175)
@y
@ _
vp = 0 (6.176)
As in the viscosity law, the term @y
@fl
depends on which liquid fraction is used. This term is
equal to zero if a full liquid fraction is used while, in the case of an eective liquid fraction,
one has
@y
@fl
=  h2(1  f effl )h2 1(0y + h1 vp) (6.177)
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6.5 Summary
In summary, Tab. 6.1 recalls the one-phase models that have been implemented in
Metafor, which constitutes the main contributions of this work.
The constitutive modeling proposed in this work is based on a solid thermo-elasto-
viscoplastic formulation which introduces the elastic part of the deformation and considers
a nite yield stress. Thus, it can predict the residual stresses after unloading and cooling
down back to room temperature.
Several models are proposed. In all of them, the specic thixotropic behavior is taken
into account by means of two internal parameters which are the backbone foundation of
the present formulation: the liquid fraction (or alternatively the eective liquid fraction)
which introduces the thermal eects on the semi-solid material behavior and the cohesion
degree which introduces the eect of the evolving microstructure.
The calculation of the cohesion degree is based on a dierential equation that is often
used in the modeling of the thixotropic behavior [44]. It considers the transient evolution
of the material microstructure, which is well admitted to take a nite time to adjust to new
conditions. A breakdown characteristic time is dened. Several formulations are selected
(see Tab. 6.1). First, an isothermal model is considered. Then, a thermomechanical
formulation is used. Based on Favier's model [50], the formulation of the cohesion degree
has been enhanced in this work in order to represent the instantaneous deagglomeration
due to melting as well as the instantaneous structure built up due to solidication.
The classical Scheil [19, 65] steady-state equation is used to compute the liquid fraction
in terms of the temperature and the material parameters of this law have been discussed.
Alternatively, the eective liquid fraction, which excludes the part of the liquid that
is entrapped inside the solid grains and which depends on the cohesion degree, can be
used. It is based on Lashkari's formulation [19] and has been transferred to the selected
framework.
Several viscosity laws which integrate both internal parameters have been selected.
The rst one is an enhanced version of Burgos' isothermal law [44] which introduces
the thermal eects by means of the liquid fraction. Then, two enhanced versions are
proposed in order to degenerate properly to the behavior of free solid suspensions when
the cohesion degree tends to one. The rst one is based on the Lashkari's viscosity law
for free suspensions [19] and has been extended to numerically degenerate properly to the
solid state (even though, physically speaking, the behavior of the solid state can not be
the one of free suspensions). The second version is original and based on experimental
observations.
A fourth viscosity law, based on Favier's micro-macro model [13, 49, 50] and adapted to
the present framework has been implemented in Metafor.
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Finally, an isotropic hardening law is used. It is based on a linear isotropic hardening
law and extended to the semi-solid state by the introduction of the liquid fraction (or
alternatively, the eective liquid fraction). It assumes there is no more yield stress at the
liquid state, while it considers a linear hardening at the solid state.
In conclusion, the models proposed in this work integrates the behavior of the material
over the all range of temperatures, from room temperature to the full liquid state. How-
ever, it remains established on a solid based constitutive formulation and does not pretend
to be able to compute a liquid ow.
Also, in the considered one-phase modeling, the material is regarded as a single homoge-
neous, though mixed, continuous phase and the relative displacement between the phases
can not be taken into account. Thus, it is not suitable to study the macrosegregation
eect. However, in thixoforming processes, such macrosegregation is avoided as much as
possible.
Cohesion degree
Isothermal _ = a(1  )1+a1   bec_vp  _vpadid
(a1 6= 0)
Non isothermal (tn + 1) = e + ((tn)  e)e @
_
@
t
(a1 = 0) a
0 = a(1  fl) + e fl
b0 = bfl + e (1 fl)
Enhanced Favier e =
 a0
@ _
@
@ _
@
=  a0   b0ec_vp  _vpadid
 = e = 0 if fl > fc
Original e =
 a0
@ _
@
@ _
@
=  a0   b0ec_vp  _vpadid0
d0 = d(1  (fl)e)
Liquid fraction
Full (Scheil) fl =

T Ts
Tl Ts
 1
r 1
Eective f effl = fl [1  (1  fl)]
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Viscosity law
Enhanced Burgos1  = k
 
_
vp
adi
m 1
k = k1e
k2(1 fl)+k3
m = (m1 +m3
2 +m4)e
m2(1 fl)
Original  = susp + 
2(3  2)(skel   susp)
skel ! Enhanced Burgos
Enhanced Lashkari susp = kl

f effl
 msusp(1 (1 fl)esusp )
Original susp = kle
ksusp(1 feffl )
Micro-Macro  = A + (I   A)AI(1  fA)
See Eqs. (6.145) A = kl + (
s
A   kl)AsA
and (6.146) I = kl + (
s
I   kl)AsI 1 fl fA1 fA
Isotropic hardening law
Original1 y = (1  fl)h2 (0y + h1 vp)
Table 6.1: Summary of the implemented one-phase models
1In these laws, the liquid fraction fl can stand for either the full liquid fraction or the eective liquid
fraction.
Chapter 7
Numerical applications
To analyze and validate the previously presented model, several numerical simulations
have been carried out using the nite element code Metafor [6] within which the selected
constitutive models have been implemented.
The rst one is the academic test of simple shear test. It analyzes the ability of the
material models to numerically represent the typical response of a thixotropic material to
a shear rate step change. It assumes isothermal conditions and focuses on the transient
behavior of a thixotropic material. The experimental data that are used to validate the
results have been gathered by Koke and Modigell [66] using rheometry. These data have
then been used by Burgos and Alexandrou to derive their mathematical model of the
thixotropic behavior [44]. The material under study is the tin-lead alloy Sn-15%wt Pb.
The second application consists in the fast compression of a cylindrical slug. It is still
very simple, but is closer to a real forming process. Both isothermal and non isothermal
conditions are considered and two materials are studied: the tin-lead alloy, as well as steel
alloy C38 that was specically developed for thixoforming processes. The validation of the
models is made by comparing the numerical results to two kinds of data published in the
literature. Numerical results assuming isothermal conditions [58] are available about the
tin-lead alloy. Also, Cézard [68] performed non isothermal experiments on the C38 alloy.
Based on this application, both thermal eects on the thixoforming process and transient
thixotropic behavior are analyzed.
Then the simulation of two more realistic forming processes of non-stationary extrusion
and double-cup extrusion are carried out. They can not be seen as industrial processes
since the obtained parts have simple geometries. However, the complexity of the tests are
quite high, considering the numerous interconnected phenomena that have to be taken into
account. The development of such a complex simulation is one of the original contribution
of this work. The experiments on which is based the validation of the models have been
carried out at the University of Liège [7, 8, 9, 10] in collaboration with the ENSAM (Ecole
Nationale Supérieure d'Arts et Métiers, Metz, France) [68, 69]. The materials under study
are two steel alloys: the C38 and the 100Cr6.
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7.1 Isothermal shear rate step-up and step-down exper-
iments
As discussed in section 3.1.2, the response, illustrated in Fig. 7.1 and 7.2, of a
thixotropic material to a shear rate step change is very particular and is often used to
illustrate the thixotropic transient behavior. Also, it is a classical experience used for the
identication of a constitutive law (see section 6.3.1).
Figure 7.1: Imposed shear rate evolution in the shear rate step changes experiment
Figure 7.2: Shear rate step-up and step-down experiment [66]
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In a rst step, this application is thus used as a basis for the comparison between the
constitutive models described in chapter 6.
Also, a comparison between numerical results, obtained with the one-phase models
under study, and the experimental results [66] represented in Fig. 7.2, in terms of shear
stress response serves as a rst validation of the one-phase models and is used for the
identication of the material parameters.
Finally, the ability of the models to numerically reproduce the qualitative experimental
facts highlighted in section 3.1.2 is analyzed by means of step change tests.
7.1.1 Material parameters
The material under study is a tin-lead alloy (Sn-15%wt Pb). This material is not
adapted to industrial applications, but is extensively used in experimental researches on
semi-solid processing. Indeed, its fusion temperature is low enough to avoid the technical
problems encountered with steel grades. Material parameters for Sn-15%wt Pb are thus
widely available in the literature [44, 49, 58].
Cohesion degree a = 0:035
1 0:55 = 0:0778 (1/s)
[44] b = 0:00015
0:55
 
3
2
 d
2 = 3:3402e  4
c =
q
3
2
0:001 = 0:0012 (s)
d = 1
fc = 0:6 [49]
Viscosity law k3 = 12:173
[44] m1 = 3:9538e
 m2(1 0:55)
m3 = 1:8631e
 m2(1 0:55)
m4 =  3:774e m2(1 0:55)
[49] kl = 1:8e  3 (Pa s)
fA = 0:01
Elasticity  = 0:4
[70] E = 3:635e10  9e7(T   Troom) (Pa)
Table 7.1: Material parameters for the Sn-15%wt Pb alloy available in the literature
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The material parameters that have been taken from the literature for this alloy are
detailed in Tab. 7.1. The factors
p
3=2 are used to convert the expressions written in
terms of _ in [44] to the present equivalent plastic strain rate _
vp
=
q
2
3
_. Such conversion
is not applicable to k1 because of the power law to m which varies during the experiment.
The factors 0:55 and (1   0:55) are used to convert the isothermal (where fl = 0:55)
expressions of [44] to the enhanced expressions proposed in this work, which depend on
the liquid fraction.
For the remaining material parameters that are needed under isothermal conditions, we
start with some guess values that are described in Tab. 7.2. The sensitivity of the models
to the values chosen for these parameters is studied in section 7.1.3 as long as they have an
inuence in the case of isothermal simulations. Then, an accurate identication of these
material parameters is performed in section 7.1.4, using an optimization method to t the
experimental curves.
Cohesion degree  = 1e3 (Pa)
 = 100 (Pa)
e = 15
Hardening law 0y = 207:4 (Pa)
h1 = 0 (Pa)
h2 = 2:5
Viscosity law k1 = 3e  7e k2(1 0:55) (Pa s) ksusp = 0:1
k2 = 0:1 ks = 40 (Pa s)
m2 = 0:1 kp = 600 (Pa s)
msusp = 2:5 ms = mp = 0:25
esusp = 15
Table 7.2: First guess for material parameters for the Sn-15%wt Pb alloy that are not
available in the literature
7.1.2 Simple shear test analysis
The numerical simulation holds on a simple shear test of a mono-element using a quasi-
static algorithm. It is described in Fig. 7.3 and 7.4.
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Figure 7.3: Simple shear test description
Figure 7.4: Example of imposed displacement and corresponding displacement rate evolu-
tion in the numerical simulations
The problem is driven by the imposed displacement evolution while in the reference exper-
iment, described in Fig. 7.1, the shear rate is imposed. Using the analytical description of
the simple shear test, it is possible to write the relationship between the displacement and
the strain rate evolution.
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The position eld is uniform and can be expressed by:
x1(t) = X1 (7.1)
x2(t) = X2 +
s(t)
L
X1 (7.2)
Hence, one has for the velocity eld:
_x1(t) = 0 (7.3)
_x2(t) =
_s
L
X1 =
_s
L
x1 (7.4)
(7.5)
According to Eq. (4.24), the spatial gradient of velocity L is given by:
L =
@ _x
@x
=
_s
L
0@0 1
0 0
1A (7.6)
Thus, the strain rate tensor D, dened in (4.26), can be written as:
D =
1
2
(L +LT ) =
_s
2L
0@0 1
1 0
1A (7.7)
This leads to the equivalent strain rate
_ =
r
2
3
D :D =
p
3
3
_s
L
(7.8)
In the case of semi-solid Sn-15%wt Pb alloy, the initial yield stress is so low with respect to
Young's modulus that the equivalent von Mises stress reaches the value of the yield stress
as soon as the deformation starts. Thus, the elastic deformation is negligible in this case.
This is illustrated in Fig. 7.5 where the evolution of the natural strains as computed by
Metafor (tensor components as well as the equivalent strain) and of the equivalent plastic
strain in response to the imposed displacement detailed in Fig. 7.4 is shown. It can be
seen that the equivalent plastic strain is equal to the equivalent total strain so that one
has:
_
vp ' _ =
r
2
3
D :D =
p
3
3
_s
L
) _s =
p
3L_
vp
=
p
2L _ (7.9)
So, it is possible to impose a uniform eld of shear rate via a proper displacement evolution.
The imposed displacement described in Fig. 7.4 leads to the uniform strain rate represented
in Fig. 7.6 and which reproduces well the desired step-up and step-down.
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Figure 7.5: Natural strain evolution in the simple shear test
Figure 7.6: Equivalent plastic strain rate evolution in the simple shear test
The reference experiment is conducted in a rheometer so that, even though it involves
the same uniform shear elds, it is not quite equivalent, physically speaking, to the solid
simple shear numerical test that is considered here. In Koke and Modigell's experiment
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[66], the material undergoes high shear rates during long periods of time, which leads to
extremely high strain (of the order of 5e5). At this level of strain, the nite element is too
distorted to return accurate results. This is overcome by the use of the ALE formalism.
7.1.3 Isothermal one-phase models comparison
The one-phase modeling presented in chapter 6 can be split into four main parts: two
internal parameters (cohesion degree  and liquid fraction fl), the isotropic hardening law
and the viscosity law. In chapter 6, several formulations are proposed for each of these
parts and are summarized in Tab. 6.1. Thus, as a general result of this work, it is possible
to combine three formulations for the cohesion degree with four viscosity laws and two
isotropic hardening laws, ending up with twenty-four (=3X4X2) possible combinations at
all.
This section aims to compare the results obtained with all these formulations on the
step change in shear rate test described in Fig. 7.7. The comparison holds on each of the
four parts of the modeling.
As the response of a thixotropic material to such test is driven by the state of its mi-
crostructure numerically represented by the cohesion degree, the latter internal parameter
is analyzed in a rst step.
Then, since both proposed isotropic hardening laws depend on whether the liquid fraction
or the eective liquid fraction is used, the yield stress evolution is discussed together with
the liquid fraction in a second step.
Finally, the evolution of the apparent viscosity is studied along with the overall behavior
which is known to be driven by viscous eects.
7.1.3.1 Cohesion degree analysis
Under isothermal conditions, there is a choice between three formulations to describe
the cohesion degree:
- Isothermal formulation:
_ = a(1  )1+a1   bec_vp  _vpadid (7.10)
- Enhanced Favier's formulation:
_ = (a(1  fl) + e fl)(1  )  (bfl + e (1 fl))ec_
vp  
_
vp
adi
d
if fl < fc (7.11)
- Original formulation:
_ = (a(1  fl) + e fl)(1  )  (bfl + e (1 fl))ec_
vp  
_
vp
adi
d(1 (fl)e)
(7.12)
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Figure 7.7: Imposed shear rate evolution in the numerical simulations
Figure 7.8: Cohesion degree evolution predicted by the three equivalent models
In the case the parameter a1 is set to zero and if the temperature T is such that fl(T ) < fc,
the three formulations are exactly equivalent provided that the parameter d is adjusted in
the original model (d ! d=(1   (fl)e)). The evolution of the transient cohesion degree,
compared to the steady-state one during a shear rate step change test is shown in Fig.
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7.8. During this test, the temperature is constant and equal to 203 oC so that the liquid
fraction is also constant and equal to 0.55. The evolution of the equivalent strain rate is
represented in Fig. 7.7. The test starts under equilibrated conditions, which means that
the initial cohesion degree 0 is chosen as the steady-state cohesion degree e corresponding
to the initial strain rate _
vp
0 = 92:2641 (1/s):
0 = e(_
vp
0 ) =
a(1  fl) + e fl
a(1  fl) + e fl + (bfl + e (1 fl))ec_vp0

_
vp
0
_0
d = 0:65 (7.13)
It can be seen in Fig. 7.8 that the steady-state cohesion degree e, which assumes a
straightforward response of the structure, drops during a shear rate step-up (which means
that some solid bounds are broken down when the shear rate increases) and increases
during a shear rate step-down. The transient cohesion degree follows the steady-state one,
but with some delay. This means that the structure needs some time to adjust to the new
strain rate conditions. This physical delay in the microstructure response plays a key role
in the transient behavior of thixotropic materials.
The material parameters ,  and e have been introduced in the model to make sure
that it degenerates correctly when the temperature gets close to the solidus or to the
solidus. In the present case of a constant temperature located around the middle of the
phase change interval, these parameters should not inuence the result. In other words,
both enhanced Favier and original formulations should return the same results than the
isothermal formulation with a1 = 0.
First, it can be seen from Eqs. (7.11) and (7.12) that, as long as the parameter d is
adjusted to the liquid fraction, the choice of the parameter e has indeed no inuence on
the results.
Also, the same equations show that there is a maximal value for  and a minimal value
for  beyond which the results remain close to the isothermal formulation. Fig. 7.9 and
Fig. 7.10 analyze the inuence of the choice of  and . Starting with values that have
been validated in section 6.1.3 ( = 1:e3,  = 100), higher values of  and lower values of
 are tested. It is not represented in the gures, but the starting values  = 1:e3,  = 100
return exactly the same results as the isothermal formulation with a1 = 0. Keeping
 = 100, the parameter  can be increased up to 1e14 without any signicant eect on
the results. On the other hand, keeping  = 1e3, the parameter  can be decreased up to
45 without aecting the results. These limit values are correlated. More precisely, if 
(respectively ) varies while  (respectively ) remains constant but is lower (respectively
higher) than in the previous example, the limit value for  (respectively ) is lower
(respectively higher) than in this example. Anyway, it can be seen in Fig. 7.9 and 7.10
that the admissible intervals for  and  are wide, which means that the model is not
strongly sensitive to these material parameters at the present working temperature.
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_
vp
= 92:26 _
vp
= 183:7 _
vp
= 146:15 (1/s)
Figure 7.9: Analysis of the model sensitivity to 
_
vp
= 92:26 _
vp
= 183:7 _
vp
= 146:15 (1/s)
Figure 7.10: Analysis of the model sensitivity to 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The case a1 6= 0 is treated as a particular one. In a rst step, Fig. 7.11 analyzes the
model sensitivity to a variation of the parameter a1 while all other parameters (a, b, c and
d) remain constant. It can be seen from Eq. (7.10) that, since  2 [0; 1], the choice of
a higher (respectively lower) value for a1, produces a decrease (respectively an increase)
of the agglomeration rate a(1   )1+a1 . This weakening (respectively strengthening) of
the agglomeration process leads to a lower (respectively higher) cohesion degree . Also,
the predicted rate of cohesion degree _ is lower (respectively higher), so that the cohesion
degree  tends to (respectively diverges from) its steady-state value e. Under steady-state
conditions Eq. (7.10) can be rewritten as:
bee
c_
vp  
_
vp
adi
d
= a(1  e)1+a1 (7.14)
Thus, the predicted steady-state cohesion degree e also decreases (respectively increases).
It can also be seen in Fig. 7.11 that the eect of shear rate step change is weakened
(respectively strengthened) and the time needed to reach the new equilibrium is shortened
(respectively extended).
If the parameter a1 takes too low values (a1 <  0:8 in the case of a Sn-15%wt Pb alloy),
the model gets inaccurate and predicts values of  above one. If a1 takes very high
values (of the order of 50 in the case of a Sn-15%wt Pb alloy), the model predicts a
microstructure made of free solid suspensions ( = 0) over the whole experiment.
The latter discussion about Fig. 7.11 is mainly numerically oriented and does not really
have a physical meaning. Indeed, the other parameters a, b, c and d that are used have
been identied in the case a1 = 0 and should thus be adapted to the change of a1. Dotted
curves in Fig. 7.11 illustrate the fact that it is possible to identify1 a set of parameters
a, b, c and d that restores the curves to the one with a1 = 0. Comparing the blue curve,
which corresponds to a1 = 0 with the red and green dotted curves, corresponding to
a1 =  0:5 and a1 = 0:5 respectively for which the other parameters (a, b, c and d) have
been corrected, we can see that the jump of  in response to a jump in _
vp
is still slightly
smaller (respectively higher) if a1 > 0 (respectively a1 < 0), but the sensitivity to a1 gets
very low when accurate parameter identication is performed.
In conclusion, the use of the parameter a1, which necessitates iterative strategy to compute
the cohesion degree, is not worth the resulted extra CPU costs, and will not be further
considered.
The specic transient behavior of a thixotropic material, illustrated in Fig. 7.2, nds
its origins in the evolution of the microstructure. It is thus numerically represented by the
cohesion degree. This means that if the critical liquid fraction fc is reached, the enhanced
Favier's model predicts a fully broken structure all over the experiment. This proves that
the critical liquid fraction fc is higher than the working liquid fraction in the present case
of the shear step change experiments under study.
1The identication is done using the least square method to minimize the dierence with the reference
curve corresponding to a1 = 0 and initial parameters a, b, c and d.
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Figure 7.11: Analysis of the model sensitivity to a1
In conclusion, we have seen that, at a constant temperature located around the middle
of the phase change interval, the three proposed formulations can return almost equivalent
results so that only one formulation can be considered. In consequence, from the initial 24
formulations, there is only 8 combinations left to be compared.
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7.1.3.2 Liquid fraction and yield stress analysis
In chapter 6, two isotropic hardening laws have been considered depending on whether
the liquid fraction or the eective liquid fraction is in use. The present section aims to
compare the results obtained in both following cases:
- Full liquid fraction:
y = (1  fl)h2 (0y + h1 vp) (7.15)
- Eective liquid fraction:
y = (1  f effl )h2 (0y + h1 vp) (7.16)
In addition, the hardening law introduces the material parameter h2 which is rather
empirical than physically based. The sensitivity of the model to this parameter is also
analyzed.
Still in the case of the isothermal shear rate-jumps test described in Fig. 7.7, the top
of Fig. 7.12 compares the evolution of the full liquid fraction (plain curves) with the
eective one (dotted curves) while both resulting yield stress evolutions are compared on
the bottom. Also, the eect of a variation of h2 is illustrated.
We have seen in Tab. 7.2 that h1 is neglected
2. Thus, under isothermal conditions,
the full liquid fraction remains constant and so does the corresponding yield stress, both
represented by plain curves in Fig. 7.12. In the case the entrapped liquid is distinguished
from the non entrapped liquid, the eective liquid fraction, which is always lower than
the full one, is used. This leads on the one hand to a shift of the current yield stress
towards higher values. On the other hand, neither the eective liquid fraction nor
the corresponding current yield stress remain constant, but they respond to a shear
rate-change with some delay, as the cohesion degree does.
As long as the parameter h2 is larger than 1, an increase of h2 has got the opposite
eect as it induces a shift of the current yield stress towards lower values. The shift of the
dotted curves, corresponding to the eective liquid fraction, is larger than the one of the
plain curves, corresponding to the full liquid fraction.
In conclusion, the use of the eective liquid fraction allows to introduce the eect of the
changes in the microstructure in the yield stress evolution, but, in this case, the material
parameter h2 should be adjusted in order to keep the same order of magnitude for the yield
stress. More precisely, h2 should be higher with the eective liquid fraction than with the
full one.
2At the working liquid fraction (fl = 0.55), it is assumed the the Sn-15%wt Pb alloy undergoes scarcely
any hardening. This will be veried further in the document.
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_
vp
= 92:26 _
vp
= 183:7 _
vp
= 146:15 (1/s)
_
vp
= 92:26 _
vp
= 183:7 _
vp
= 146:15 (1/s)
Figure 7.12: Comparison between full and eective liquid fraction and the eect on the
current yield stress. Analysis of the model sensitivity to h2
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7.1.3.3 Apparent viscosity and overall behavior analysis
In this work, four viscosity laws are considered and have been implemented in Metafor.
They are recalled hereunder:
- Enhanced Burgos' viscosity law:
 = skel = k1e
k2(1 fl)+k3  _vpadi(m1+m32+m4)em2(1 fl) 1 (7.17)
- Enhanced Lashkari's viscosity law:
 = susp+
2(3 2)(skel susp) where susp = kl

f effl
 msusp(1 (1 fl)esusp )
(7.18)
- Original viscosity law:
 = susp + 
2(3  2)(skel   susp) where susp = kleksusp(1 f
eff
l ) (7.19)
- Favier's micro-macro viscosity law (See Eqs. (6.145) and (6.146)):
 = A + (I   A)AI(1  fA) (7.20)
Fig. 7.13 compares the evolution of the apparent viscosity predicted by the four
viscosity laws under study in the case of the isothermal shear rate-jumps test described in
Fig. 7.7.
Also, the sensitivity of the viscosity laws to the material parameters k1, ksusp and msusp
has been studied. It is not represented in a gure, but to be concise, a change of one
of these material parameters produces a simple shift of the viscosity evolution curves,
all other characteristics of the curves remaining the same. Thus, in order to ease the
interpretation of the results, these three material parameters have been chosen so far in
such a way that all four viscosity laws correspond at the equilibrium of the higher shear
rate of the experiment.
It can be seen in Fig. 7.13 that the magnitude of the variations in the viscosities that follow
a strain rate change depends on the model. However, no specic tendency characteristic
to one model can be drawn, as it also depends on the shear rate levels as well as the shear
rate step change magnitudes. A deeper analysis on this fact is done in the next section
after a proper identication of the set of viscosity parameters k1, ksusp and msusp.
The predicted response of the material models is also studied in terms of shear stress
represented in Fig. 7.14. The height models under study are the combinations of the
two hardening laws with each of the four viscosity laws so that we end up with the same
conclusions as for the hardening and viscosity laws taken apart.
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Figure 7.13: Comparison between the four proposed viscosity laws
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Figure 7.14: Shear stress response predicted by the eight compared models
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Figure 7.15: Analysis of the apparent viscosity evolution predicted by the micro-macro
model
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Figure 7.16: Analysis of the shear stress response predicted by the micro-macro model
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Focusing on the micro-macro law, Fig. 7.15 and 7.16 show that it is essential to take
into account that, at the microscopic level, the behavior of the solid bounds is dierent
from the one of the solid grains, by mean of the use of dierent viscosity parameters for
the solid bounds kp and the solid grains ks. Indeed, if an equivalent behavior is assumed
for both solid grains and solid bounds (ks = kp), the model is not able to predict the
transient behavior specic to thixotropic materials, as it predicts a straightforward return
to equilibrium.
7.1.4 One-phase models validation and material parameters iden-
tication
The goal of this section is to perform a rst validation of the models proposed in chapter
6 by comparing the numerical results given by these models with the experimental response
to a series of shear rate step changes presented in Fig. 7.1 and Fig. 7.2.
7.1.4.1 Material parameters identication
First of all, an accurate identication of the remaining unknown parameters is done
using the least square method which compute the set of parameters ki that minimizes the
norm of a vector lled with the dierences between the experimental shear stress measured
at several discrete times exp(tk) and the numerically predicted one at the corresponding
time num(tk), which quanties the error:
E(ki) = min
ki
 X
k
(exp(tk)  num(tk))2
!
(7.21)
The whole identication process is realized in a staggered manner. In a rst step, the
identication process holds on the material parameters of the isotropic hardening law:
the initial yield stress 0y, the hardening coecient h1 and the parameter h2. The latter
depends on whether the full or the eective liquid fraction is used to describe the current
yield stress.
Once these three parameters are obtained, in the case of the micro-macro model, the least
square method is applied in one single step to optimize the following set of three material
parameters: ks, kp and ms = mp. In the case of the other models, the viscosity parameters
identication is done in two steps: First, the material parameter k1, which describes the
behavior of a built-up solid skeleton, is identied. Then, the material parameters that are
used to describe the evolution of the viscosity of free suspensions (msusp and ksusp in the
case of the enhanced Lashkari's and original model respectively) are optimized.
The results of this identication procedure lead to the choice of material parameters
described in (Tab. 7.3). The material parameters that ar available in the literature and
detailed in Tab. 7.1 completes the whole set of parameters.
This parameter identication conrms that the hardening is very low so that the hard-
ening coecient h1 can be neglected at the working temperature.
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Hardening law 0y = 31:54 (Pa)
h1 = 0 (Pa)
Full liquid fraction: h2 = 0:7615
Eective liquid fraction: h2 = 1:3458
Viscosity law k1 = 4e  7e k2(1 0:55) (Pa s)
Enhanced Lashkari: msusp = 6:5
Original: ksusp = 9:7
Micro-macro: ks = 0:12 (Pa s)
kp = 2:4 (Pa s)
ms = mp = 2
Table 7.3: Identication of material parameters for the Sn-15%wt Pb alloy
7.1.4.2 Models validation
The predicted stress evolutions obtained with the eight constitutive laws under study
are represented in Fig. 7.18 in comparison with the experimental results. It can be seen that
the numerical results are in quite good agreement with the experiments. More precisely,
the error dened in Eq. (7.21) is a quantitative measure of the quality of the numerical
results. The relative error dened in Eq. (7.22) is detailed in Tab. 7.4 for the eight
considered constitutive laws and is located between 23% and 28%.s
E(ki)P
k (exp(tk))
2 (7.22)
Full liquid fraction Eective liquid fraction
Enhanced Burgos' viscosity law 23.63% 24.95%
Enhanced Lashkari's viscosity law 27.19% 25.97%
Original viscosity law 25.61% 24.79%
Micro-macro viscosity law 26.92% 27.95%
Table 7.4: Quantitative evaluation of the dierence between numerical and experimental
results
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Figure 7.17: Comparison of the predicted apparent viscosity evolution for the four consid-
ered viscosity laws
Figure 7.18: Comparison of the predicted shear stress response with the experimental
values for the eight models under consideration
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Taking a closer look on Fig. 7.18, it can be seen that, while the agreement between
experimental and numerical results is very good at low strain rates, the break down
characteristic time appears to be underestimated at high shear rates. Thus, a new
identication procedure which holds on a, b, c, d, 0y, k1, m1, m3 and m4 has been
conducted for the enhanced Burgos' model. Fig. 7.19 illustrates the predicted shear stress
response obtained this way (labeled as "case 2" and with a = 0:0027 (1/s), b = 0:000158,
c = 0:0008, d = 0:534, 0y = 138 (Pa), k1 = 4e   7 (Pa s), m1 = 3:4767, m3 = 2:1324 and
m4 =  3:0184), in comparison with the one obtained with the set of material parameters
detailed in Tab. 7.3 (labeled as "case 1") and with the experimental data. In the "case
2", the curve ts better to the experiments for higher shear rates, but loses a little bit of
accuracy at lower shear rates. The error is estimated to 14% versus 24% in "case 1".
However, with the choice of the "case 2" set of material parameters, the break down
characteristic time is of the order of 250 s, while it was located between 10 and 30 s in
"case 1". These long break down characteristic time levels lead to the cohesion degree
evolution illustrated in Fig. 7.20 (plain curves) along with the steady-state cohesion
degree (dotted curves). It can be seen that the cohesion degree predicted in "case 2"
has not reached its equilibrium value yet at the end of the period of constant strain
rate, that is after 460 s. This means that, in the case of a forming process, at which the
experiment time is of the order of the second, the model would predict an isostructure
behavior, no matter the level of the strain rate. In this case, the whole constitutive
modeling that is developed in this work and which is based on this particular structural
break down turns into a classical elasto-viscoplastic law as, for example, the Norton-
Ho law (at least under isothermal conditions at which the liquid fraction is also constant).
Indeed, it has been seen in section 3.1.2.3 (see Fig. 3.4) that there are actually two
breakdown characteristic times: an initial shorter one, where the essential deagglomeration
takes place in less than one second, and a subsequent one, which has a much longer
time associated with it and is more related to diusion. Atkinson [1] discussed Koke and
Modigell's experiment [66] with respect to the work of Liu et al [23] which involves the
fastest data collection rate so far (about 1kHz). Her conclusions were that the frequency
of Koke and Modigell's device [66] is too low to capture the actual peak of stress which
is associated with the fast process of breakdown, so that the characteristic time that is
revealed in this case is about the slower process of diusion.
For these reasons, we decided to accept some discrepancy between numerical and ex-
perimental results at higher shear rates in order to get better agreement at lower shear
rates, and thus to consider the set of parameters identied in "case 1" and detailed in Tab.
7.3.
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Figure 7.19: Comparison between the shear stress evolution predicted by the enhanced
Burgos' model with two dierent sets of material parameters and the experimental results
Figure 7.20: Comparison between the cohesion degree evolution predicted by the enhanced
Burgos' model with two dierent sets of material parameters
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7.1.4.3 Analysis of the shear-thinning and shear-thickening behavior
Fig. 7.17 represents the evolution of the apparent viscosity predicted by the four vis-
cosity laws that have been implemented. It allows to verify whether the models predict
a shear-thinning or a shear-thickening behavior. A shear-thinning (respectively thicken-
ing) behavior is dened by a decrease (respectively increase) of the apparent viscosity in
response to an increasing shear rate. On the opposite, a shear-thinning (respectively thick-
ening) material will respond to a decrease of the shear rate by an increase (respectively a
decrease) of its apparent viscosity. This can be mathematically expressed as:
d
d_
vp > 0) Shear-thickening (7.23)
d
d_
vp < 0) Shear-thinning (7.24)
d
d_
vp = 0) Newtonian (7.25)
Transient response: By transient response we mean the isostructural or straightfor-
ward response to a shear rate jump, where the cohesion degree remains constant. Under
isothermal conditions, the other two internal parameters i.e. the liquid fraction fl and the
eective liquid fraction f effl are constant as well.
In the case of the rst three viscosity laws, described by Eqs. (7.17) to (7.19), under these
circumstances, one has:
d
d_
vp =
@
@ _
vp =
8<: k(m  1)
 
_
vpm 2 ! enhanced Burgos' law
k(m  1)  _vpm 2 2(3  2) ! enhanced Lashkari's and original laws
So, the condition to have whether a shear-thickening or a shear-thinning behavior under
such constant internal parameters depends on the value taken by m and thus on the
parameters m1, m2, m3 and m4. Indeed, a value of m > 1 (respectively m < 1) conducts
to a shear-thickening (respectively shear-thinning) behavior. These parameters identied
by Burgos and Alexandrou [44] on the basis of the shear rate jumps experiment, which
is precisely analyzed here, has been shown in Fig. 6.14 to be such that m remains
above unity for any admissible value of the cohesion degree, which corresponds to a
shear-thickening behavior.
In the case of the micro-macro model, the equations are more complex, but again the
nature of the behavior depends on the choice of the material parameters. Again, the latter
has been identied on the basis of experiments that reveal an isostructural shear-thickening
behavior.
Fig. 7.17, which corresponds to the strain rate evolution described in Fig. 7.1 conrms
that the behavior is shear-thickening for all four models.
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Steady-state response: In this case, it is assumed that the material has got enough
time to adjust to the new shear rate conditions, and that the cohesion degree under study
is e. Thus, the steady-state viscosity is a direct function of the current shear rate only
and does not depend on the load history. In the shear rate jumps experiment under study
represented in Fig. 7.17, it corresponds to the apparent viscosity that is reached once an
equilibrium is recovered after a shear rate jump. It can be seen in this gure, that such
a steady-state viscosity depends only the current shear rate and not on the magnitude
of the shear rate step for all four models. However, the direction of the variation of the
steady-state viscosity when the shear rate is increased or decreased, or in other words the
shear-thinning or shear-thickening nature of the behavior, depends on the shear rate level
and on the model.
In the case of the rst three models, the viscosity law corresponding to a built solid skeleton
deforming into the liquid phase skel can represent both shear-thinning and shear-thickening
behaviors, since one has:
dskel(_
vp
; e)
d_
vp =

m  1
_
vp  
 
k3 + ln _
vp
(2m3e +m4)
 b
a
ec
_
vp
(_
vp
)d(
d
_
vp + c)
2
e

skel
(7.26)
where one has
m = (m1 +m3
2 +m4)e
m2(1 fl) (7.27)
It can be seen from Eq. (7.26) that if the material parameters m1, m3 and m4 are such
that m < 1 whatever the value of the cohesion degree, the behavior is shear-thinning.
But, we have seen that this is not the case here and, even though the free suspensions
behavior is always shear-thinning in both enhanced Lashkari's and original models, the
nature of the behavior depends on the level of the shear rate as well as on the material
parameters. The case of the micro-macro model is similar with more complex equations.
For an easier interpretation of the steady-state apparent viscosity evolution, it is plotted
in terms of the strain rate in Fig. 7.21. The predicted steady-state apparent viscosity for
the four considered viscosity laws is computed using the steady-state cohesion degree e
instead of the current one. The abscissa of the dots corresponding to the experimental
values correspond to each shear rate performed during the experiments. The ordinates of
these dots are the viscosity estimated as the ratio between the viscous part of the shear
stress that is reached at the equilibrium and the corresponding equivalent plastic strain
rate. The viscous part of the shear stress is estimated as the dierence between the total
shear stress and the initial yield stress. So, this is only a qualitative analysis of the results.
It can be seen that, in the experiments, the behavior is shear-thinning up to a certain
level of shear rate, than is turns shear-thickening. This is reproduced by the models under
consideration except for the micro-macro model which predicts the opposite, namely a
shear-thickening behavior at low shear rates and a shear-thinning behavior at higher shear
rates.
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Figure 7.21: Comparison of the predicted apparent viscosity evolution for the four consid-
ered viscosity laws under steady-state conditions.
Figure 7.22: Shear stress response predicted by the eight compared models under steady-
state conditions.
CHAPTER 7. NUMERICAL APPLICATIONS 195
Figure 7.23: Comparison of the apparent viscosity evolution predicted by the micro-macro
model with two sets of material parameters with two experimental results under steady-
state conditions.
This very astonishing result is due to the choice of the material parameters that resulted
from the identication process. Indeed, in section 6.3.3, dedicated to the details of the
implementation of the micro-macro model, Fig. 6.23 veries the implementation of the
micro-macro model in Metafor by comparing the evolution of the apparent viscosity
predicted by Metafor to the one predicted by Favier et al. [53] as well as to Joly and
Mehrabian's experimental results [67] (using concentric cylinder viscometer tests) under
steady-state conditions and for the same tin-lead alloy. In this case, the set of material
parameters (labeled here as set 2: ks = kp = 1 Mpa, kl = 1:81e   3 Pa, ms = mp = 0:43,
fa = 0:007, a = 1, b = 0:8, c = 0, d = 0:2, fc = 0:6) identied by Favier et al. to t the
steady-state experimental curve are dierent to the material parameters identied in the
present section on the basis of shear rate step changes experiment. Fig. 7.23 compares the
results obtained with both sets of parameters to both Joly and Mehrabian's steady-state
and Koke and Modigell's transient experiments. The set of material parameters identied
to t Koke and Modigell's experiment and detailed in Tab. 7.3 is labeled as "set 1". It
can be seen on the one hand, that the micro-macro with the so-called "set 2" of material
parameters predicts a shear-thinning steady-state behavior. This proves that, as for
the other viscosity laws, the micro-macro model can represent both shear-thinning and
shear-thickening steady-state behavior, depending on the set of material parameters that
is chosen. On the other hand, Fig. 7.23 reveals a strong discrepancy between the two
experiments. As a consequence, the micro-macro model with the second set of material
parameters is not in agreement with Koke and Modigell's experimental results used here
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to study the response of the thixotropic material to shear rates rapid variations. For
instance, it has been seen that when ms = mp, which is the case in "set 2", the model can
predict the peak of stresses consequent to a shear rate jump. For this reason, we decided
here to stick to the so-called "set 1" of material parameters.
Fig. 7.22 represents the steady-state shear stress as a function of the shear rate. Numer-
ically, this is computed using the steady-state cohesion degree e. Experimentally, the
shear stress measured at the equilibrium is plotted in terms of the corresponding shear
rate. It can be seen in this gure that the numerical results are in good agreement with
the experiments. More precisely, the error, dened in Eq. (7.21), is detailed in Tab. 7.5
for the eight considered constitutive laws. In this case, the error is located between 9%
and 27%, which is a larger interval than in Tab. 7.4 corresponding to the transient case. It
can be noticed that, in the steady-state case, the use of the eective liquid fraction always
gives results that are closer to the experiments. In both cases of full or eective liquid
fraction, the enhanced Burgos' law returns the closest results, followed by the micro-macro
model, then by the original viscosity law and nally the enhanced Lashkari's formulation.
Anyway, the dierences between the results computed by the dierent considered models
are not very strong.
Full liquid fraction Eective liquid fraction
Enhanced Burgos' viscosity law 20.51% 9.88%
Enhanced Lashkari's viscosity law 26.9 % 17.01%
Original viscosity law 24.57% 13.62%
Micro-macro viscosity law 21.32% 12.62%
Table 7.5: Quantitative evaluation of the dierence between numerical and experimental
results under steady-state conditions
7.1.5 One-phase models analysis
The aim of this section is to check the ability of the one-phase models proposed in
chapter 6 to predict the experimental facts that have been highlighted in section 3.1.2.4
on the basis of shear rate step-up and step-down experiments [1]. All tests that are
carried out in this section hold on the Sn-15%wt Pb alloy and are isothermal. If not said
otherwise, the liquid fraction is 0.55 and the time step size is set to 1 (s).
The rst tendency that has been cited [1] is that, regardless of the initial shear rate, the
viscosity decreases with increasing new shear rate. In other words, the behavior after return
to equilibrium is shear-thinning. This has already been discussed in the previous section.
The models with material parameters identied to t Koke and Modigell's experiment [66]
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can predict this experimental fact up to a certain level of strain rate. Anyway, we have seen
that it is possible to nd a set of material parameters at which the models can reproduce
this steady-state shear-thinning behavior regardless of the strain rate.
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Figure 7.24: Shear rate jumps up experiment to illustrate the ability of the models to
predict the break down characteristic time shortening and the stress peak that occur when
the shear rate increases
Two other statements [1] are that, the break down characteristic time decreases with
increasing shear rate regardless of the initial shear rate, and that, during a sudden change in
shear rate, the amplitude of the peak in stress evolution is proportional to the variation in
shear rate. These two facts are illustrated in Fig. 7.24 which represents the imposed shear
rate jumps up on the top and the shear stress response on the bottom. At the beginning
of the experiment, the microstructure is at the equilibrium, as the initial cohesion degree
corresponds to the equilibrium cohesion degree for an initial strain rate 0 = e(_
vp
0 ) which
corresponds to _
vp
0 = 10 (1/s). A rst shear rate jump up of 10 (1/s) is prescribed as the
shear rate is doubled. Then, a second and a third shear rate steps, that are respectively two
times and four times larger than the rst step, are imposed. It can be seen on the bottom
of Fig. 7.24 that the second and the third peaks in the shear stress response predicted by
the models are respectively twice and four times as big as the rst peak. The micro-macro
law predicts lower peaks in shear stress, but they are still proportional to the change in
strain rate. Also, it can be seen that the break down characteristic time is shorter at a
higher shear rate step. This can be shown mathematically by considering Eqs. (6.53) or
(6.62) corresponding respectively to the enhanced Favier and original formulations of the
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cohesion degree. Under the present isothermal conditions at a smaller liquid fraction than
the critical one fc, all three formulations of the cohesion degree are equivalent and can be
rewritten in the general form:
 =
1
a0 + b0ec_
vp
(_
vp
adi)
d0
if fl < fc (7.28)
Thus, one has:
d
d_
vp =  b0ec_
vp
(_
vp
adi)
d0(c+
d0
_
vp ) < 0 (7.29)
This shows that the model predicts a break down characteristic time that decreases with
the strain rate. The evolution of the break down characteristic time constant with the
strain rate (7.28) is represented in Fig. 7.25.
Figure 7.25: Evolution of the break down characteristic time with the strain rate in the
cohesion degree model
Also, it is reported in the literature [1] that the times for break down are shorter than
those for build up. This fact is consistent with the previous one of decreasing breakdown
characteristic time with increasing strain rate (see Eq. (7.29)). Indeed, the structure
breakdown is related to increasing shear rates and thus to shorter characteristic time, while
the structure build up is related to strain rate decrease and thus to longer characteristic
time. Fig. 7.26 represents the shear stress response to a strain rate step-up followed by
a step-down back to the initial shear rate. This gure shows that all eight models under
study can reproduce the dierence between the break down characteristic time needed to
go back to equilibrium after a step-up and the build up time after a shear rate jump down.
CHAPTER 7. NUMERICAL APPLICATIONS 199
_
vp
= 50 _
vp
= 120 _
vp
= 50 (1/s)
Figure 7.26: Shear rate jump up and jump down experiment to illustrate the ability of the
models to predict the dierent break down and build up times
Figure 7.27: Illustration of the eect of the liquid fraction on the peak in the shear stress
response to a shear rate step-up
CHAPTER 7. NUMERICAL APPLICATIONS 200
_
vp
= 0 _
vp
= 100 (1/s)
_
vp
= 0 _
vp
= 100 (1/s)
Figure 7.28: Illustration of the eect of the rest time on the magnitude of the peak in the
shear stress response and on the break down characteristic time
Another tendency that has been noticed is the increase of the overshoot with increasing
solid fraction. Several (exactly 38) shear rate step-up experiments, still isothermal but at
dierent liquid fractions have been conducted. The initial shear rate is equal to 50 (1/s)
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and jumps up to 120 (1/s) in one time step of 0.001 (s). In Fig. 7.27, the magnitude
of the peak in shear stress, namely the dierence between the equilibrium shear stress
corresponding to the initial shear rate and the immediate stress response after the strain
rate change, is plotted in terms of the liquid fraction. This allows to check the ability
of all models to reproduce the experimental fact under study (the use of the full liquid
fraction returns exactly the same results as the use of the eective one as well as both
enhanced Favier and original cohesion degree do if fl < fc). It is not represented here,
but the same test has been carried out in the case of a shear rate step-down and thus of
an undershoot. The same conclusion can be drawn in this case.
Finally, Fig. 7.28 shows that all the models can predict the fact that, with longer rest
times (namely when the initial shear rate is maintain constant over a longer period of time
before the shear rate jump), the peak stress increases and the break down characteristic
time decreases. Again, the micro-macro model reproduces the same fact but with lower
peaks.
The transient behavior of a thixotropic system, explained in section 3.1.2 is represented
in Fig. 3.3 in the case of occulated suspensions. Also, in the presentation of the Burgos'
viscosity law, Fig. 6.15 represents the same behavior, but in the case of a Sn-15%wt Pb
alloy. As a last illustration, it will be shown here that the one-phase models developed
in this work can reproduce this transient behavior on the one hand, but also the steady-
state behavior. Fig. 7.29 represents the response to two dierent imposed strain rate
evolutions predicted by the original viscosity and the eective isotropic hardening laws
(the other models are not represented here but give similar results). In the rst case,
called as "transient" in the gure, a shear step-up is performed, while in the second case
called "steady-state", the shear rate grows up to the same maximum value but in a very
slowly manner to make sure that the equilibrium is respected all along the experiment (see
top-left side of Fig. 7.29). So, in this case, unlike in section 7.1.4.3 where the equilibrium
cohesion degree is considered to represent the steady-state behavior, the same model is used
in both cases, and we want to check the ability of the model to reproduce the response to
a slow change in shear-rate.
In the upper right corner of Fig. 7.29, the predicted evolution of the cohesion degree is
represented. It can be seen that, during a shear rate step-up or step-down, the deformation
is isostructural as the cohesion degree is quasi constant. Then the break down and build
up occur progressively under constant shear rate to get back to the equilibrium. In the
case of slow increase or decrease in shear rate, the structure break down path is the same
as the build up one.
This structural evolution leads to the response in shear stress shown in the bottom of Fig.
7.29. On the right hand side, the classical peak in shear stress followed by a return to
equilibrium is predicted in the transient case, while the stress increases or decreases slowly
with the strain rate in the steady-state case. On the left hand side, we can see that the
model reproduces well the typical transient behavior of thixotropic systems represented by
Fig. 3.3.
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Figure 7.29: Illustration of the ability of the original model to reproduce the transient be-
havior typical of thixotropic systems as well as the degeneration to steady-state conditions
7.1.6 Conclusions
In conclusion, this rst application shows the ability of the constitutive modeling
considered in this work to numerically represent dierent qualitative and quantitative
aspects of the thixotropic behavior.
The numerical results are in good agreement with the experiment, but the identication
of the material parameters remains awkward.
The shear-thickening and the shear-thinning nature of the thixotropic behavior under
steady-state and transient conditions can both be numerically represented, depending on
the choice of the material parameters. Now, the question that remains open is which
behavior is really involved, as literature results show contradicting tendency [50]. Deeper
experimental studies are necessary to answer to this question.
The ability of the models under study to numerically reproduce several experimental
facts has been veried.
On the basis of this rst application, it is not possible to choose one specic model over
another. They are all similar in terms of the quality of the results that has been veried
so far.
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7.2 Compression of a cylindrical slug
In order to make a second validation of the presented material model, another
academic simulation has been conducted. The choice of this test has been motivated by
the availability of some results in the literature [58], which oers the possibility to validate
the model by comparing its results with the reference.
This application considers a cylindrical sample compressed between two parallel plates,
as described in Fig. 7.30. It remains quite simple, but is closer to forming processes and
it is representative of the thixotropic behavior. The short-time response of a semi-solid
thixotropic material, recorded during a rapid compression test is shown in Fig. 7.31
(see section 3.1.2.5). Typically, the load-displacement curve display a peak followed by
a strong increase of the load. The time from the peak load to the subsequent minimum
load corresponds to the time required for structure break down [24]. Hence, the present
application will also allow to expose the dierent features of the model, especially under
non isothermal conditions.
Two materials are considered. The tin-lead alloy, of which most of the material pa-
rameters have been identied with shear rate step-down and step-up experiments, and the
steel alloy C38 which has been developed specically for thixoforming.
Figure 7.30: Description of the compression test (axisymmetric)
The test, described in Fig. 7.30, is axisymmetric. One section is discretized using a 10
by 10 mesh.
The thermomechanical problem is solved by a staggered algorithm, a quasi-static time
integration algorithm is used in the mechanical part of the problem and the thermal part
of the problem is integrated using the generalized trapezoidal scheme.
A thermomechanical contact [29, 32, 71, 72] between the meshed slug and the tool which
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is assumed rigid is dened. The model of friction that is used here is the Coulomb law and
the friction coecient is 0.3. The interfacial conductance between the slug and the die is
10 kW/m2 oC. Room temperature is 25 oC and the heat convection coecient with the
surrounding atmosphere is equal to 45 W/m2oC.
Figure 7.31: Typical experimental load-displacement curve during rapid compression test
under isothermal conditions [24]
7.2.1 Tin-lead alloy
In this case, the reference is the result of simulations conducted by Kang et al. [58]
with their isothermal two-phase model, so that the validation concerns the isothermal
model again, but at a dierent liquid fraction than in the simple shear test.
The initial cylinder is H = 10 mm high and has a radius R of 7.5 mm. The die velocity
is 38 mm/s and its temperature is assumed constant and equal to 150 oC. The initial
temperature Tinit = 199:4
oC is such as the initial liquid fraction is 37%.
7.2.1.1 Validation of the one-phase models under isothermal conditions
In a rst step, isothermal simulations have been conducted with the Sn-15%wt Pb alloy.
The constant temperature is of 199.4 oC, corresponding to a liquid fraction of 37%. The
chosen isothermal reference considers results on the compression load. The compression
load is dened here as the loading force applied by the die divided by the current surface
of contact between the slug and the die.
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Material parameters identication: Most of the material parameters of the Sn-
15%wt Pb alloy that are necessary under isothermal conditions have been identied in
the previous section 7.1.4 according to jump up and down experiments at a liquid fraction
of 0.55. The constitutive models developed in this work take into account a change in
the liquid fraction by means of three material parameters: k2, m2 and h2
3. The proper
identication of k2 and m2 requires experimental data at more than one liquid fraction and
was thus not possible on the basis of the simple shear test only. Indeed, under isothermal
conditions, the choice of these parameters has only an impact on the choice of the other
parameters, but not on the nal results. For example, the identication of k1 depends on
the choice of k2 since, under isothermal conditions (at fl = 0:55), it is actually k1e
k2(1 0:55)
which is identied. As the compression test that is studied in the present section considers
a dierent liquid fraction (fl = 0:37), it can be used to identify the value of k1e
k2(1 0:37).
Thus, two tests at dierent liquid fraction are necessary for the identication of both k1
and k2.
The identication procedure holds thus on k2 and m2 and leads to k2 = 86:8, m2 =  1.
The negative value obtained for m2 makes physical sense. It means that the sensitivity
of the viscosity to the strain rate decreases when the material solidies. It is compatible
with the choice of the material parameters m1, m3 and m4 which leads to a decrease of
the viscosity parameter m when the microstructure is building up ( increase), thus when
the material behavior gets closer to the one of a solid, as it is illustrated in Fig. 6.14.
However, the value obtained for k2 is excessively high. It denotes an intensive sensitivity
of the viscosity to phase change and thus to a temperature variation. If this value is used
to consider non isothermal conditions, the slightest gradient of temperature through the
slug would lead to a very high gradient of viscosity.
The same problem stands for the initial yield stress. The initial yield stress identied on
the shear rates jumps up/down experiments is of the order of 1Pa and does not allow
to represent the material response to the compression test where stresses of the order of
1MPa are encountered. If we try to nd the parameter h2 that would make the transition
between the yield stress level between the liquid fraction of the simple shear test to the
one of the compression test, as it is done for k2 and m2, we get a value of 1.3636e6. This
implies an innite initial yield stress of the solid phase 0y. In other words, the same
problem as for k2 is encountered and is even worse in the case of the yield stress.
In the case of the micro-macro model, the material parameters, which are physically based,
have all been identied on the simple shear test. However, the apparent viscosity predicted
by the micro-macro model with the same set of material parameters is underestimated in
the case of the compression test. Thus, the micro-macro model cannot reproduce both
experiments with the same set of parameters either.
These troubles to nd a set of material parameters that is consistent with both
3The other parameters that have an eect when the liquid fraction varies , , e and esusp have been
introduced in order to ensure a proper degeneration of the model near the liquidus and the solidus and do
not have any inuence under isothermal conditions inside the semi-solid temperature interval.
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considered experiments (simple shear at a liquid fraction of 0.55 and compression test
at a liquid fraction of 0.37) comes from the fact that there is a dierence of about 1e6
in the order of magnitude of the stresses (Pa vs MPa). This dierence is not only due
to thermal eects. More precisely, the dierence of liquid fraction between the two
experiments, which implies a dierence in temperature of a few degree, is not the only
cause of such dierence in the behavior. Actually, there is another big distinction between
the conditions of both experiments. The strain rate and particularly the strain levels
dier by several order of magnitudes. In the compression test on the one hand, a natural
strain of 0.5 is imposed in 0.12 seconds, thus the strain and strain rates levels are about
0.5 and 4 (1/s) respectively. On the other hand, the jump up/down experiment imposes
shear rates in the range of 10 to 200 (1/s) over a period of 5760 seconds, implying natural
strains of around 450000.
Thixotropic materials are known to be sensitive to the strain rate, but also to the strain. It
has been noticed in several experiments that the resistance to deformation of a thixotropic
material suddenly decreases beyond a critical strain, as shown in Fig. 7.31. This critical
strain lays somewhere between both levels of strain imposed in the simple shear and the
compression tests.
The existence of such threshold is what is meant to be reproduced by the introduction
of the critical strain in Favier's formulation of the cohesion degree described in section
6.1.2.2. More precisely, Favier et al postulates that the solid bonds break as soon as the
local shear reaches a critical value [50]. However, the real mechanisms are more complex
and the transition between the regimes is softer. Indeed, this critical stress is reached
in the case of the step-up/down experiment. Hence, such assumption that the cohesion
degree is equal to zero beyond the critical strain would lead to a prediction of a completely
broken structure all over the shear rate changes experiment and would not allow to predict
the transient behavior of the thixotropic material.
Hardening law 0y = 6 (MPa)
Viscosity law Enhanced Burgos: k1 = 2:4405e  6 e k2(1 0:37) (MPa s)
Micro-macro: ks = 2 (MPa s)
kp = 1:45 (MPa s)
kl = 2e  6 (MPa s)
ms = mp = 1:6
Table 7.6: New identication of material parameters for the Sn-15%wt Pb alloy
In conclusion, the models considered in this work are too simple to represent numeri-
cally the thixotropic behavior at these two distant scales of strain rates with the same set
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of material parameters and a new identication procedure is necessary for the compression
test.
Thus, another identication procedure is carried out over a larger set of material pa-
rameters. The results are detailed in Tab. 7.6. The material parameters that do not
appear in Tab. 7.6 remain unchanged from Tabs. 7.1 to 7.3.
One-phase models validation: Fig. 7.32 shows the reference compression load com-
pared to those obtained by the presented models and reveals a good agreement between
them.
The rst three viscosity laws (enhanced Burgos, enhanced Lashkari and original) return
exactly the same results because the cohesion degree remains exactly equal to one. Indeed,
the break down characteristic time is higher than the duration of the experiment and the
microstructure does not have enough time to adjust to the strain rate evolution. Thus,
the response of the material is isostructure in the present case and  remains equal to one
during the whole test.
Under these circumstances, considering Eq. (6.86), the eective liquid fraction f effl =
fl [1  (1  fl)] remains also constant and is equal to (fl)2. Thus, the isotropic hardening
law that involves the eective liquid fraction predicts the same results as the one that
considers the full liquid fraction, provided that the parameter h2 is adjusted to t the
reference.
Figure 7.32: Comparison of the loading pressure between isothermal models
The predicted break down characteristic time depends on the choice of the material
parameters a, b, c and d, which have been identied by means of shear rate jump
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experiments. It can be discussed whether this choice is accurate or not and whether the
break down characteristic time is overestimated or not. Actually, a discussion about the
choice of these parameters is done in the section devoted to the simple shear test (see
7.1.4.2). Indeed, it appears that the rst choice for a, b, c and d (labeled as "case 1")
had a tendency to underestimate the break down characteristic time at high shear rates so
that another set of parameters was proposed (labeled as "case2"). However, this second
set of parameters increases the break down characteristic time. Thus, in the case of the
compression test, the "case 2" also predicts an isostructural behavior and returns the same
results as "case 1". Moreover, the "case 1" predicts the right break down characteristic
time at the lower strain rates of the simple shear experiments, which are of the same
order of magnitude as in the compression test. Finally, the prediction that the structure
break down has not enough time to occur is consistent with the shape of the reference
load-displacement curve. Indeed, the typical peak observed in Fig. 7.31 is not reached
yet. For these reasons, it is decided to stick to the rst choice of material parameters
(corresponding to "case 1").
The CPU times of the simulation with the dierent constitutive models lay between
3.5 and 5 seconds and are detailed in Tab. 7.7. These CPU times are very short, so that it
is hard to draw a real tendency, but it can already be noticed that the micro-macro model
is the most expensive.
hhhhhhhhhhhhhhhhhhViscosity law
Hardening law
Full liquid fraction Eective Liquid fraction
Enhanced Burgos 4 3.8
Enhanced Lashkari 3.6 4
Original 3.5 4.8
Micro-macro 4.8 4.4
Table 7.7: CPU times (s) for the isothermal compression test
7.2.1.2 Thermomechanical analysis
Thermomechanical simulations have been carried out on the same alloy. In this case,
the contact with the colder die causes some solidication and leads to higher loading
pressure than under isothermal conditions. Thus, the microstructure will remain fully
built up, like under isothermal conditions, and the cohesion degree will remain equal to
one all over the experiment. Thus, the present case allows to dissociate the microstructural
eects from the thermal ones, and thus to focus on the latter.
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The classical material parameters for non isothermal behavior are available in the lit-
erature [73] and are detailed in Tab. 7.8.
Liquid fraction Solidus Ts = 183 (
oC)
[69] Liquidus Tl = 210 (
oC)
Thermal properties Thermal dilatation coecient th = 24:3E
 6 (1/oC)
[73] Thermal conductivity th = 62 (W/m
oC)
Density of the solid phase s = 7897 (kg/m
3)
Density of the liquid phase l = 7566 (kg/m
3)
Capacity of the solid phase cs = 251:2 (J/kg
oC)
Capacity of the liquid phase cl = 208:1 (J/kg
oC)
Latent heat L = 0:4382 (J/mm3)
Table 7.8: Material parameters for the Sn-15%wt Pb alloy available in the literature for
non isothermal behavior
The main purpose of these simulations is to analyze the sensitivity of the models to the
material parameters that could not be identied on the basis of the isothermal test only:
- The equilibrium partition ratio r to estimate the liquid fraction fl.
- The viscosity parameters k2, m2 that quanties the eect of the liquid fraction.
- The irreversible and thermoelastic power parameters Tq and Te.
Models sensitivity to the equilibrium partition ratio r: As a reminder, the liquid
fraction is calculated by the following Scheil [19, 65] equation:
fl =
8>>><>>>:
0 if T  Ts
T Ts
Tl Ts
 1
r 1
if Ts < T < Tl
1 if T  Tl
(7.30)
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Figure 7.33: Analysis of the predicted liquid fraction sensitivity to the equilibrium partition
ratio r
The sensitivity of the predicted liquid fraction to the parameter r is illustrated in Fig.
7.33 for values of r in the interval ]1; 2[ recommended in section 6.2. The bottom of Fig.
7.33 displays the evolution of the liquid fraction with the temperature and shows that it is
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lower with a smaller r 2]1; 2[. Thus, as the initial liquid fraction value is imposed to 0.37,
the initial temperature is higher with a lower value of r. The slope of the liquid fraction
- temperature curve near the initial temperature, and thus the sensitivity of the model
to a temperature variation, is larger with lower r. Thus, the eect of the cold die has a
bigger impact on the predicted liquid fraction when the value chosen for the parameter r
is lower, as it is shown on the top of Fig. 7.33. This graph depicts the calculated evolution
of the liquid fraction during the compression test on the upper center and on the inner
center of the slug (these two locations are specied in Fig. 7.30) and for several values
of the equilibrium partition ratio r. It can be seen that the calculation predicts that the
temperature at the inner center of the slug is not aected by the external factors, while
the upper edge, which is in direct contact with the die, solidies more or less depending
on the value of r. The negative values obtained with r = 1:1 are due to the extrapolation
from the Gauss points to the node corresponding to the upper edge (the gradient of liquid
fraction is quite high). So, it is a pure artefact, not a bug in the code.
It is not shown in a picture, but if the initial liquid fraction increases the inuence of the
choice of the parameter r increases (respectively decreases) when we approach the liquidus
(respectively the solidus). This can be explained by observing on the bottom of Fig. 7.33
that the dierences between the slopes of the curves for the three chosen values of r are
higher at higher liquid fractions.
Now that the inuence on the liquid fraction itself is established, we will focus on how
it aects the mechanical results. Locally, the choice of the equilibrium partition ratio r has
a strong eect on the apparent viscosity near the die. As the temperature in the heart of
the slug remains constant, the value of r has no inuence on the behavior in this area. This
is illustrated in Fig. 7.34, in the case of the enhanced Burgos' viscosity law (equivalent to
the enhanced Lashkari's and original formulations here, since the cohesion degree remains
equal to one). The micro-macro formulation is much less sensitive to the liquid fraction
(not represented here). With all four viscosity laws under study, the predicted apparent
viscosity is lower when the parameter r is chosen higher. The same fact can be noticed
with the yield stress (not represented here).
Globally, it is shown in Fig. 7.35 that the predicted loading pressure is not strongly aected
by the choice of a specic equilibrium partition ratio, as long as it is remains inside the
recommended interval ]1; 2[.
In conclusion, the initial guess r = 1:5 can be considered as acceptable.
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Figure 7.34: Analysis of the enhanced Burgos' model sensitivity to the equilibrium partition
ratio r in terms of the apparent viscosity
Figure 7.35: Analysis of the enhanced Burgos' model sensitivity to the equilibrium partition
ratio r in terms of the loading pressure
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Models sensitivity to the viscosity parameters k2 and m2: As discussed in section
7.2.1.1, under non isothermal conditions, the parameters k2 and m2 have a strong eect on
the model. Tabs. 7.1 and 7.6 indicate that the choice of the parameters m1, m3 and m4
depends on the one of k2 and that the choice of the parameter k1 depends on the one of
k2. Considering Tabs. 7.1 and 7.6 and the fact that  = 1 over the whole experience, the
enhanced Burgos' viscosity law can be rewritten as:
 = skel = k
 
_
vpm
(7.31)
k = (2:4405e  6) ek2(f initl  fl(T ))+k3 (7.32)
m = 2:0429em2(0:55 fl(T )) (7.33)
Isothermal k2 = 1 k2 = 10
Figure 7.36: Analysis of the inuence of the parameter k2 on the nal apparent viscosity
predicted by the enhanced Burgos' model (m2 =  1)
Thus, the choice of k2 and m2 has an eect everywhere in the slug. This is illustrated
in Fig. 7.36, where we can see the map of the apparent viscosity at the end of the com-
pression test predicted by three dierent simulations: the isothermal simulation and two
thermomechanical ones with dierent value for k2. In the heart of the slug the liquid frac-
tion remain unchanged, and is equal to the initial one f initl = 0:37, so that the viscosity
is the same in all three cases. When, we get closer to the external surface of the slug, the
liquid fraction decreases in the thermomechanical cases. Thus, in both thermomechanical
cases, k decreases in a stronger manner with the higher k2, while m increases similarly in
both cases (since m2 =  1 in both cases). Thus, a strong gradient of apparent viscosity is
predicted by the model with k2 = 10. On the other hand, the viscosity gradient predicted
by the thermomechanical model with k2 = 1 is lower than in the isothermal case because of
the decrease of m. It can be seen in Fig. 7.36 that this dierence in the viscosity gradient
has an impact on the nal shape of the slug. In the case k2 = 10, the model predicts a
higher variation of the radius along the height of the slug. Indeed, the resistance of the
material to the load is much lower in the middle height of the piece than near the dies.
In the case of the initial value suggested for k2 = 86:8, this fact is overestimated and the
inner material thoroughly ows outside while the border remain almost undeformed.
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In conclusion, as we have seen in section 7.2.1.1 that the choice of a too high value for the
parameter k2 can lead to non accurate results, while the choice of a too low value for k2
can cause the lost of a part of the information. The value of k2 should be several order of
magnitude higher than the absolute value of m2.
Figure 7.37: Analysis of the enhanced Burgos' model sensitivity to the parameters k2 and
m2 in terms of the loading pressure
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Fig. 7.37 illustrates the global eect of the choice of the parameters k2 and m2 in terms
of the loading pressure evolution. The top of this gure shows that an increase of k2 tends
to increase the predicted loading pressure. It conrms the fact that a too low value of k2
can lead to an underestimation of the load, which should be higher than under isothermal
conditions. The bottom of Fig. 7.37 shows that an increase in the absolute value of m2
leads to lower predicted loads. In the same way as for k2, the choice of a too high value of
jm2j can also lead to an underestimation of the load. More precisely, both parameters k2
and m2 cannot be determined independently.
Models sensitivity to the irreversible and thermoelastic power parameters: So
far, the Taylor-Quinney factor Tq and the thermoelastic dissipation parameter Te intro-
duced in section 4.3.3 have been neglected. As shown in Fig. 7.38, the eect of the
introduction of some irreversible power by means of the Taylor-Quinney factor Tq is the
same as the one of the latent heat. Indeed, it counteracts the heat loss due to the thermo-
mechanical contact with the die and implies loads that are closer to the isothermal case.
The consideration of the thermoelastic power by means of Te also leads to the prediction of
lower loads, but in much smaller proportions and does not really modify the nal solution.
Figure 7.38: Analysis of the enhanced Burgos' model sensitivity to the Taylor-Quinney
factor Tq in terms of the loading pressure
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Figure 7.39: Map of liquid fraction at the end of the compression test (Tq = 0:9)
Fig. 7.39 displays the map of the liquid fraction at the end of the compression test when
the Taylor-Quinney factor takes its usual value Tq = 0:9 (see section 4.3.3) is introduced.
It can be seen that the liquid fraction remains equal to the initial one in the central part
of the slug as well as the gradient of liquid fraction through the part caused by the heat
losses (mainly die contact, but also convection with the surrounding atmosphere).
7.2.2 C38 steel alloy
The aim of this section is to test the models proposed in this work on a steel alloy.
The C38 steel alloy under study is a forged steel specically developed by Ascometal for
thixoforming processes. The experimental data used for the models validation have been
determined by Cézard and are available in [68]. Three non isothermal experiments have
been conducted with dierent initial temperatures in the slug. In one case, the slug is
heated up to the semi-solid state, while in the two other cases, the slug remains in the
solid state.
The initial cylinder is H = 45 mm high and has a radius R of 19 mm. The Coulomb
friction coecient is chosen as 0.4 and the die temperature is estimated at 600 oC.
In a rst step, the material parameters for steel C38 are determined to get a proper
agreement between experimental and numerical results in the semi-solid state. Then, the
ability of the models to reproduce qualitatively the inuence of the ram speed and of the
slug temperature is checked. Finally, the predicted residual stresses are studied. Indeed,
the possibility to predict the residual stresses is one of the main originalities of the present
work.
7.2.2.1 Validation of the one-phase models under non isothermal conditions
The numerical results obtained with the one-phase constitutive laws developed in this
work are compared to the available experimental data [68] corresponding to the semi-solid
state. In this case, the die velocity is 30 mm/s and the initial temperature in the slug is
1440 oC, which corresponds to an initial liquid fraction of about 40%.
CHAPTER 7. NUMERICAL APPLICATIONS 217
Material parameters determination for steel alloy C38: The thermophysical
properties of the C38 steel alloy have been determined in the "Metallurgy and Material
Sciences - Specialty Metallic Materials" division of the Aerospace and Mechanical Engi-
neering Department at the University of Liège using Dierential Scanning Calorimetry
(DSC) and the Laser Flash method [74] and are detailed in Tab. 7.9.
The material parameters of elasticity and isotropic hardening can be found in the
literature [73] for steel grades and are as follows:
 E = 2:075e5  100T (MPa),  = 0:3, where T is the temperature (oC)
 0y(Troom) = 200 (MPa)
The material parameters required in the constitutive laws that are specic to thixotropy
have been identied to best t the experiment and are detailed in Tab. 7.10.
Liquid fraction Solidus Ts = 1350 (
oC)
Liquidus Tl = 1490 (
oC)
Equilibrium partition ratio r = 1:5
Thermal properties Thermal dilatation coecient th = 1:5E
 5 (1/oC)
Thermal conductivity th = 30 (W/m
oC)
Density s = l = 7400 (kg/m
3)
Capacity of the solid phase cs = 607 (J/kg
oC)
Capacity of the liquid phase cl = 1100 (J/kg
oC)
Latent heat L = 1:7316 (J/mm3)
Table 7.9: Material parameters for the C38 steel alloy determined by DSC and laser ash
[74]
The availability of experimental results at temperatures below the solidus [68] oers
the possibility to make a quantitative validation of the models degeneration to the solid
state. In this case, the evolution of the initial yield strength 0y with the temperature is
taken as a linear interpolation between the values at room temperature and at the solidus.
In the semi-solid state, the parameter 0y is kept constant since the eect of temperature
is then taken into account by means of the liquid fraction. It is also assumed that the
solid state hardening coecient h1 remains negligible at the solid state if the temperature
is higher than 0:8Ts. Below that temperature, a linear interpolation between the values at
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room temperature (taken as 600 MPa) and at 0:8Ts is assumed. These choices have been
made on the basis of the comparison between numerical and experimental results [68] at
both temperatures below the solidus.
Cohesion degree a = 0:001 (1/s), b = 0:12 , c = 0:1 (s)
d = 1 , e = 15 ,  = 1000 ,  = 100
fc = 0:6 , init = 0:8
Hardening law 0y(Ts) = 4:8 (MPa), h1 = 0 (MPa)
Full liquid fraction: h2 = 0:7615
Eective liquid fraction: h2 = 1:3458
Viscosity law k1 = 0:8 (MPa s), k2 = 0:01 , k3 = 4:5
m1 = 1:5 , m2 =  0:001 , m3 = 0:95 , m4 =  1
kl = 0:08 (MPa s)
Enhanced Lashkari: msusp = 1
Original: ksusp = 4:7
Micro-macro: fA = 0:1 (MPa s)
ks = 79:6 (MPa s)
kp = 39:8 (MPa s)
ms = mp = 1:5
Table 7.10: Identication of material parameters for the C38 steel alloy
One-phase models validation: Fig. 7.40 compares the numerical results obtained with
the four viscosity laws considered in this work with the experimental data [68]. It reveals
a good agreement for all four models.
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Figure 7.40: Validation of the one-phase models by comparison with experimental results
on a compression test (steel alloy C38, Vdie = 30 mm/s, Tinit = 1440
oC)
Figure 7.41: Predicted evolution of the cohesion degree at the inner center of the slug in
the compression test (steel alloy C38, Vdie = 30 mm/s, Tinit = 1440
oC)
It is not shown on the picture, but the results scarcely depend on whether it is the
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liquid fraction or the eective liquid fraction that is used in the hardening law. This is due
to the fact that the current yield stress remains very small in comparison to the viscous
stress, which means that the behavior is mainly driven by viscous eects. For this reason,
these two cases will not be distinguished in the present section.
Also, both non isothermal formulations for the cohesion degree return exactly the same
results since the liquid fraction remains below its critical value.
Fig. 7.41 represents the evolution of the predicted cohesion degree at the inner center of
the cylinder (see Fig. 7.30) during the compression test. It can be seen that the cohesion
degree decreases by only about 10%. This is consistent with the shape of the experimental
load-displacement curve of Fig. 7.40, which remains continuous and does not present the
specicity of Fig. 7.31. Indeed, this means that the microstructure break down did not
occur.
Simulations using the Perzyna viscosity law and a linear isotropic hardening (see Eq.
(4.72)) have also been conducted to highlight the advantages of the models proposed in
this work on such a classical constitutive law, which will be shown in the next two sections
( 7.2.2.2 and 7.2.2.3). The law is written as:8<: y = 0y;Linear + hLinearvpvisc = kPerzyna(vp)nPerzyna(_vp)mPerzyna (7.34)
The material parameters are chosen to best t the experimental curve at 1440 oC repre-
sented in Fig. 7.40:
kPerzyna = k1e
k3init+k2(1 fl(Tinit)) (7.35)
mPerzyna = (m1 +m3
2
init +m4init)e
m2(1 fl(Tinit)) (7.36)
nPerzyna = 0 (7.37)
0y;Linear = 
0
y(1  fl(Tinit))h2 (7.38)
hLinear = h1(1  fl(Tinit))h2 (7.39)
(7.40)
With this choice of material parameters, it can be seen in Fig. 7.40 that the numerical
results using the Perzyna viscosity law are in good agreement with the experimental data
when the die speed is of 30 mm/s and the initial temperature is of 1440 oC.
The CPU times of the simulations with the dierent constitutive models are detailed in
Tab. 7.11. In the last column of the table, these CPU costs are compared to the the time
needed to run a simulation with a classical Perzyna viscosity and linear isotropic hardening.
More precisely, they are divided by the CPU of the Perzyna case. The introduction of
the thixotropic behavior has a cost, which lays between 20 and 80 % of additional time,
depending on the model. Among, the models proposed in this work, the Burgos' model
is the cheapest, while the micro-macro is the most expensive. This fact can be attributed
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to the complexity of the respective formulations. The CPU times corresponding to a low
number of degree of freedom, as it is the case here, are more relevant to estimates the extra
cost generated by the selected constitutive models. Indeed, in the case of a large number
of degree of freedom, the major part of the computation time is used by the inversion of
the tangent stiness matrix.
Constitutive model CPU (s) Normalized
CPU
Perzyna 5.5 1
Enhanced Burgos 6.7 1.22
Enhanced Lashkari 6.8 1.24
Original 6.8 1.24
Micro-macro 9.9 1.8
Table 7.11: CPU times (s) for the non isothermal compression test (steel C38, Vdie = 300
mm/s, Tinit = 1440
oC)
7.2.2.2 Inuence of die velocity
The inuence of die velocity and the ability of the models to qualitatively reproduce
the transient thixotropic behavior have been studied by speeding up the die velocity from
30 mm/s to 500 mm/s.
Fig. 7.42 represents the evolution of the load predicted by the four models for a ram
speed of 500 mm/s. The curves present the characteristic of the typical load-displacement
curve during a rapid compression test illustrated in Fig. 7.31, except for the Perzyna model
which is not able to reproduce this experimental fact. At the beginning of the experiment,
the load increases faster than in the case of a slower compression. Once the die is about
half-way through, the models predict a sudden break down of the microstructure, as it can
be seen in Fig. 7.43 which represents the evolution of the cohesion degree at the inner center
of the slug. This structural break down leads to a strong decrease in the load. The break
down characteristic time corresponds to the time from the peak load to the subsequent
minimum load. Thus, in can be seen from Fig. 7.42 that the enhanced Burgos' model
predicts a softer break down, while the three other models, predict a much shorter break
down characteristic time. This is consistent with the cohesion degree evolution represented
in Fig. 7.43. The micro-macro model predicts the highest peak in the load. This is due
to the fact that the microstructure starts to break down later, which leaves more time for
the load to continue its increase.
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Figure 7.42: Predicted load evolution in the compression test (steel alloy C38, Vdie = 500
mm/s, Tinit = 1440
oC)
Figure 7.43: Predicted evolution of the cohesion degree at the inner center of the slug in
the compression test (steel alloy C38, Vdie = 500 mm/s, Tinit = 1440
oC)
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Fig. 7.44 compares the apparent viscosity evolutions at the inner center of the cylinder
for dierent die velocities. When the die moves at 30 mm/s, it can be seen on the top of
Fig. 7.44 that the behavior is isostructural and the rst three models (enhanced Burgos,
enhanced Lashkari and original) predict a behavior close to a Newtonian one, while the
micro-macro model predicts a shear-thickening behavior. If the die velocity is increased
to 500 mm/s, the rst three models predict a shear-thinning behavior. On the one hand,
in the enhanced Lashkari's and the original models, the viscosity suddenly decreases with
the structure break down. Beyond this point, the behavior is Newtonian and the viscosity
corresponds to the one of free suspension susp. On the other hand, the soft structural
break down does not aect the slope of the apparent viscosity predicted by the enhanced
Burgos' model. This model predicts a slight shear-thickening behavior of the fully broken
structure. In the case of the micro-macro model, the behavior is shear-thickening up to
the structure break down where the apparent viscosity suddenly decreases. Beyond this
threshold, the behavior turns Newtonian. The constant apparent viscosity of the free
suspension is a little bit smaller than in the enhanced Lashkari's and in the original models.
These dierent evolutions of the apparent viscosity described by the four models
are the origin of the discrepancies between the models calculation that can be seen in
Figs. 7.42 and 7.43. Indeed, locally, a lower apparent viscosity corresponds to a lower
resistance of the material to deformation and thus to a higher local strain rate. At higher
shear rates, the cohesion degree decrease is faster, or in other words, the break down
characteristic time is smaller. This means that the break down characteristic time is
somehow proportional to the value of the viscosity after the break down, which is the
highest in the case of the enhanced Burgos' model, and the lowest in the micro-macro
model. This is consistent with the global response depicted in Fig. 7.42 as well as with
the local cohesion degree displayed in Fig. 7.43.
In conclusion, the Perzyna model cannot reproduce the peak load which is characteristic
of thixotropic material, while the enhanced models considered in this work are able to do
so. They give similar qualitative results, but do not calculate the same values for the
dierent quantities under study. A quantitative analysis by comparison with experimental
data is necessary to determine which model gives the best prediction.
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Vdie = 30 mm/s
Vdie = 500 mm/s
Figure 7.44: Comparison of the predicted apparent viscosity evolutions at the inner center
of the slug in the compression test for two dierent ram speeds (steel alloy C38, Tinit = 1440
oC)
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7.2.2.3 Inuence of the initial temperature of the slug
The inuence of the temperature has been analyzed by decreasing the initial tempera-
ture in the slug to 1427 oC, which corresponds to an initial liquid fraction of about 30%.
The predicted load evolution is displayed in Fig. 7.45 for the four models in correspondence
with the predicted cohesion degree at the inner center of the slug which can be seen in
Fig. 7.46. The facts that are often experimentally observed and are highlighted in section
3.1.2.5 are well reproduced by all four models except for the enhanced Burgos' model. More
precisely, at lower liquid fraction, the height of the load peak as well as the minimum load
beyond the peak are larger. The enhanced Burgos' model is not sensitive enough to the
liquid fraction, and the minimum load that is calculated after the structure break down
is lower with the lower liquid fraction. The Perzyna model is not represented here, but it
predicts the same load evolution as in the initial case (see Fig. 7.42) because it does not
take the change in the liquid fraction into account.
Figure 7.45: Predicted load evolution in the compression test (steel alloy C38, Vdie = 500
mm/s, Tinit = 1427
oC)
CHAPTER 7. NUMERICAL APPLICATIONS 226
Figure 7.46: Predicted evolution of the cohesion degree at the inner center of the slug in
the compression test (steel alloy C38, Vdie = 500 mm/s, Tinit = 1427
oC)
Also, the ability of the models to degenerate properly to the solid state behavior is
tested. Experimental data at initial temperature below the solidus: 1250 oC and 900
oC are available in [68]. Fig. 7.47 compares these experimental results to the numerical
calculations and reveals a quite good agreement.
As already discussed in section 7.2.2.1, these tests are used to determined the evolution
of the initial yield stress 0y and of the solid state hardening coecient h1 with the temper-
ature below the solidus. Indeed, since in the solid state the liquid fraction is equal to zero
and the cohesion degree is equal to one, the numerical results at dierent temperatures
represented in Fig. 7.47 diers only by these two parameters of the hardening law.
Again, the model of Perzyna is not able to predict accurate results outside the original
case for which the material parameters have been identied. It does not consider the so-
lidication that occurs in the material and underestimates the load at the solid state. On
the contrary, in the case the material parameters are chosen to t the experimental curves
corresponding to the solid state, it overestimates the load corresponding to the semi-solid
state.
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Tinit = 1250
oC
Tinit = 900
oC
Figure 7.47: Validation of the one-phase models degeneration to solid state by comparison
with experimental results on a compression test (steel alloy C38, Vdie = 30 mm/s)
This analysis of the solid state behavior is important for the prediction of the residual
stresses after unloading and cooling down back to room temperature which is treated in the
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next section. In this case, the knowledge of the exact values of the material parameters for
the hardening law is not critical, and the results presented in Fig. 7.47 can be considered
as acceptable.
7.2.2.4 Residual stresses analysis
This section aims to illustrate the ability of the models considered in this work to predict
such residual stresses which is one of its main originality. The calculation is then made in
two successive steps: the forming stage is followed by the unloading and the cooling down
to room temperature. The slug is initially heated up to 1440 oC. Then, during the loading
step, the die moves at 30 mm/s. Then, after the die removal, the slug cools down back to
room temperature due to convection with the ambient air.
Fig. 7.48 compares the map of stresses at the end of the loading step to the residual
stresses for the four implemented models. The four models give similar results. The gure
represents the equivalent VM stresses here, but the components of the stress tensor are also
known and give information about the mechanical quality of the component for further use.
Still in the case of the loading/unloading and cooling down steps, gure 7.49 shows the
evolution of the cohesion degree as well as the liquid fraction compared to the eective
liquid fraction at the inner center and on the upper edge of the cylinder. Before loading,
the initial liquid fraction and the initial cohesion degree are uniformly set to about 41.33
% (corresponding to the initial temperature of 1440 oC) and 0.8 respectively. Thus, the
eective liquid fraction starts at a value of 21.93%.
During the forming process, some solidication occurs (fl #) due to the thermomechanical
contact with the cold die. On the one hand, the upper center of the slug, which is in direct
contact with the die solidies completely (fl = f
eff
l = 0). The formulation predicts a fully
built-up structure ( = 1) when the solidus is reached, which makes physical sense. On
the other hand, the temperature at the inner center of the slug is not aected by the heat
loss. The liquid fraction remains constant and the structure is broken down by shearing,
so that the cohesion degree decreases. Also, the eective liquid fraction increases due to
the release of some entrapped liquid.
During the cooling down stage, the internal parameters remain constant at the upper cen-
ter where the solidication has already occurred. At the inner center, the liquid fraction
decreases slowly with the temperature, corresponding to the solidication of the material
with the slow cooling down. The cohesion degree starts to increase slowly. This evolution
of  represents both the slow recovery of the material and the eect of the slow solidica-
tion. Then, the cohesion degree tends to one at the end of the solidication stage, which
corresponds to a liquid fraction equal to zero. The eective liquid fraction decreases due
to the solidication and to the recovery of the microstructure.
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Enhanced
Burgos'
model
End of loading Residual stresses
Enhanced
Lashkari's
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Original
model
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Macro
model
Figure 7.48: Map of stresses (MPa) at the end of the loading step (left) and map of
residual stresses (MPa) (right) for the compression test (steel alloy C38, Vdie = 30 mm/s,
Tinit = 1440
oC)
These results show the ability of the model to predict accurate results on a whole
forming process (at least qualitatively), from the heating stage to the nal product (in the
case of net-shaping).
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Figure 7.49: Evolution of the internal parameters during the compression test (steel alloy
C38, Vdie = 30 mm/s, Tinit = 1440
oC)
Figure 7.50: Comparison between the equivalent plastic strain and the total equivalent
strain during the compression test (steel alloy C38, Vdie = 30 mm/s, Tinit = 1440
oC)
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The computation of the residual stresses is made possible thanks to the use of a hy-
poelastic formulation for the constitutive model which considers the elastic part of the
deformation. In this framework, the strain rate considered in the viscosity law is the inter-
nal parameter of "equivalent plastic strain rate" _
vp
instead of the equivalent total strain
rate _ in use in most of the constitutive models dedicated to thixoforming that can be
found in the literature. Fig. 7.50 compares the evolution of the equivalent plastic strain
vp, which is integrated from the equivalent plastic strain rate _
vp
, with the evolution of
the equivalent total strain , which is calculated in terms of the components of the natural
strain tensor. It can be seen that the curves are similar at both considered location of the
slug (inner center and upper center). This indicates that the consideration of the equiva-
lent plastic strain rate _
vp
instead of the equivalent total strain rate _ do not have a strong
eect on the predicted behavior, whereas it allows to predict the residual stresses.
The CPU times of the simulations with the dierent constitutive models are detailed
in Tab. 7.12. They conrm the fact, noticed on the basis of the loading stage only, that
the enhanced Burgos' law is the less expensive case, while the micro-macro is the most
expensive one. Again, the extra cost besides Perzyna viscosity law is between 22% and 80
%.
Constitutive model CPU (s) Normalized
CPU
Perzyna 19.1 1
Enhanced Burgos 23.6 1.23
Enhanced Lashkari 23.7 1.24
Original 23.8 1.24
Micro-macro 33.8 1.77
Table 7.12: CPU times (s) for the non isothermal compression test, including the unloading
and cooling down stage (steel C38, Vdie = 300 mm/s, Tinit = 1440
oC)
7.2.3 Conclusions
The conclusions that can be drawn on the basis of the second applications are a
conrmation of the ones made in the case of the shear rate step test.
It conrms that the task of material parameter identication is delicate and that
extensive experimental data are necessary.
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It has been shown that the models under study can numerically reproduce several
experimental observation in both qualitative and quantitative manners and for two
completely dierent materials (Sn-15%wt Pb and C38 steel alloys).
This application does not allow either to decide which one of the constitutive law under
consideration is the most accurate.
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7.3 Non stationary extrusion
A campaign of experimental cylindrical extrusion testing has been conducted at
the University of Liège by Pierret [7] and Vaneetveld [8] supervised by Rassili and in
collaboration with the ENSAM (Ecole Nationale Supérieure d'Arts et Métiers, Metz,
France) [9, 7, 68, 69]. The tool used for this testing has been developed at the Creas
research center (society ASCOMETAL, Luchini group).
A detailed description of this experiment, which is much more elaborated than the two
previous applications, is necessary to understand all the concepts that it implies.
Then, the numerical modeling of this extrusion test is described. The elaboration in
Metafor of such a complex test, which includes several concepts like thermomechanical
coupling in ALE formalism, thermomechanical contact, large deformations, as well as a
complex constitutive model is an original contribution of this work.
Next, the results of these numerical simulations are presented and compared to the exper-
imental data.
Finally, the CPU times of the calculations are discussed.
7.3.1 Description of the non stationary extrusion process
Basically, the non stationary extrusion test consists in the reduction of the diameter
of a cylindrical slug through a conical die (see right of Fig. 7.51). A picture of the
equipments that are used can be seen on the left of Fig. 7.51.
The principle scheme of the process is detailed on the right of Fig. 7.51. Before
the actual forming stage, the slug is heated up by induction to reach the semi-solid
state. We will not go into details about the inductive heating here, just note that the
heating parameters are calibrated to obtain an as much as possible uniform temperature
distribution in the slug. Thus, the actual temperature eld into the slug before its
deformation is not exactly uniform. Also, as it can be seen in Fig. 7.51, the heating
stage is performed inside the press so that there is no transfer of the hot slug between the
heating stage and the deformation.
After this heating stage, the upper punch of the press, on which the die and the die-holder
are installed, moves downward. A special device has been designed to ensure a constant die
velocity during the forming process, which is not obvious. Indeed, the punch of the press
slows down at the end of its course, which, without this device, would be precisely when
the forming of the slug occurs. The idea is to use absorbers that cancel the deformation of
the slug at the end of the punch course. This way, the real forming process occurs before
the punch slows down.
Theoretically, the mechanical part of the process, which corresponds to the descent of the
punch, is composed of the following successive steps. In a rst step, the lower block, on
which the slug is placed, (see right of Fig. 7.51) does not move and the slug is deformed
until both rims get into contact with each other. This rst step, at which the die velocity
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is constant, is the actual forming step. Then, in a second step, the deformation stops, but
the punch continues its movement. Thus, the whole group composed of the upper punch
and the lower block goes down together pressing down the absorbers located below the
tooling. During this second step, the die induces no further deformation to the slug so
that the force between the slug and the die, which is measured by the pressure transducer,
begins to decrease back to zero.
As a consequence of this constant punch velocity, this tool is particularly interesting to
study the inuence of the forming speed [7].
Figure 7.51: Non stationary extrusion tool assembled on a press (left) and principle scheme
(right) [7]
Fig. 7.52 represents a picture of a part obtained with the non stationary extrusion
process that is studied here (in the case of a steel alloy C38 and of the following process
parameters: Vdie = 40 mm/s, Ttool = 30
oC, Tinit = 1420
oC). The initial billet is 45 mm
high and has a radius of 15 mm. Further details about the nal geometry of the part are
discussed in the next section, but, it can already be mentioned here that the extruded (or
small radius) part is 9 cm long. However, we have no information about the length of the
non extruded (or large radius) part.
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Figure 7.52: Example of part obtained by the non stationary extrusion. The extruded
(small radius) part is 9 cm long.
Pierret [7], Cézard [68] and Rou [69] achieved an extensive study of this test. They
observed that the classical load evolution follows the kinematics of the deformation which,
as it is illustrated in Fig. 7.53, can be decomposed into three steps:
 A rst step of compression during the lling of the lower part of the die, which is
labeled as the input. The radius of the slug increases till it gets into contact with
the die.
 A step of the entrance of the material into the small radius part of the die, which is
labeled as the outlet, corresponding to a steep increase of the load.
 A last step of (hopefully) stable ow, where the load increase is due to the friction
force applied on an increasing surface on the one hand, and due to thermal exchanges
on the other hand.
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Figure 7.53: Classical load evolution encountered in the non stationary extrusion test in
relation with the kinematics of the deformation [68]
7.3.2 Numerical modeling of the non stationary extrusion test
A numerical model of the non stationary extrusion test that is described above
has been carried out in Metafor. The elaboration in Metafor of such a complex test,
which includes thermomechanical coupling, thermomechanical contact, large deformations
that can not be handled in the frame of a Lagrangian formalism, as well as a complex
constitutive model is an original contribution of this work.
This section is devoted to a detailed description of the numerical model that has been
designed. Several unclarities in the experimental data and how they are interpreted here
to set up the numerical simulation are discussed in a rst step.
The large deformations induced in the present extrusion test requires special attention to
the mesh management in order to keep an accurate solution (or even to obtain a solution).
This complex mesh management is explained in a second step.
Finally, the dierent numerical parameters (thermomechanical contact, material parame-
ters ...) are detailed.
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7.3.2.1 Modeling assumptions
The numerical representation of the non stationary extrusion test introduces two as-
sumptions about the experimental data. The rst one concerns the geometry of the die,
the second one concerns the evolution of the die displacement.
Figure 7.54: Description of the (axisymmetric) geometry of the real die and die holder
geometry and of the approximations made in the numerical model (in red). Both actual
let radii are unknown.
The schematic geometry of the die and the die holder is detailed in Fig. 7.54. The
red line corresponds to the slightly modied geometry that is considered in the numerical
model. There are two modications of the actual initial die geometry. On the one hand,
it can be seen on the left of Fig. 7.54 that there is no let prescribed in the initial die
geometry. But, it has been noticed during the experiments that some let is created by
the consecutive forming processes. However, the accurate value of the radius of the let is
not known. In the numerical model, this radius is estimated to 1 mm. On the other hand,
the exact length of the horizontal part of the die (at the intersection of the die and the
die-holder, see Fig. 7.54) is not known either, we only know that it is small with respect to
the other dimensions. Here, we decided to impose another let of 1 mm radius, as shown
in Fig. 7.54. This choice has not only been motivated by the unknown length but also, by
the complexity of the mesh management this horizontal part induces, as it will be shown
in the next section dedicated to the mesh management.
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The sensitivity of the numerical model to the radius of the lets is shown in Fig. 7.55,
which compares the loading force predicted with three dierent radius. It can be seen that
the let radius main inuence concerns the prediction of the nal load.
Figure 7.55: Sensitivity of the numerical model to the lets radius in terms of the predicted
evolution of the computed loading force (enhanced Burgos' model, Tdie = 40 mm/s, Ttool =
400 oC).
In the experiments, the above-described specic device is used to ensure an as much
as possible constant die velocity. Fig. 7.56 compares the evolution of the displacements
(in blue) and the force (in green) measured during the experiments (the frequency of
data acquisition is 200 Hz) for dierent almost-constant die velocities (and in the case of
a tool temperature estimated to 30 oC). Two dierent displacements are measured: the
punch (dotted line) and the absorber (dash-dotted line) displacements. The actual "die
displacement" Ddie that has to be introduced in the numerical simulation is the dierence
between these two displacements. It is labeled in Fig. 7.56 as "relative" (plain line).
In Fig. 7.56, the initial time is taken as the time where the die gets into contact with
the slug, thus where the force measured by the pressure transducer gets higher than zero.
The denition of the nal time is not as obvious as the one of the initial time. Indeed,
at the end of the deformation, the lower block is supposed to move at the same time as
the upper punch so that the die displacement (in the sense it has been dened here, i.e.
relative) becomes constant and the die force starts to decrease back to zero. Thus, in
the numerical simulation, the nal time is chosen as the one at which the force starts to
decrease. More precisely, it is assumed that the deformation stops at the instant t = 0:79
s (corresponding to a nal die displacement of 32.2 mm) in the case of the lower forming
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speed, and at the instant t = 0:19 s (corresponding to a nal die displacement of 34.9
mm) in the case of the higher forming speed. The latter analysis is in good agreement
with the displacements evolution represented in Fig. 7.56 only in the case of the lower
forming speed. In this case, the maximum load corresponds well to the start of the
absorber motion, both happening at time t = 0:79 s. However, in the case of the higher
forming speed, the so-called die displacement (or relative displacement) keeps increasing
while the load starts to decrease. This signies that the actual nal die displacement may
be underestimated in the numerical simulation.
However, we decided to stick with the initial criteria for the end of the forming process,
that is when the maximum load is reached, and this for two reasons. The rst one is
that the choice of the time at which the simulation is stopped does not have any inuence
on the results until this time. The other one is based on the following analysis of the
nal geometry of the slug obtained experimentally, which can be seen in Fig. 7.52 in the
case of the lower forming speed (unfortunately, such a picture in the case of the higher
forming speed is not available). Fig. 7.52 gives no information about the length of the
non extruded (or large radius) part, but it has already been noticed that the extruded (or
small radius) part is 9 cm long. Thus, a calculation based on the volume conservation
of the material can estimate the nal displacement of the die that was actually involved
during this experiment. A value of 28.6 mm is found for the die displacement. This is 3.6
mm less than the nal displacement determined with the maximum load criteria. At rst
sight, this dierence, which corresponds to a relative error of 3.6/28.6 = 12.6% may look
not too bad. However, this seemingly small dierence of 3.6 mm implies a dierence of 4
cm in terms of the length of the extruded part, and thus to a relative error of 4/9 = 44.4%.
This show that there are some contradictory discrepancies between the dierent sources of
experimental data, so that they should be taken cautiously4.
4Note that the experimental results are well reproducible, as the relative dierence between a measured
quantity and an average over three experiments does not exceed 2%.
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Vdie = 40 mm/s
Vdie = 160 mm/s
Figure 7.56: Data measured during the experiments for two forming speed
Another fact that can be seen in Fig. 7.56 is that, in the case of the higher forming
speed, the absorber starts to move while the force keeps increasing, which means that the
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deformation of the slug is not over. This creates a discontinuity (in the graphical sense)
in the curve of the so-called die displacement (or relative displacement) and implies a
die velocity which is not exactly constant. However, Fig. 7.57 compares the evolution of
the die displacement measured during the experiments to the die displacement that is
numerically obtained if the die velocity is assumed to be constant. It can be seen on Fig.
7.57 that the real die velocity is almost constant and that the approximation of constant
velocities of 40 mm/s and 160 mm/s is acceptable.
Figure 7.57: Die displacement imposed in the numerical simulations vs real die displace-
ment measured during the experiments
In conclusion, the experimental data shown in Fig. 7.56 are not consistent with the
nal geometry of the slug and should thus be taken with care. Besides, there is a slight
dierence between the actual die geometry and the one that is considered in the numerical
simulation. Thus, it is not obvious that the numerical simulations exactly reproduce the
actual experiments.
7.3.2.2 Mesh management
The large deformations occurring into the piece in the present extrusion test can not be
handled in the frame of a Lagrangian formalism because of the important mesh distortion
that would be involved. As it is said in section 4.1.2, the Eulerian description must also
be brushed aside (inability to track free boundaries and so to handle with boundary
conditions like die contacts, diculties to accurately handle internal variables related to
irreversible material behavior), the solution of global remeshing of the problem remains an
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issue as far as accuracy is concerned. For these reasons, the arbitrary Lagrangian-Eulerian
(ALE) formulation that has been implemented in METAFOR by Ponthot and Boman
[27, 29, 30, 28] is used in the present numerical simulation. In ALE, the mesh can be
moved by the user irrespectively to the material motion. Using appropriate mesh motion
rules, the time where a complete remeshing is needed can be delayed and sometimes (as
it is the case here) avoided.
Mesh description: The discretization of one section of the axisymmetric geometry,
which can be seen in Fig. 7.58, is adapted to the deformation that is imposed to
the material. A sub-domain with unstructured mesh is considered in order to keep a
good-quality mesh during the progressive disappearance of the upper sharp edged of
the slug. In the upper part of the slug, which is submitted to large deformation, the
average length of one element is 0.25 mm. A coarser mesh is considered in the lower
part of the slug that remains cylindrical. Indeed, in this region the ow is more or less
one-dimensional. An articial auxiliary sub-domain (represented in purple and mentioned
with an arrow in Fig. 7.58), composed of 24 by 20 very thin (in the initial conguration)
nite elements, is added to the slug in order to represent the extruded part. In the initial
conguration, the volume of this sub-domain is almost zero. But, as deformation takes
place, it will inate thanks to material transport from one ALE domain to another, so
that its volume will increase while the volume of the remaining part will decrease (mass
has to be conserved anyway). At all, the calculation is performed with 1287 nite elements.
ALE mesh management: The ALE mesh management is based on the a priori known
kinematics of the deformation, which is illustrated in Fig. 7.53. The idea is to reposition
the nodes in such a way that the mesh remains acceptably distorted, but without having to
perform any global remeshing. The positions of the inner nodes of the geometry that are
represented by red dots in Fig. 7.58 are imposed to fulll the following conditions during
the whole calculation:
 The radial position of nodes 3 and 4 is the same as the one of node 1 (r3 = r4 = r1)
 The vertical position of nodes 5 and 3 is the same as the one of node 2 (y3 = y5 = y2)
 The vertical position of node 6 is the same as the one of node 1, only from the time
t1 at which the material starts to enter the outlet (y6 = y1 if t > t1)
Moreover, the position of node 1 that is detailed on the zoom on the right of Fig. 7.58 is
imposed to be at the intersection of the red lines. The vertical red line is located at 0.05
mm on the right of (thus outside) the outlet.
This forces node 1 to stay in contact with the radius avoiding any excessive upward slip.
The extruded part of the slug is thus entirely represented by this auxiliary sub-domain.
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Figure 7.58: Illustration of the initial mesh and of the ALE mesh management
This way, the sub-domains containing a structured mesh remains almost rectangular, and
so does the underneath nite elements. This can be seen in Fig. 7.59 which illustrates the
evolution of the mesh during the test.
The green lines (see Fig. 7.58) are remeshed with a constant number of elements as
if they were straight between their vertices ("updated Eulerian" method) [27, 29]. The
nodes of the curves that appear in blue, which concern the outer surface of the slug,
are relocated using cubic splines [29]. The rest of the external surface of the slug is not
remeshed, its nodes are thus Lagrangian.
Except for the articial sub-domain, the inner nodes of structured-mesh domains are
relocated using a transnite interpolation [27, 29] between their boundaries. For the ini-
tially thin auxiliary sub-domain and for the unstructured part of the mesh, an iterative
smoothing optimization of the element qualities called Giuliani's method [29], is used.
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Figure 7.59: Illustration of the mesh evolution during the non stationary extrusion test
The convection or, more precisely, the transfer of the dierent calculated quantities
from the old mesh to the new one is based on a rst-order Godunov's scheme [29] (full
donor cell dierencing).
7.3.2.3 Numerical parameters
For the numerical simulation, the experiment is reduced to the 2D axisymmetric test
described in Fig. 7.60. A thermomechanical analysis using an isothermal staggered scheme
is performed. The time integration of the mechanical part of the equilibrium equations
is dynamic and uses a Chung-Hulbert scheme [39] (M =  0:97, F = 0:01, 0 = 0:25,
0 = 0:5). With this choice of parameters, as far as linear problems are concerned, the
scheme is unconditionally stable, of second order accuracy and the dissipation of the
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high frequencies numerical oscillations is optimized. The thermal part of the problem is
integrated using the generalized trapezoidal scheme.
A thermomechanical contact [29, 32, 71, 72] is dened between the meshed slug and the
rigid tool. The interfacial conductance between the slug and the die is 10 kW/m2 oC and
the Coulomb friction coecient is 0.35. The choice of this value is justied in the frame of
the next application (section 7.4.2.4).
Figure 7.60: Description of the non stationary extrusion test (initial conguration)
The billet is made of a C38 steel alloy that was specically modied for thixoforming
and whose material parameters have been identied in the case of the compression test (see
Tabs. 7.10 and 7.9 in section 7.2.2.1). However, several material parameters, detailed in
Tab. 7.13, had to be adapted. The experimental data available on the compression test for
the C38 steel alloy, from which the identication has been realized (see section 7.2.2.1), does
not give information about the breakdown characteristic time since this breakdown does
not occur in the considered experiment (the peak in the loading curve is not reached yet).
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The breakdown time parameter c had to be reduced in order to ensure the obtention of a
numerical solution. Indeed, with the initial value of c = 0:1, the decrease of the cohesion
degree  was very steep when the material enters the outlet (start of the second step of
the process illustrated in Fig. 7.53). More precisely, in the area close to node 1 (see Fig.
7.58), the cohesion degree  varies from a value of 0.77 to a value of 0.1 in one time step
of 0.3 ms. This has no physical meaning and the iterative process to solve the mechanical
equilibrium does not converge. Thus, the viscosity parameters ks, kp (for the micro-macro
viscosity law), k3 , m1, m2 and m4 (for the other viscosity laws) had to be adapted to the
new evolution of the cohesion degree. This new set of material parameters has been tested
on the compression test. It is not shown here, but the loading force evolution predicted by
the calculation with this adapted set of material parameters are not in agreement with the
experiments, as the numerical model then underestimates the load. This shows again that
it is very dicult to select a set of material parameters that is valid for two completely
dierent experiments.
Initial parameters Adapted parameters
Cohesion degree c = 0:1 (s) c = 0:003 (s)
Viscosity law k3 = 4:5 k3 = 2
m1 = 1:5 , m3 = 0:95 , m4 =  1 m1 = 0:8 , m3 = 0:05 , m4 = 0:05
Original: ksusp = 4:7 ksusp = 2
Micro-macro: ks = 79:6 (MPa s) ks = 3:18 (MPa s)
kp = 39:8 (MPa s) kp = 1:6 (MPa s)
Table 7.13: Adaptation of material parameters for the C38 steel alloy in the case of the
non stationary extrusion
The other material parameters are the same as in section 7.2.2.1 and are recalled in
Tab. 7.14.
The non stationary extrusion test has been designed to study the inuence of the form-
ing speed. The inuence of the tool temperature is also studied. Thus, four experiments
are carried out. Two die speeds Vdie = 40 mm/s and Vdie = 160 mm/s and two tool
temperatures Ttool = 400
oC and Ttool = 30
oC are considered. For each tool temper-
ature corresponds an initial temperature of the slug (respectively Tinit = 1429
oC and
Tinit = 1420
oC), which is assumed to be uniform in the numerical model.
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Elasticity Young modulus E = 2:075e5  100T (MPa)
Poisson coecient  = 0:3
Liquid fraction Solidus Ts = 1350 (
oC)
Liquidus Tl = 1490 (
oC)
Equilibrium partition ratio r = 1:5
Thermal properties Thermal dilatation coecient th = 1:5E
 5 (1/oC)
Thermal conductivity th = 30 (W/m
oC)
Density s = l = 7400 (kg/m
3)
Capacity of the solid phase cs = 607 (J/kg
oC)
Capacity of the liquid phase cl = 1100 (J/kg
oC)
Latent heat L = 1:7316 (J/mm3)
Cohesion degree a = 0:001 (1/s), b = 0:12
d = 1 , e = 15 ,  = 1000 ,  = 100
fc = 0:6 , init = 0:8
Hardening law 0y(T ) = 203:68  0:147T (MPa) if T < Ts
0y(T ) = 4:8 (MPa) if Ts < T < Tl
h1(T ) = 614:22  0:57T (MPa) if T < 0:8Ts
h1(T ) = 0 (MPa) if T > 0:8Ts
Full liquid fraction: h2 = 0:7615
Eective liquid fraction: h2 = 1:3458
Viscosity law k1 = 0:8 (MPa s), k2 = 0:01
m2 =  0:001
kl = 0:08 (MPa s)
Enhanced Lashkari: msusp = 1
Original: ksusp = 4:7
Micro-macro: fA = 0:1 (MPa s)
ms = mp = 1:5
Table 7.14: Material parameters for the C38 steel alloy
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7.3.3 Results analysis
This section presents the results of the numerical model that has been described. In
a rst step, the inuence of the die velocity is studied. In a second step, the inuence of
the tool temperature is analyzed. In both cases, the correlation between experimental and
numerical results is analyzed.
Also, the residual stresses that remain in the part after the die removal and the cooling
down back to room temperature are calculated.
7.3.3.1 Inuence of die velocity
This section aims to analyze the ability of the models proposed in this work to numer-
ically reproduce the inuence of the forming speed. For this, the load evolution during
forming processes considering two dierent die velocities is analyzed. The experimental
data are compared to the numerical results. In this section, the die temperature is assumed
to be constant and equal to 400 oC and the initial temperature in the slug is assumed to
be uniform and equal to 1429 oC.
Figure 7.61: Comparison between experimental and numerical results on the non stationary
extrusion test (steel alloy C38, Ttool = 400
oC, Tinit = 1429
oC)
Fig. 7.61 represents the load evolution in terms of the die displacement measured exper-
imentally in comparison with the one calculated by several models, for the two considered
forming speeds. This gure contains several kinds of information.
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Split of the deformation into three steps : The load evolutions predicted by the
numerical simulations, shown in Fig. 7.61, follow qualitatively the classical load evolution
which can be related to the three steps of the deformation kinematics, as proposed by
Pierret [7], Cézard [68] and Rou [69] and illustrated in Fig. 7.53. On the one hand,
in terms of the force evolution predicted by all numerical models (independently of the
forming speed and of the choice of one of the numerical models), it can be seen in 7.61
that the end of the rst step of compression and lling of the die lower part corresponds to
a die displacement of 19.6 mm. Then, the second step, which corresponds to the entrance
of the material into the outlet and to a steep increase of the load, is very short in terms
of die displacement and ranges from 19.6 mm to 21.5 mm. Finally, the last step of stable
ow and quasi constant load is numerically reproduced.
On the other hands, in terms of the slug deformation, these three steps are illustrated in
Fig. 7.62 in the case of the numerical simulation with the lower forming speed. It can be
seen in this gure that the kinematics of the deformation predicted by the calculation is
in good agreement with the theoretical analysis of Pierret [7], Cézard [68] and Rou [69].
Also, Fig. 7.62 represents the map of equivalent plastic strain rate at three dierent
discrete times (one inside each step of the forming process). It reveals that the strain
rate is of course non uniform and that the deformation remains mainly located inside the
convergent and in the corner between the convergent and the small radius part of the slug.
Focusing on the experimental curves represented in Fig. 7.61, the curve corresponding
to a die velocity of 40 mm/s does not present the expected load stabilization at the end
of the deformation. Fig. 7.63 shows that this does not have anything to do with the time
at which we decided to stop the numerical deformation, discussed in section 7.3.2.1. The
load evolution in time does present a peak at the end of the deformation and the absence
of stable load step is a real experimental fact and has not been explained.
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Vdie = 40 mm/s
Ddie = 5:8 < 19:6 mm Ddie = 20:5 2]19:6; 21:5[ mm Ddie = 23:4 > 21:5 mm
Vdie = 160 mm/s
Ddie = 5:8 < 19:6 mm Ddie = 20:5 2]19:6; 21:5[ mm Ddie = 23:4 > 21:5 mm
Figure 7.62: Numerical representation of the three dierent steps classically encountered in
the non stationary extrusion (thermomechanical enhanced Burgos' model) for two forming
speed and map of the equivalent plastic strain rates at dierent times.
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Figure 7.63: Evolution of the loading force measured during the whole experiment (Vdie =
40 mm/s, Ttool = 400
oC) [7]
Inuence of the forming speed : Going back to Fig. 7.61, it can be seen that
the second step of the deformation is much shorter in terms of die displacement in the
numerical simulations than in the experiments, especially in the case of a larger forming
speed. Indeed, the durations (in terms of die displacement) of the three steps of the
deformation predicted by the numerical model do not depend on the die velocity. As
a consequence, in the numerical simulation, the load increase in the second step of the
deformation is much stronger than in the experiments.
Numerical simulations using the friction law of Tresca [29, 71, 72] instead of the one
of Coulomb and considering dierent friction coecients have been carried out in order to
make sure that the correlation between the numerical and the experimental results can not
be enhanced by another choice of friction model. The results obtained for both forming
speeds in terms on the loading evolution with the Tresca law (with friction coecients of
0.7 and 0.9) are compared in Fig. 7.64 to the one obtained with the Coulomb model (with
friction coecients of 0.35 and 0.5) and to the experimental curves. Fig. 7.64 shows that
every friction laws and parameters that are tested give similar results, regarding the load
evolution.
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Vdie = 40 mm/s
Vdie = 160 mm/s
Figure 7.64: Comparison of the predicted evolution of the loading force obtained with two
dierent models of friction (isothermal enhanced Burgos' model).
On the one hand, on the basis of the computed loading evolution, the numerical sim-
ulation predicts that the start of the second step of the deformation corresponds to a die
displacement of 19.6 mm. On the other hand, analytic calculation based on the volume
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conservation indicates that a die displacement of about 22 mm is necessary to completely
ll the lower part of the die, namely the input and the conical part together. This means
that the second step of the forming process starts before this lower part of the die is com-
pletely lled. This can be seen in Fig. 7.65 which represents the geometry of the slug
corresponding to a die displacement of 19.6 mm for both die velocities. In this gure, the
white lines represent the contact forces. It shows that the increase of the load corresponds
to the start of the contact between the slug and the outside wall (green circles) and is
thus correlated to geometrical matters. However, Fig. 7.65 shows that in the numerical
simulations, the die speed does not have a signicant inuence on the evolution of the ge-
ometry of the slug, as the geometry of the slug obtained with Vdie = 160 mm/s is globally
equivalent to the one at Vdie = 40 mm/s. Thus, the start of the die force strong increase
does not depend on the die speed.
Vdie = 40 mm/s Vdie = 160 mm/s
(t=0.49 s) (t=0.12 s)
Figure 7.65: Geometry at the end of the rst step predicted by the numerical simulation,
corresponding to Ddie = 19:6 mm for two die velocities (the white lines represent the
contact forces)
Becker [75] has deepened this discussion by performing a series of experiments with
dierent nal die displacements (comprised between 19 and 23 mm) at both die speeds.
This is made possible by an adaptation of the block height to the desired nal displacement
of the die. These experiments were meant to check the real evolution of the slug geometry
during the forming process and its sensibility to the forming speed. However, in the case
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of a die velocity of 160 mm/s, the experimental load evolution is sensitive to the end of
the deformation, and the dierent experimental curves, corresponding to dierent nal
deformations, do not superimpose on the common part. Thus, the results are not inter-
pretable in terms of the evolution of the loading force. But, geometrically, the experiments
demonstrated that in all cases of nal displacements that have been tested, the material
did ll the lower part of the die and the convergent before its entrance into the outlet.
Pierret [7] proposes the following explanation of the eect of the forming speed on the
loading force evolution: Both steps of compression and of entrance inside the outlet occur
simultaneously instead of being sequential [7]. This has not been demonstrated and does
not seem to be consistent with Becker's results.
In conclusion, on the one hand, it has been shown in section 7.3.2.1 that the experimental
data were not completely unambiguous so that it is not totally certain that the numerical
simulation really represents the actual experiment. On the other hand, the experimental
fact that the numerical model could not reproduce have not found any physical rigorous ex-
planation. Thus, further work is necessary to correlate the experiments with the simulation
and vice versa and to better understand the complex phenomena that are involved.
Interest of the proposed constitutive model : Beside this fact, Fig. 7.61 shows
that the maximal loading forces, that has to be applied at the end of the deformation,
is lower at a higher forming speed in the experiments. This is due to two concurrent
eects. On the one hand, at higher die velocity, the strain rate induced in the material is
higher so that more solid bounds are broken down. On the other hand, the heat losses
due to the contact with the colder die are lower if the die is moving faster, so that the
temperature and thus the liquid fraction inside the slug are higher. Fig. 7.61 represents
the relevance of the use of a constitutive law specic to thixotropic material and the
importance of a thermomechanical analysis. Also, it distinguishes the contribution of
each of both mentioned eects (structure breakdown due to shearing and heat loss) to
the load evolution. Indeed, Fig. 7.61 compares the results obtained by isothermal and
thermomechanical analysis using a classical Perzyna viscosity law and a linear isotropic
hardening law to those obtained by the enhanced Burgos' viscosity law and the original
isotropic hardening law which considers the full liquid fraction. In this latter case, the
cohesion degree is computed using the enhanced Favier formulation.
The parameters k and m used in the Perzyna viscosity law are as follows:
k = k1e
(k3+k2(1 f initl )) (7.41)
m = (m1 +m3+m4
2
)em2(1 f
init
l ) (7.42)
where  is chosen as init=2 = 0:4, so that one has k = 11:2 MPa s and m = 0:83.
During the rst two steps of the forming, all calculations return similar results in terms of
loading evolution. The predicted load is a little bit higher when the die velocity is larger.
The several considered models dier at the end of the second step and in the third step.
The isothermal analysis using the Perzyna viscosity law (red curves) underestimates the
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nal load when Vdie = 40 mm/s and overestimates it when Vdie = 160 mm/s. It predicts
an increase of the nal load with the die velocity, which is not in agreement with the
experiments.
The isothermal analysis using the enhanced Burgos' viscosity law (green curve) corrects
this fact as it predicts a lower nal load at the higher forming speed, thanks to the use
of the internal parameter . But, it still underestimates the nal load when Vdie = 40mm/s.
The thermomechanical analysis (blue curve) gives the closest results to the experiment.
The introduction of the thermomechanical eects increases the predicted nal loads, on
the one hand, but also the dierence between the loads at the two considered die velocities.
This shows that neither the change in the microstructure alone nor the thermal eects
alone can explain the change of the nal load at dierent forming speeds.
Particularly, the latter analysis allows to quantify separately the respective eects of
the structure breakdown and heat losses due to the thermal contact with the die, and this
way, it can help to understand the experimental results. Indeed, Cézard [68] highlighted
the diculty to analyze the experimental results due to the combination of these two
eects, as this coupling can not be completely avoided in practise.
Figs. 7.66 and 7.67 show how the combined thermal and structure breakdown eects
are taken into account in the model through both internal parameters of cohesion degree 
and liquid fraction fl. Fig. 7.66 represents the evolution of these two internal parameters,
computed by the enhanced Burgos' model and for both considered die velocities, at the
convergent point of the slug (see Fig. 7.67). The isothermal analysis is compared to the
thermomechanical one. In the case of an isothermal analysis, the computed liquid fraction
remains constant so that the evolution of the cohesion degree depends on the strain rate
only. Thus, the cohesion degree starts to decrease at the start of the second step of
the forming. This decrease is stronger in the case of the higher forming speed. In the
thermomechanical calculation, the liquid fraction decreases due to the thermomechanical
contact with the colder die. This decrease is stronger in the case of a lower die velocity
where the contact lasts for a longer period of time. This solidication aects the cohesion
degree which is higher than in the isothermal case. This shows the importance of the
introduction of the material parameters  and  in the formulation of the cohesion degree,
which is discussed in chapter 6 (section 6.1.3) and which ensures an immediate return of
the cohesion degree to a value of one, corresponding to a fully built up microstructure,
with the solidication.
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Vdie = 40 mm/s
Vdie = 160 mm/s
Figure 7.66: Analysis of the internal parameters evolution at the convergent point of the
slug (see Fig. 7.67) predicted by the enhanced Burgos' model (steel alloy C38, Ttool = 400
oC, Tinit = 1429
oC)
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Figure 7.67: Analysis of the map of the cohesion degree and of liquid fraction predicted by
the enhanced Burgos' model (steel alloy C38, Vdie = 40 mm/s, Ttool = 400
oC, Tinit = 1429
oC) during the third step of the process (time t = 0:63 s)
This competition between the strain rate and the solidication eects on the cohesion
degree is illustrated in Fig. 7.67, which represents the map of the cohesion degree during
the third step of the forming process computed by the isothermal analysis on the left, and
by the thermomechanical analysis on the right, also the map of the liquid fraction is shown
in the case of the thermomechanical analysis only (as the liquid fraction is uniform and
equal to its initial value in the isothermal calculation). It can be seen that the isothermal
analysis underestimates the cohesion degree (and thus the load) since it does not take into
account the solidication of the material on the skin of the slug.
So far, only one of the four viscosity laws, one of the two hardening laws and one the
two formulations of the cohesion degree have been considered. The calculation returns
equivalent results when the original formulation is used for the cohesion degree. This is
due to the fact that the liquid fraction remains lower than the critical one fc. In the
semi-solid state, the yield stress is of several order of magnitude below the viscous stress,
so that the introduction of the eective liquid fraction instead of the full liquid fraction
in the hardening law does not aect signicantly the numerical results. The choice of the
viscosity law has got a slight eect on the predicted load evolution, as it can be seen in Fig.
7.68. For both considered die velocities, both original and enhanced Lashkari viscosity laws
predict a nal load a little bit lower than the enhanced Burgos' model. The micro-macro
model predicts a quite larger nal load than the enhanced other models. It is thus closer
to the experimental results in the case of the lower forming speed, but it deviates from the
experimental curve in the case of the larger die velocity.
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Vdie = 40 mm/s
Vdie = 160 mm/s
Figure 7.68: Comparison between experimental and numerical results obtained with the
four proposed viscosity laws on the non stationary extrusion test (steel alloy C38, Ttool =
400 oC, Tinit = 1429
oC)
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7.3.3.2 Inuence of tool temperature
The inuence of the tool temperature has also been studied by performing experiments
and numerical simulations with a tool that has not been previously heated up. In the
numerical simulations, the die temperature is assumed to be constant and equal to 30 oC.
In this case, the temperature measured in the slug at the start of the loading is lower
than previously and it is assumed to be uniform and equal to 1420 oC in the numerical
simulation.
The evolution of the load predicted by the enhanced Burgos' viscosity law is compared
to the experimental results for both tool temperatures and die speeds in Fig. 7.69.
In the experiments on the one hand, it can be seen that, in the case of a lower forming
speed, the use of a colder die induces some delay in the third step of the process start. As
it is the case for the eect of the die velocity, the delay that is observed here has found
no rigorous physical explanation. If Vdie = 160 mm/s, the die temperature has no eect
on the duration of the dierent forming steps. Also, the nal load is slightly higher in the
case the colder die as the thermal eect is reduced when the die speed increases.
On the other hand, in the numerical simulations, the delay in the start of the third step
with a colder die is not reproduced. Like the increase of the die velocity, the increase of the
die temperature, both leading to a higher "uidity" (thus a lower viscosity), does not aect
the predicted start of the second step of the forming. In other words, in the numerical
model, the viscosity of the material does not have a strong enough eect on the evolution
of the slug geometry to aect the die displacement that corresponds to the start of the
contact between the slug and the input. However, the predicted nal load is well higher
in the case of a colder die. This dierence in the nal load predicted by the calculation is
slightly underestimated in the case of the slower die motion, while it is equal to the one
measured in the experiments in the case of the faster die motion.
The results obtained with the other models proposed in this work are similar and are thus
not represented here.
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Vdie = 40 mm/s
Vdie = 160 mm/s
Figure 7.69: Comparison between experimental and numerical results on the non stationary
extrusion test (steel alloy C38), in the case of the enhanced Burgos' model
7.3.3.3 Residual stresses analysis
As it has been done in the case of the compression test, this section aims to analyze
the predicted residual stresses after the die is removed and the slug is cooled down back to
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room temperature. The calculation is then also made in two successive steps: the forming
stage is followed by the unloading and the cooling down to room temperature. The slug
is initially heated up to 1420 oC. During the loading step, the die (which is at a constant
temperature of 30 oC) moves at 40 mm/s. Then, after the die removal, the slug cools down
back to room temperature due to convection with the ambient air. Room temperature is
25 oC and the heat convection coecient with the surrounding atmosphere is equal to 45
W/m2oC.
End of loading Residual stresses
Figure 7.70: Map of stresses (MPa) at the end of the loading step and map of residual
stresses (MPa) predicted by the enhanced Burgos' model (steel alloy C38, Vdie = 40 mm/s,
Ttool = 30
oC, Tinit = 1420
oC)
Fig. 7.48 shows the map of the equivalent von Mises stresses at the end of the loading
step (left) and the residual stresses (right) predicted by the enhanced Burgos' model.
This test corresponds to the experiment which produced the part pictured in Fig. 7.52.
As already discussed in section 7.3.2.1, it appears in Fig. 7.48 that the nal geometry
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predicted by the simulation is dierent to actual one in terms of the length of the extruded
part. However, in the case of a nal die displacement of 28.6 mm instead of the 32.2 mm
that have been imposed on the basis of the maximum load criteria (see section 7.3.2.1), the
calculation predicts a length of 8.9 cm for the extruded part, which is in good agreement
with the experiment and with the volume conservation.
7.3.4 CPU times comparison
Finally, an analysis of the extra CPU costs induced by the introduction of the consti-
tutive law specic to thixoforming is presented. Tab. 7.15 compares the CPU times in
the case of isothermal simulations with a classical Perzyna viscosity law to the enhanced
Burgos' viscosity law. These CPU times are correlated to the number of time steps and
of iterations that have been performed during the numerical simulations. These numbers
of time step and of iterations as well as the average CPU time of one iteration and of one
time step are also presented in the table.
CPU (s) Time Iterations CPU/ CPU/
(s) steps iteration (s) t (s)
Perzyna
Vdie = 40 mm/s 671.1 1204 3493 0.19 0.56
Vdie = 160 mm/s 665.5 960 2575 0.26 0.69
Enhanced Burgos
Vdie = 40 mm/s 693.7 1016 2668 0.26 0.68
Vdie = 160 mm/s 1019.6 1411 3922 0.26 0.72
Table 7.15: CPU times (s), number of time steps and of iterations and average CPU time
of one iteration and of one time step for the isothermal computation of the non stationary
extrusion, (steel C38, Ttool = 400
oC, Tinit = 1429
oC)
The rst thing that appears from Tab. 7.15 is that the CPU times of the dierent
simulations are driven by the number of iterations taken by the simulation (which is of
course obvious), which depends on the choice of the model, but also on the die velocities
and temperatures. Thus, even though the enhanced Burgos' viscosity law is more
elaborated than the Perzyna law, it may be equivalent in terms of CPU costs because it
converges faster. It is the case of the isothermal simulation at Vdie = 40 mm/s.
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Tab. 7.16 compares the CPU times in the case of thermomechanical analysis with the
enhanced Burgos viscosity law and for dierent cases of die velocity and temperature. The
number of time steps, and of mechanical and thermal iterations, as well as the average
CPU of one iteration and of one time step is also presented. So far, as it is the case in
the experiments, the nal die displacement was higher in the case of the colder and the
faster die. However, in this section, in order to make a relevant comparison, the nal die
displacement, or in other words the total time of the experiment, does not depend on the
tool temperature. It still depends on the die velocity, since the total time of the experiment
is dierent anyway. More precisely, in this section, the nal die displacement is equal to
29.5 mm in the case Vdie = 40 mm/s and is equal to 32.5 mm in the case Vdie = 160 mm/s.
CPU Time Mechanical Thermal CPU/ CPU /
(s) steps iterations iterations iteration (s) t (s)
Vdie = 40 mm/s 1362.3 1011 2700 1011 0.37 1.35
Ttool = 400
oC
Vdie = 160 mm/s 1601.8 1253 3408 1253 0.34 1.28
Ttool = 400
oC
Vdie = 40 mm/s 1441.8 1070 2882 1070 0.36 1.35
Ttool = 30
oC
Vdie = 160 mm/s 1792.6 1381 3907 1381 0.34 1.3
Ttool = 30
oC
Table 7.16: CPU times (s), number of time steps and of mechanical and thermal iterations
and average CPU time (s) by (mechanical and thermal) iteration and by time step for
the thermomechanical computation of the non stationary extrusion, (steel C38) with the
enhanced Burgos' model
The tendency that can be drawn is that the number of iterations (both mechanical
and thermal) is higher if the die velocity is higher or if the die temperature is lower, which
both correspond to higher contact force, and can be attributed to the contact computation.
Indeed, the penalty coecient [29, 71, 72] is the same in all the numerical simulations that
are presented so that a higher contact force will induce a larger number of time steps and
of iterations.
Also, the thermomechanical analysis is less than twice more expensive than the isothermal
analysis. This is not bad considering the importance of the introduction of the thermal
eects on the quality of the solution. The thermal part of the calculation converges in one
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iteration, as the number of thermal iterations is equal to the number of time step.
Vdie = 40 mm/s Vdie = 160 mm/s Vdie = 40 mm/s Vdie = 160 mm/s
Ttool = 400
oC Ttool = 400
oC Ttool = 30
oC Ttool = 30
oC
Total (s) Rel. Total (s) Rel. Total (s) Rel. Total (s) Rel.
Perzyna 688.5 1 787.3 1 677.3 1 761.6 1
Burgos 1362.3 1.98 1601.8 2.03 1441.8 2.13 1792.6 2.35
Lashkari 1387.5 2 2026.2 2.57 1509.7 2.23 1835.5 2.41
Original 1402.5 2.04 1509.9 1.92 1553.4 2.29 1820.2 2.39
Micro-macro 2070.3 3 2382.6 3.03 2203.9 3.25 2482.8 3.26
Table 7.17: CPU times (s) and normalized CPU time with respect to the Perzyna model
for the thermomechanical computation of the non stationary extrusion, (steel C38)
Tab. 7.17 compares the average CPU times for one iteration for the dierent models
proposed in this work to the Perzyna viscosity law. It shows that the choice of one of the
rst three models of thixotropy does not have a strong inuence on the CPU times. The
micro-macro model is 1.5 times more expansive.
It should be noticed that the calculation times remain reasonable with respect to the
complexity of the problem that is studied. The longer calculation is of about 40 minutes.
Finally, the sensitivity to the mesh density and to the penalty coecient have been
studied. This study is carried out on the test considering a die velocity of 160 mm/s and
a tool temperature of 400oC.
To quantify the sensitivity to the geometrical discretization, a calculation considering a
rened mesh and where the penalty coecient remains unchanged from the initial case is
performed. The initial mesh is represented in Fig. 7.58, the elements in the upper part of
the slug are already very small and their sizes are not adapted in the case of the rened
mesh. The height of the elements in both the lower part of the slug and the articial
auxiliary sub-domain is divided by two. The total number of elements is thus equal to
1893 in this new case, which is represented in Fig. 7.72. The CPU time taken by this
calculation is equal to 2321.22 s, so that the CPU costs are increased by 719.4 s (45 % of
the initial CPU time) to go from the initial mesh to the rened one, while the computed
loading force is not signicantly enhanced (blue and green curves), as it can be seen in
Fig. 7.71. The use of a coarser mesh than in the initial case does not allow to obtain
a solution, as the iterative procedure of resolution of the equilibrium equations does not
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converge. This need for a highly rened geometrical discretization is due to the complexity
of the deformation.
Also, a calculation with the same mesh as in the initial case, but where the penalty is 1.5
larger than in the initial case is carried out. The numerical results are also compared in Fig.
7.71 in terms of the predicted die force evolution. With a higher penalty, the calculation
takes 2485.1 s instead of 1601.8 s , and there is no signicant dierences between the loads
predicted with both penalty coecients, as it is shown in Fig. 7.71 (blue and red curves).
Also it can be noticed that the eect of a higher penalty for the algorithm of contact and
the eect of a rened mesh are going into opposite ways, and thus counteract each other.
In conclusion, the choice of the mesh density and the penalty coecient made in this
section is relevant.
Figure 7.71: Analysis of the sensitivity to the mesh density and to the penalty coecient
in terms of the die force evolution for the enhanced Burgos model (Vdie = 160 mm/s)
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Figure 7.72: Description of the rened mesh (1893 elements) in both initial and deformed
congurations
7.3.5 Conclusion
The numerical non stationary extrusion test carried out with Metafor and presented in
this section is an original contribution of this work. Indeed, this test involves many aspects
of the large deformation framework such as thermomechanical coupling, thermomechanical
contact, large deformations that can not be handled in the frame of a classical Lagrangian
formalism, as well as a complex constitutive model.
Both experimental and numerical analysis of the non stationary extrusion test revealed
an important inuence of the forming speed. The numerical calculations are in qualitative
agreement with the experiments in terms of the loading forces (at least as long as the
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amplitude is concerned).
The numerical simulations predict a nal load plateau at the end of the pro-
cess which is lower in the case of a faster forming, as it is the case in the experiments.
A basic Perzyna (or Norton-Ho) model is intrinsically unable to predict such an evolution.
The eect of the die temperature on the nal load level is also well reproduced by the
calculations.
The three steps classically encountered in this extrusion test are represented in the
computations. But, the duration of these steps in terms of the die displacement are not
in good agreement with experimental results. In the experiments the loading curve can
no longer be correlated to the three steps of deformation when the die speed is 160 mm/s
while the computation predicts the same very short (in terms of die displacement) second
step of steep load increase independently of the forming speed. However, this experimental
fact has found no rigorous explanation yet. Moreover, several experimental data are not
completely clear so that it is not certain that the numerical model considers exactly the
actual problem. Thus, further work is necessary in order to check the real evolution of
the geometry of the slug with several process parameters and to compare it with the ones
predicted by the numerical simulations. This may help to nd out where the discrepancies
between numerical and experimental results come from.
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7.4 Double cup extrusion
Another test that has been studied is the double-cup extrusion test. As for the
non stationary extrusion test, a campaign of experiments has been conducted at the
University of Liège by Pierret, Vaneetveld and Rassili [7, 10]. This test has been designed
in collaboration with the industrial engineering and mechanical production laboratory of
the ENSAM (Ecole Nationale Supérieure d'Arts et Métiers, Metz, France). It is mainly
dedicated to study the thermal exchanges between the tool and the slug [7].
After, a brief description of the process and of the kinematics of the deformation, the
numerical modeling of this extrusion test is described. As in the case of the non stationary
extrusion test, the elaboration in Metafor of such a complex test is an original contribution
of this work. Next, the results of these numerical simulations are presented and compared
to the experimental data, and nally, the CPU times of the calculations are analyzed.
7.4.1 Description of the double-cup extrusion process
The experiment (see Fig. 7.73), consists in the production of a H revolution shape part
or "double-cup", illustrated in Fig. 7.74, starting from a cylindrical slug. The deformation
is thus composed of a compression followed by an inverse extrusion.
Figure 7.73: Principle scheme of the dou-
ble cup extrusion in the case only one
punch is in motion (not the actual geom-
etry)
Figure 7.74: Example of (half) part
obtained by double cup extrusion
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According to Pierret [7], the forming process can be decomposed into three successive
steps illustrated in Fig. 7.75:
 A rst step of compression until the material gets into contact with the outside wall.
 A step of the beginning of the inverse extrusion, corresponding to an increase of the
load.
 A last step of stable ow, where the load is constant or decreases slightly.
Figure 7.75: Classical load evolution encountered in the double extrusion test in relation
with the kinematics of the deformation [7]
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7.4.2 Numerical modeling of the double-cup extrusion test
The numerical test is illustrated in Fig. 7.76. It can again be considered as axisym-
metric.
Figure 7.76: Description of the double-cup extrusion test (initial conguration)
A thermomechanical analysis using an isothermal staggered algorithm is performed.
The time integration of the mechanical part of the equilibrium equations uses the
dynamic Chung-Hulbert scheme [39] (M =  0:97, F = 0:01, 0 = 0:25, 0 = 0:5).
With this choice of parameters, as far as linear problems are concerned, the scheme is
unconditionally stable, of second order accuracy and the dissipation of the high frequencies
numerical oscillations is optimized. The thermal part of the problem is integrated using
the generalized trapezoidal scheme.
A thermomechanical contact [29, 32, 71, 72] is dened between the meshed slug and
the rigid tools. The interfacial conductance between the slug and the tools is 10 kW/m2 oC.
As shown in Fig. 7.76, the radius of both punches and of the outside wall are equal to
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14.5 mm and 23 mm respectively. The let of each punch has a radius of 2 mm.
Three experiments are performed with dierent heating conditions of the slug. In the
calculations, the initial temperature is assumed to be uniform in the slug and equal to 1335
oC, 1370 oC and 1410 oC, which corresponds to initial liquid fractions of about 0.1, 0.2 and
0.4 respectively (see Tab. 7.18 for the exact values) in the case of the present 100Cr6 steel
alloy (see section 7.4.2.3). The temperature of the slug, which is warmer than the tool, has
an eect on the tool temperature. In the numerical simulations, it is assumed that the tool
temperature is constant and equal to an approximate average value of the temperature
measured during the experiment, as it is detailed in Tab. 7.18. The tool preheating is not
consistent, it depends on the experiments that have been performed previously and of the
period of the time between two experiments. Thus, it can be seen that there is no apparent
correlation between the slug and the tool temperatures, as the lower slug temperature does
not correspond to the lower tool temperature.
f initl Tinit (
oC) Ttool (
oC)
0.07 1335 170
0.19 1370 130
0.39 1410 180
Table 7.18: Initial slug temperatures and liquid fractions and corresponding tool temper-
atures
7.4.2.1 Mesh management
As in the case of the non stationary extrusion test, the large deformations occur-
ring into the piece in the present test can not be handled in the frame of a Lagrangian
formalism and the arbitrary Lagrangian-Eulerian (ALE) formulation [27, 29, 30, 28] is used.
Mesh description: Initially, the billet is 40 mm high and has a radius of 20.5 mm.
One section is discretized by elements of a mean size of 0.75 mm by 4 mm. Two articial
auxiliary sub-domains (mentioned with arrows in Fig. 7.77) are added to the slug in
order to represent the evolution of both extruded parts. Since the displacement of the
upper punch is larger than the one of the lower punch, the upper auxiliary sub-domain, is
composed of 8 by 40 nite elements, while the lower sub-domain is composed of 8 by 20
nite elements. At all, this mesh is made up of 750 nite elements.
ALE mesh management: The mesh management procedure is of the same kind as
in the non stationary extrusion test. The ALE mesh management is based on the pre-
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supposed kinematics of the deformation, which is illustrated in Fig. 7.75. The idea is to
relocate the nodes in order to keep a proper mesh without complete remeshing of the slug.
Figure 7.77: Illustration of the initial mesh and of the ALE mesh management in the
double-cup extrusion test
The positions of the four nodes of the geometry that are represented by colored dots
in Fig. 7.77 have to stay at the intersection of both lines of their respective color. In other
words, the red node must remain at the intersection of both red lines, it is the same for
the yellow, purple and brown nodes and lines.
The vertical purple and red lines, which are actually the same line, are located at 0.1
mm on the left of (thus inside) the vertical wall of the punches. This prevents the nodes
outside of the articial sub-domain to enter the branches of the H. Both extruded parts
of the slug are thus entirely represented by the auxiliary sub-domains.
The same vertical motion as the one of the upper punch is imposed to the horizontal
brown line (represented in Fig. 7.77 by a brown arrow). Similarly, the horizontal yellow
line moves at the same time as the lower punch.
This way, the non-extruded part of the slug remains almost rectangular, and so do the
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nite elements. This can be seen in Fig. 7.77 which illustrates the evolution of the mesh
during the test.
The curves that appear in green in Fig. 7.77, and which are not on the outer surface
of the slug, are remeshed using the so-called "updated Eulerian method" [29]. The nodes
of the curves that appear in blue, and which concerns the outer surface of the slug, are
relocated using a cubic spline [29]. The rest of the outside surface concerns the auxiliary
sub-domain and is not remeshed.
All the other internal nodes are relocated using the Giuliani's mesh smoothing method
[29].
Figure 7.78: Illustration of the mesh evolution during the non stationary extrusion test
The convection or, more precisely, the transfer of the dierent calculated quantities
from the old mesh to the new one uses the rst-order Godunov's scheme [29] (full donor
cell dierencing).
7.4.2.2 Approximation of the punches displacement evolution
In this test, the non constant punch velocity is not circumvented as it is done in the
case of the non stationary extrusion. Indeed, in the case of the non stationary extrusion,
the decrease of the punch velocity at the end of its motion was annealed by the use of
an absorber on which was installed the lower block. In the present case, the deformation
is applied by two moving punches so that the use of such an absorber is not possible in
practise. Thus, the punches velocities are not constant and depend on the parameters of
the forming process like the initial temperature in the slug. This test is thus not suitable
to study the inuence of the forming speed.
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For each experiment, with dierent process parameters, the punches displacement are
measured during the experiments. The frequency of data acquisition a 20 Hz here
5, while
the actual forming process lasts 0.35 s. Thus, one actually knows the displacement of the
punches at 8 discrete times ti (i 2 [0; 7]). In the numerical simulations, where the time step
size is generally smaller than 1=a, a quadratic interpolation of the punch displacement is
done in order to keep a continuous evolution of its velocity. More precisely, a constant
acceleration is assumed over each interval of time ]ti; ti+1[ = ]
i
a
; i+1
a
[, so that one has in
this interval of time (t 2]ti; ti+1[):
xpunch(t) = ai (7.43)
_xpunch(t) = ait+ bi (7.44)
xpunch(t) =
ai
2
t2 + bit+ ci (7.45)
To determine the three unknowns ai, bi and ci, the displacements at both boundaries
of the interval of time ]ti; ti+1[ are imposed to correspond to the experimental values di.
Moreover, it is assumed that the average of the velocity _x over an interval of time is equal
to a(di+1   di) (Eq. (7.49)). Thus, one has:
xpunch(ti) = xpunch(
i
a
) =
aii
2
22a
+
bii
a
+ ci = di (7.46)
xpunch(ti+1) = xpunch(
i+ 1
a
) =
ai(i+ 1)
2
22a
+
bi(i+ 1)
a
+ ci = di+1 (7.47)
_xpunch(ti+1) = _xpunch(
i+ 1
a
) =
ai(i+ 1)
a
+ bi = vi+1 (7.48)
with
vi+1 + vi
2
= a(di+1   di) (7.49)
To complete the system of equations, the velocity is assumed to be equal to zero at the
end of the deformation process:
v7 = 0 (7.50)
The resulting evolution of the punch displacement is shown in Fig. 7.79, and it can be
written as:
x(t) = di+1+(di di+1)

(at)
2   2(i+ 1)at+ (i+ 1)2

+
vi+1
a

(at)
2   (2i+ 1)at+ (i+ 1)i

(7.51)
Moreover, in the case of the initial billet temperatures of 1335 oC and 1410 oC, the
latter interpolation leads to non monotonic die displacement in the rst period of time
5In the case of the non-stationary extrusion, an independent displacement detector of frequency 200
Hz was in use, while in the present double-cup extrusion, the displacement is measured by the press itself
whose acquisition frequency is limited to 20 Hz.
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(t 2]0;  1a [), in other words, the punch turns around. This is meaningless, so that in
the case of these two initial temperatures, a linear interpolation is used for the punch
displacement in the rst interval of time.
Figure 7.79: Approximation of the punches displacement evolution
7.4.2.3 Material parameters
The material under study in this case is the steel alloy 100Cr6, for which the chosen
parameters are described in Tabs. 7.20 and 7.19 and in Eqs. (7.52) and (7.53). The ther-
mophysical properties and the elastic material parameters are found in the literature [73].
The material parameters required in the constitutive laws that are specic to thixotropy
have been identied to best t the experiments by a trial and error procedure.
E = 2:125e3  100T (MPa) (7.52)
 = 0:3 (7.53)
The evolution of the initial yield strength 0y with the temperature is taken as a linear
interpolation between the values at room temperature and at the solidus. In the semi-solid
state, the parameter 0y is kept constant since the eect of temperature is then taken into
account by means of the liquid fraction. It is also assumed that the solid state hardening
coecient h1 remains negligible if the temperature is above 0:8Ts. Below that temperature,
a linear interpolation between the values at room temperature (taken as 600 MPa) and
at 0:8Ts is assumed. This choice is based on the results of the compression test (on the
C38 steel alloy), for which experimental results at temperatures below the solidus [68] are
available. This parameters of the solid state behavior are important for the prediction of
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the residual stresses after unloading and cooling down back to room temperature. In this
case, the knowledge of the exact values of the material parameters for the hardening law
is not critical and the choice of these material parameters identied for a dierent steel is
considered as acceptable.
Cohesion degree a = 0:001 (1/s), b = 0:12 , c = 0:003 (s)
d = 1 , e = 15 ,  = 1000 ,  = 100
fc = 0:6 , init = 0:8
Hardening law 0y(T ) = 203:68  0:147T (MPa) if T < Ts
0y(T ) = 4:8 (MPa) if Ts < T < Tl
h1(T ) = 614:22  0:57T (MPa) if T < 0:8Ts
h1(T ) = 0 (MPa) if T > 0:8Ts
Full liquid fraction: h2 = 0:7615
Eective liquid fraction: h2 = 1:3458
Viscosity law k1 = 0:4 (MPa s), k2 = 1:5 , k3 = 2
m1 = 1 , m2 =  0:001 , m3 = 0:05 , m4 =  0:05
kl = 0:08 (MPa s)
Enhanced Lashkari: msusp = 1
Original: ksusp = 1
Micro-macro: fA = 0:1 (MPa s)
ks = 3:18 (MPa s)
kp = 1:6 (MPa s)
ms = mp = 1:5
Table 7.19: Identication of material parameters for the 100Cr6 steel alloy
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Liquid fraction Solidus Ts = 1280 (
oC)
Liquidus Tl = 1487 (
oC)
Equilibrium partition ratio r = 1:5
Thermal properties Thermal dilatation coecient th = 1:2E
 5 (1/oC)
Thermal conductivity th = 45 (W/m
oC)
Density s = l = 7800 (kg/m
3)
Capacity of the solid phase cs = 480 (J/kg
oC)
Capacity of the liquid phase cl = 600 (J/kg
oC)
Latent heat L = 1:8252 (J/mm3)
Table 7.20: Thermophysical material parameters for the 100Cr6 steel alloy [73]
7.4.2.4 Determination of the friction coecient
In the double-cup extrusion, the surface of contact between the slug and the tool is
large so that the friction has a strong inuence. The lubricant used in the experiments is
a ceramic called "ceraspray" from the Orapi company [7].
To quantify the eect of the friction, an experiment where only the upper punch is in
motion, while the lower one remains at rest from the beginning of the experiment is con-
ducted (see Fig. 7.73). In this case, the height H1 of the upper half cylinder of the part
is dierent and larger than the one H2 of the lower portion. These two lengths H1 and
H2 depend on the friction coecient. The quantitative comparison of these two lengths
between the experiments and the numerical simulation will thus lead to the determination
of the friction coecient [7, 29] by a trial and error methodology.
The experiment consists in the deformation of a slug initially heated up to 1370 oC fol-
lowed by an unloading step and then by the cooling down of the part. In the numerical
simulations, the tool temperature is assumed constant and equal to 130 oC. The choice of
a specic elasto-viscoplastic constitutive law does not have a strong eect on the values
of H1 and H2, which are mainly driven by the friction coecient. Thus, the value of the
friction coecient is determined with a constitutive law composed of the enhanced Burgos'
viscosity law and the original isotropic hardening law which considers the full liquid frac-
tion and is kept in all numerical simulations, independently of the choice of the constitutive
law.
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Figure 7.80: Determination of the friction coecient to a value of 0.35 by comparison
between the geometry of a real part to the numerical simulation in the case of the enhanced
Burgos' model (steel alloy 100Cr6, Ttool = 130
oC, Tinit = 1370
oC, one punch in motion).
Fig. 7.80 compares the geometry of the part predicted by the numerical model with a
friction coecient of 0.35 (right) to the one obtained experimentally (left). The height
H1 of the upper portion of the part is equal to 27.3 mm in the experiments (average
value over 5 tests with a maximum deviation of 0.04 mm [7]) and to 26.1 mm in the
numerical simulations. The height H2 of the lower part is equal to 14.2 mm in average
in the experiments (with a maximum deviation of 0.05 mm [7]) and to 14.7 mm in the
calculations. The relative errors are thus equal to 4.4% for the upper half-cylinder height
and to 3.5% for the lower part.
Thus, the friction coecient is set to 0.35 in all further numerical simulations. Pierret
[7] uses the same methodology to determine the friction coecient that are in use in
its numerical simulations conducted with FORGE2008 [76] and ends up with the same
value6. The constitutive law used in FORGE2008 is an enhanced Spittel law (see [7] for
more details).
The values obtained for H1 and H2 with a friction coecient of 0.35 are detailed in
Tab. 7.21 for several constitutive models.
6According to Pierret [7], the same procedure using the friction law of Tresca leads to a value of the
friction coecient of 0.7. Then, exactly the same values are obtained for H1 and H2 than in the case of
the Coulomb friction law with a friction coecient of 0.35. These values of H1 and H2 are listed in Tab.
7.21.
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H1 (mm) H2 (mm)
Perzyna 26.1 14.7
Enhanced Burgos 26.1 14.7
Enhanced Lashkari 26.1 14.7
Original 26.1 14.7
Micro-macro 26.1 14.7
Forge2008 [7] 27.3 14.5
Table 7.21: Comparison of dierent numerical models in terms of the formed part geometry
7.4.3 Results analysis
In a rst step, the sensitivity to the evolution of the punches displacement which has
to be interpolated between discrete measured values is analyzed.
Then, the inuence of the tool temperature is studied. The proposed constitutive models
are validated by comparison between the numerical results obtained with these models and
the experimental data.
Finally, the residual stresses that remain in the part after unloading and cooling down back
to room temperature are computed.
7.4.3.1 Sensitivity to the punches velocity
We have seen in section 7.4.2.2 that, in the double-cup extrusion test, the forming speed
was not constant so that the test was not suitable to study the inuence of the forming
speed on the material behavior. However, the punches displacement is measured only at a
few discrete times and has to be appropriately interpolated between these discrete times.
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Figure 7.81: Comparison between two interpolations of the punch displacement evolution
Fig. 7.81 compares the upper punch displacement and the corresponding velocity for
two possible interpolation procedures. The blue curves correspond to the interpolation that
is presented in section 7.4.2.2 and which is based on a constant acceleration over each period
of time (of duration  1a = 0:05 s) of the experimental data acquisition (of frequency a).
The red curves correspond to a linear interpolation of the punch displacement between the
measured values, and thus to a constant velocity between the corresponding discrete times.
It can be seen in Fig. 7.81 that even though the choice of one interpolation over the other
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does not apparently strongly inuences the punch displacement, the evolution of the punch
velocity obtained in both cases are thoroughly dierent. Besides, the computed loading
force evolution represented in Fig. 7.82 is highly sensitive to the assumption on the punch
motion as the sudden variations in the punch velocity evolution induce oscillations in the
loading force evolution. Since these sudden variations of the punch velocity are much larger
in the case of the so-called "constant velocity" interpolation, the corresponding oscillations
in the force evolution are also of a larger amplitude. The viscosity law of Perzyna predicts
the same eect, which is thus not due to the thixotropic material behavior. Note that
the red curve, corresponding to a so-called constant velocity approximation, t almost all
the experimental dots. However, this is an eect of the oscillations. Indeed, the peaks
occurs at the discrete times at which the experimental data are known, so that the red
curve covers a large range of loading force at these times and is very likely to be on the
corresponding experimental dot. Moreover, such oscillations are not expected and there is
no apparent reason for them to occur precisely at the discrete times of data acquisition, so
that it can be reasonably considered as non physically based.
Figure 7.82: Analysis of the predicted load sensitivity to the interpolation of the die
displacement evolution (enhanced Burgos' model, steel alloy 100Cr6, Ttool = 130
oC,
Tinit = 1370
oC).
Figs. 7.83 and 7.84 compare the evolution of the cohesion degree and of the equivalent
plastic strain rate at the upper convergent point of the slug (the position of this point is
explained in Fig. 7.76) predicted by the enhanced Burgos as well as the Perzyna (only for
the equivalent plastic strain rate, since the cohesion degree is not calculated in the Perzyna
model) models for both interpolations of the punch displacement. The parameters k andm
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used in the Perzyna viscosity law depend on the initial temperature in the slug as follows:
k = k1e
(k3init+k2(1 f initl )) (7.54)
m = (m1 +m3init +m4
2
init)e
m2(1 f initl ) (7.55)
Thus one has k = 7:9, 6.65 or 4.89 in the case the initial temperature in the slug is equal
to 1335 oC, 1370 oC or 1410 oC respectively and m = 0:99.
These gures conrm that the eect of the forming speed on the computed loading force is
not due to the thixotropic behavior of the material. Indeed, the evolution of the cohesion
degree is very similar in both cases of punch displacements, while the equivalent plastic
strain rate is sensitive to the punch velocity. It can be seen in Fig. 7.84 that a step-up
(respectively down) in the evolution of the punch velocity induces a step-up (respectively
down) in the evolution of the equivalent plastic strain rate. During a period of time where
the punch velocity is constant, the equivalent plastic strain rate increases proportionally
to the level of the constant punch velocity. This explains the loading force oscillations
that appear in the case of the so-called "constant velocity" interpolation of the punch
displacement.
Figure 7.83: Analysis of the sensitivity to the interpolation of the die displacement evolu-
tion in terms of the cohesion degree at the upper convergent point (see Fig. 7.76) (enhanced
Burgos' model, steel alloy 100Cr6, Ttool = 130
oC, Tinit = 1370
oC).
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Figure 7.84: Analysis of the sensitivity to the interpolation of the die displacement evolu-
tion in terms of the equivalent plastic strain rate at the upper convergent point (see Fig.
7.76) (steel alloy 100Cr6, Ttool = 130
oC, Tinit = 1370
oC).
In conclusion, the quadratic interpolation of the punch displacement between its mea-
sured values that is presented in section 7.4.2.2 is relevant.
7.4.3.2 Study of the inuence of the initial temperature in the slug
The double-cup extrusion has been designed for an experimental study of the thermal
exchanges between the tool and the slug and this section aims to analyze the ability of
the proposed modeling to predict the thermal eects. Three experiments are performed
with dierent heating conditions of the slug. In the calculations, the initial temperature
is assumed to be uniform in the slug and equal to 1335 oC, 1370 oC and 1410 oC.
Fig. 7.85 represents the loading force evolution of both punches in the three considered
cases. The load evolution measured experimentally is compared to the one predicted by
the numerical model with a constitutive law composed of the enhanced Burgos' viscosity
law and the original isotropic hardening law which considers the full liquid fraction, as
well as the one calculated with a classical Perzyna viscosity law and a linear isotropic
hardening law.
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Upper punch
Lower punch
Figure 7.85: Comparison between experimental and numerical results in terms of the
loading forces for dierent initial temperatures in the slug in the case of the enhanced
Burgos' model
It can be seen in Fig. 7.85 that the numerical results are in fairly good agreements
with the experiments. The oscillations in the load evolution are linked to the assumption
on the punch velocity. Of course, a lower initial billet temperature induces higher loading
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force. This fact is well reproduced by the enhanced Burgos' model, the curves computed
with this model t the experimental curves at dierent initial temperatures and with
the same set of material parameters. The calculations using a Perzyna viscosity law also
predict a higher load at a lower temperature. But, on the one hand, this has been made
possible only thanks to the use of viscosity parameters that are adapted to the initial
slug temperature. On the other hand, the load predicted by the Perzyna model starts to
be underestimated beyond a certain punch displacement because it does not take into
account the progressive solidication of the material due to the heat loss induced by the
thermomechanical contact with the colder tools.
Fig. 7.85 shows that the load underestimation characteristic of Perzyna model gets
larger if the initial temperature of the slug is lower. This can nd an explanation in
Fig. 7.86 which shows the map of cohesion degree at the end of the test in the three
considered cases. The viscosity parameters introduced in the Perzyna law are chosen
according to the initial liquid fraction and cohesion degree (which is equal to 0.8) and
remain constant during the whole calculation. It can be seen in Fig. 7.86 that the lower
the initial temperature, the larger the portion of the billet for which the cohesion degree
has changed, or in other words, is dierent than the initial value of 0.8. This fact is linked
to the map of liquid fraction represented in Fig. 7.87. In the double cup extrusion test,
the thermomechanical contact with the tools is so important that the variation of the
cohesion degree is more due to the solidication than to the strain.
In conclusion, the eect of the solidication due to the contact with the colder die is more
important if the initial temperature of the slug is lower.
The three steps emphasized in Fig. 7.75 are represented by the numerical simulations.
In terms of the load evolution, three stages appear in the computed loading curves repre-
sented in Fig. 7.85. Due to the low frequency of experimental data acquisition, the actual
durations of each step is not precisely known. In the numerical simulation, the rst step of
compression before the slug gets into contact with the outside wall lasts between 0.1 and
0.12 s depending on the billet initial temperature. This rst compression step is followed
by a second step of inverse extrusion which corresponds to a strong increase of the load.
This second step ends when the punch velocity reaches its maximum value, namely at time
t = 0:15 s independently of the slug temperature. This is due to the assumption about the
evolution of the punch displacement which estimates the maximum velocity at the discrete
time of displacement measurement t = 0:15 s. Finally, the last step of stable ow and
decrease of the punch speed, corresponding to a decrease of the loading force is predicted.
It can be noticed that this load decrease is quite overestimated in the calculation, but
regarding the complexity of the problem and the dierent assumptions (juste think of the
approximations on punch velocity) that had to be done, the results remain of good quality.
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Tinit = 1335
oC Tinit = 1370
oC Tinit = 1410
oC
Figure 7.86: Maps of the cohesion degree at the end of the calculation for the three
considered initial temperatures of the slug
Tinit = 1335
oC Tinit = 1370
oC Tinit = 1410
oC
Figure 7.87: Maps of the liquid fraction at the end of the calculation for the three considered
initial temperatures of the slug
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Fig. 7.88 illustrates the correlation between the end of the rst step of compression
and the start of the slug-wall contact for the three initial temperatures that are studied
(note that the area that appears in black is due to the density of the mesh there).
Tinit = 1335
oC Tinit = 1370
oC Tinit = 1410
oC
t = 0:11 s t = 0:1 s t = 0:12 s
Figure 7.88: Numerical representation of the end of the rst compression step for dierent
initial temperature of the slug (enhanced Burgos' model), the white lines represent the
contact forces.
t = 0:07 < 0:1 s t = 0:11 2]0:1; 0:15[ s t = 0:35 > 0:15 s
Figure 7.89: Numerical representation of the three dierent steps classically encountered
in the double extrusion and map of the equivalent plastic strain rates at dierent times
(enhanced Burgos' model, Tinit = 1370
oC, Ttool = 140
oC).
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Finally, Fig. 7.89 shows that the numerical simulation represents correctly the three
steps of the process in terms of the kinematics of the deformation, in the case of the billet
initial temperature of 1370 oC.
Upper punch
Lower punch
Figure 7.90: Comparison between experimental and numerical results in terms of the
loading forces for dierent numerical models (Tinit = 1370
oC, Ttool = 130
oC)
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The calculations using the other material models considered in this work are similar
to the enhanced Burgos' model, as it can be seen in Fig. 7.90 in the case of a slug initial
temperature of 1370 oC.
7.4.3.3 Residual stresses analysis
A complete calculation including the forming process followed by the unloading and
cooling down stages has been performed in section 7.4.2.4 (in order to determine the
friction coecient). The present section analyzes the results of this calculation in terms
of the equivalent von Mises stresses. Fig. 7.91 represents the map of equivalent von Mises
stresses at the end of the loading step (left) compared to the equivalent residual stresses
remaining in the slug after unloading and cooling down (right).
End of loading Residual stresses
Figure 7.91: Map of stresses (MPa) at the end of the loading step and map of residual
stresses (MPa) predicted by the enhanced Burgos' model (steel alloy 100Cr6, Ttool = 130
oC, Tinit = 1370
oC, one punch in motion).
7.4.4 CPU times comparison
Finally, the CPU times necessary for the dierent calculation are analyzed. Tabs.
7.22 and 7.23 compare the CPU times for dierent material models and dierent initial
temperatures of the slug in correlation with the number of time steps and of iterations
involved in the calculations.
These two tables conrm that the choice of a particular model of thixotropy should not
be driven by CPU cost matters, as all models costs are of the same order of magnitude.
In comparison with Perzyna viscosity law, the CPU times are 1.2 to three times larger,
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the micro-macro model being the most expensive, but remain quite low, as the longer
calculation lasts about 20 minutes.
CPU Time Mechanical Thermal CPU/ CPU/
(s) steps iterations iterations iteration (s) t (s)
Tinit = 1335
oC 405.5 617 1850 635 0.16 0.66
Tinit = 1370
oC 567.5 796 2400 809 0.18 0.71
Tinit = 1410
oC 675.5 1101 3353 1111 0.15 0.61
Table 7.22: CPU times (s), number of time steps and of mechanical and thermal itera-
tions and average CPU time (s) by iteration and by time step for the thermomechanical
computation of the double extrusion (steel 100Cr6) with the enhanced Burgos' model
Tinit = 1335
oC Tinit = 1370
oC Tinit = 1410
oC
Total (s) Rel. Total (s) Rel. Total (s) Rel.
Perzyna 342.5 1 226 1 473.5 1
Burgos 405.5 1.18 567.5 2.5 675.5 1.43
Lashkari 657.5 1.92 603.4 2.67 706.9 1.49
Original 573.2 1.67 428.3 1.89 841.3 2.33
Micro-macro 1002.3 2.92 646.8 2.86 1101.4 2.71
Table 7.23: Average CPU times (s) and normalized CPU time with respect to the Perzyna
model for the thermomechanical computation of the double extrusion (steel 100Cr6)
Finally, the sensitivity to the mesh density and to the penalty coecient have been
studied. A calculation where the mean size of one element is two times smaller than in the
initial case, so that the total number of elements is multiplied by four (in 2D axisymmetric)
and is equal to 3000, and where the penalty coecient is the same as in the initial case
is performed. Also, a calculation made up of 750 elements (like in the initial case), but
where the penalty is twice as large as in the initial case is carried out. In both cases, the
initial temperature in the billet is equal to 1370 oC and the enhanced Burgos' law is used.
The numerical results are compared in Fig. 7.92 in terms of the predicted upper punch
force. The load computed in the initial case is represented in blue, the one predicted by a
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numerical simulation made up of 3000 elements appears in green, and the one corresponding
to a higher penalty coecient is in red.
In the case of a rened mesh, the CPU time goes from 567.5 s to 3253.7 s, and the predicted
load is smaller than in the initial case, as it can be seen in Fig. 7.92. This eect mainly
comes from the thermal part of the calculation which predicts a higher penetration of the
cooling induced by the contact with the tool, and thus to lower liquid fractions in the case
of a coarser mesh. This decrease in the predicted load deteriorates the agreement with the
experiments, as the calculation underestimates the load. However, we should keep in mind
that the material parameters were chosen to t the experiment on the basis of the initial
mesh.
In the case of a higher penalty, the calculation takes 752.2 s, and the computed load is a
little bit higher than in the initial case (see Fig. 7.92).
In both cases, the nal geometry is not enhanced as the value of H1 and H2 remain
unchanged with respect to the initial case.
In conclusion, the mesh density and the penalty coecient chosen in this section correspond
to a good compromise between results accuracy and CPU costs.
Figure 7.92: Analysis of the sensitivity to the mesh density and to the penalty coecient
in terms of the upper punch force evolution for the enhanced Burgos model (Tinit = 1370
oC, Ttool = 140
oC)
7.4.5 Conclusion
The numerical representation of the double-cup extrusion test carried out with Metafor
and presented in this section involves many aspects of the large deformation framework
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such as thermomechanical coupling, thermomechanical contact, large deformations that
can not be handled in the frame of a Lagrangian formalism, as well as a complex
constitutive model and is thus an original contribution of this work.
The double cup extrusion test reveals a good agreement between numerical and
experimental results in terms of the nal geometry of the part, as well as of the load
evolution, and this under dierent circumstances. The eect of the initial slug temperature
combined with the average tool temperature have been studied and are well taken into
account in the calculations.
It has been shown that the double-cup extrusion is mainly driven by thermal eects.
Indeed, the contact between the billet and the tool causes some solidication of the
material which has a greater inuence on the loading force than the microstructure
breakdown due to the deformation. Under these circumstances, an "intelligent" Perzyna
law could be used in this case. By intelligent is meant that the viscosity parameters have
to be adapted to the initial temperature of the billet. However, the fact that the state of
the microstructure was less important than the thermal eects has been demonstrated
thanks to the use of a constitutive model specic to the thixotropic behavior. In other
word, it was not known a priori that the Perzyna law would be sucient in this case.
Moreover, we have seen that the CPU cost of the thixotropic material models was not
excessive.
The slight discrepancies between experimental and numerical results may be due to the
following approximations made in the numerical models:
 Evolution of the punch displacement in time (we have shown that the results were
very sensitive to this)
 Constant tool temperature
 Uniform initial temperature of the slug
However, considering the complexity of the problem and the several assumptions that
have been done to set up the numerical model, the agreement between the numerical and
the experimental results can be qualied as good-quality.
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7.5 Conclusion
The selection of the constitutive models for thixotropic behavior, which is the center
of the present work, has been validated and analyzed in this chapter. For this, several
completely dierent numerical simulations have been performed using the nite element
code Metafor [6] in which the selected constitutive laws have been implemented.
Many aspects of the thixoforming processes have been properly simulated, like the
transient behavior and the eect of temperature variations, and this on several materials
(tin-lead alloy Sn-15%wt Pb, C38 steel alloy and 100Cr6 steel alloy).
Note that, even though no 3D numerical applications have been conducted in this
work, the implementation of the constitutive models is 3D, so that the set up of a 3D
numerical application is straightforward.
The rst two tests are quite academic, but the response of the thixotropic material to
these tests has been extensively studied in the literature and is quite well understood. The
simplicity of these tests allows to isolate the specic behavior of the thixotropic materials
from other eects inherent to more complex tests and which are not necessarily linked to
thixotropy. Thus, the rst two academic tests are relevant and important to study the
ability of the proposed model to take into account the specic behavior of thixotropic
materials.
The isothermal simple shear with shear rate step-up and step-down revealed the ability
of the models to reproduce the transient behavior of the semi-solid thixotropic material.
This feature of the models is introduced by mean of the cohesion degree as an internal
parameter.
The fast compression test has been studied under both isothermal and non isothermal
conditions. Thus, both transient behavior and thermal eects are analyzed and correctly
taken into account by the models.
The other two tests are more realistic and closer to real industrial forming processes.
On the basis of these two tests, the faculty of the models to predict quantities that are
measurable in an actual experiment, like the loading force or the nal geometry of the
formed part, is studied. The eect of the process parameters, like the forming speed, the
initial temperature in the slug and the tool temperature are studied.
The set up of such complex numerical tests in Metafor combining several aspects of the
large deformation theory, like ALE formalism, thermomechanical coupling, sophisticated
thermo-elasto-viscoplastic constitutive laws represents an original contribution of this
work.
The experimental results on the non stationary extrusion test have been extensively stud-
ied by Rou, Cézard, Becker, Rassili, Pierret and Vaneetveld [7, 8, 9, 68, 69, 75]. However,
some phenomena occurring during this thixoforming process has not yet been clearly
and rigorously explained. The numerical simulations performed in this work revealed
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qualitative agreement with the experimental results, as well as quantitative agreement in
several aspects. Also, the numerical simulations make possible the decoupling between two
combined eects that occur during the process: the microstructure breakdown due to the
deformation and the thermal eects created by the contact with the die. This decoupling
was limited in practise in the experiments. Thus, in that way, the numerical simulations
can be of some help to better understand and to further analyze the experimental results.
The experiment of the double-cup extrusion show good agreement between experimental
and numerical results. This test focuses on the eects of the contact with the punches, in
terms of friction and of heat losses.
For these two more realistic tests, the numerical results can be considered as in fairly
good agreements with the experiments, with respect to the complexity of the phenomena
implied as well as to the assumptions that have been made in the numerical simulation
(for example, the assumptions of a uniform initial temperature in the slug, of a constant
tool temperature, on the velocity of the punches).
Also, it has been shown that it was very dicult to dene a consistent set of material
parameters that is applicable to one material on thoroughly dierent tests. However, in all
cases, the same set of material parameters have been used in the simulations with dierent
forming processes, keeping an acceptable agreement with the experiments. This is not
possible with a classical constitutive model, like the Perzyna viscosity law. Moreover, the
sensitivity of the models to the dierent material parameters showed that the use of all
the parameters was relevant in general.
Generally, the dierent material models that are proposed and presented in chapter
6 predict quite similar results. The dierent formulations of the cohesion degree remain
equivalent as long as the liquid fraction does not exceed its critical value, which was
the case in the present applications. Since, in the present applications, the current yield
stress is several order of magnitude lower than the viscous part of the stress, the choice
of one of both proposed hardening laws does not signicantly modies the predicted
quantities. Finally, the numerical results with the four main viscosity laws that are
proposed are slightly dierent. However, in terms of the correlation with the reference
data, one can not tell which one should be recommended. Indeed, they are based on the
same thermo-elasto-viscoplastic constitutive framework, and their material parameters
are chosen to t the considered reference. Also, the experiments that have been carried
out here consider neither very high liquid fractions nor free suspensions.
In terms of CPU costs, they are quite similar also, so that the CPU costs are not an
argument to choose one law over another, except for the micro-macro model which is
quite more expensive. In theory, the material parameters of the micro-macro model
are supposed to be physically based, so that no identication procedure is needed to
determine them. However, in practise, their actual values are not known and they have
been determined by identication to t the experiments, like it is the case for the three
other viscosity laws.
Thus, if one model has to be chosen, we would have a preference for the original model,
CHAPTER 7. NUMERICAL APPLICATIONS 295
because it is more simple and thus easier to handle than the micro-macro model, but it
still oers the possibility to degenerate to the behavior of free suspensions.
Finally, it is important to note that the modeling proposed in this work oers the
possibility to predict the residual stresses that remain inside the part after unloading
and cooling down. These residual stresses have been computed and are presented for the
dierent forming processes that have been studied in this section. These quantities, which
are not obvious to measure experimentally, can give indications about the quality of the
formed part for further use.

Chapter 8
Conclusion
Thixoforming processing of metallic alloys relies on the particular behavior exhibited
by semi-solid materials with non-dendritic microstructure. These materials display
thixotropy which is characterized by a solid-like behavior at rest and a liquid-like ow
when submitted to shear.
This kind of processes is already commercialized with dierent metallic alloys like
aluminum or magnesium, but the transfer of the technology to other materials such as
steel is not yet accomplished. However, there is signicant interest in commercial use of
thixoforming of steels. In this context, accurate modeling can be a great help in die design,
predicting appropriate processing conditions and minimizing defects. Thus, this work fo-
cuses on such modeling and more particularly on the constitutive formulation of thixotropy.
As a background, the advantages and the disadvantages of types of semi-solid processes
have been summarized. Several technical aspects of these processes, like the heating stage,
the production of alloys that are suitable for thixoforming, as well as the forming stage by
itself, are presented.
Also, rheological aspects and origins of thixotropy have been laid and mathematical
theories of thixotropy introduced. It is shown that the origin of thixotropy could be found
in the globular microstructure of the material. To summarize in a few words, during
deformation, the solid bonds are broken, this frees the solid globules, which are then able
to roll over each other. This induces a decrease of the viscosity and thus an easier ow.
As a consequence, under low shear rates, a solid skeleton is built through the semi-solid
material so that it behaves like a solid. If the shear-rate is increased, the semi-solid viscos-
ity decreases due to the solid bounds breakdown and the thixotropic material starts to ow.
Next, numerical framework for large deformation analysis has been introduced,
like kinematics in large deformations, thermomechanical nite deformation constitutive
theory, thermomechanically coupled conservation equations (set up and resolution), and
particularly the development of constitutive laws.
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Then, a review of existing modeling has been presented. What emerges here is that a
great deal of models have already been proposed in the literature. They can be categorized
into a few types: one- or two-phase, in the framework of uid or solid mechanics, and
using a structural parameter or not.
Next, the constitutive laws that have been implemented in Metafor are presented.
They all are one-phase models. This means that the material is regarded as a single
homogeneous, though mixed, continuous phase and the relative displacement between the
phases can not be taken into account. Thus, it is not suitable to study the macrosegrega-
tion eect. However, in thixoforming processes, such macrosegregation is attempted to be
avoided as much as possible. This choice of a one-phase model is argued by the fact that
they are much simpler and thus lighter in terms of implementation and CPU costs.
The consideration of the thermomechanical coupling is fundamental as the thixotropic
behavior is very sensitive to temperature variations. The constitutive models developed in
this work are all available for pure mechanical calculations as well as coupled thermome-
chanical analysis. This kind of calculation allows to take into account the die-slug thermal
exchanges, the viscoplastic dissipation, the thermal dilatation and the heat generated by
friction.
In the semi-solid state, the material is subjected to phase change which aects the
conservation equations. Thus, on top of the selection of a specic constitutive modeling,
the phase change eects on conservation equations are taken into account in the numerical
simulations.
Finally, the selection of the constitutive models for thixotropic behavior is validated
and analyzed. For this, several completely dierent numerical simulations have been
carried out using the nite element code Metafor [6].
The rst numerical application is the academic isothermal simple shear test with shear
rate step-up and step-down. The next test considers a cylindrical sample compressed
between two parallel plates. It is still quite simple, but is closer to a real forming process.
Then, the numerical simulations of a non-stationary extrusion test is set up. It consists
in the reduction of the diameter of a cylindrical slug through a conical die. Finally, the
double-cup extrusion, which concerns the production of a H revolution shape part or
"double-cup" starting from a cylindrical slug, has been numerically represented. The
latter two bench tests are more realistic and closer to real industrial forming processes.
The corresponding experiments have been conducted at the University of Liège by Pierret
and Vaneetveld supervised by Rassili and in collaboration with the ENSAM (Ecole
Nationale Supérieure d'Arts et Métiers, Metz, France) [7, 8, 9, 68, 69].
Many aspects of the thixoforming processes have been properly simulated, like the
transient behavior and the eect of temperature variations, and this on several materials
(tin-lead alloy Sn-15%wt Pb, C38 steel alloy and 100Cr6 steel alloy).
Also, a comparison between numerical results, obtained with the one-phase models under
study, and the available experimental results, in terms of quantities that are measurable
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in an actual experiment, like the loading force, shear stress response or the nal geometry
of the formed part is used for the identication of the material parameters that are not
available in the literature.
The sensitivity of the models to the dierent material parameters has been analyzed and
revealed that the use of all the parameters was relevant in the most general case.
The numerical results can be considered as in fairly good agreements with the experiments,
with respect to the complexity of the phenomena implied as well as to the assumptions
that have been made in the numerical simulation (for example, the assumptions of a
uniform initial temperature in the slug, of a constant tool temperature, on the velocity of
the punches ...).
The eect of the process parameters, like the forming speed, the initial temperature in
the slug and the tool temperature are studied. In all cases, the same set of material
parameters have been used in the simulations with dierent forming processes, keeping
an acceptable agreement with the experiments. This is not possible with a classical
constitutive model, like the Perzyna viscosity law.
8.1 Original contributions
An original constitutive model for thixoforming has been presented. It is integrated
in the home-made nite element code Metafor, which is established in the framework of
large deformations theory.
The implementation of these thixotropic constitutive models into an implicit large
deformation formalism implies the necessity to derive a consistent tangent operator, which
is a concept that has not been addressed in the framework of modeling thixoforming
processes yet.
The modeling proposed in this work is based on a solid thermo-elasto-viscoplastic
formulation which introduces the elastic part of the deformation and considers a nite
yield stress. This is necessary for the prediction of the residual stresses. Thus, the use of
a (semi) solid thermo-elasto-viscoplastic formulation, which allows the computation of the
residual stresses represents an original contribution of this work.
Another major originality is that the models are not restricted to the semi-solid
state and have been meant to degenerate properly to fully solid state and liquid state
constitutive relations, so that the model integrates the behavior of the material over the
whole range of temperatures, from room temperature to the full liquid state.
The main features of the proposed model are described in details in the next section
along with some particular numerical applications and can be shortly listed as follow. A
structural parameter called the cohesion degree which is commonly used in the literature
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to describe the state of the microstructure and which introduces the transient behavior
of the thixotropic material is used and has been enhanced here to degenerate properly
to both completely solid or liquid behaviors. This is done by means of another internal
parameter which introduces the thermal eects: the liquid fraction. An alternative to the
liquid fraction has also been proposed. It is the eective liquid fraction and it excludes the
entrapped liquid which does no contribute to the global ow. Several formulations for the
viscosity which integrate both internal parameters have been proposed. Thus, they are
able to represent both transient and thermal eects. Some versions of viscosity laws can
degenerate properly to the behavior of free solid suspensions. Favier's micro-macro model
[13, 49, 50] has also been implemented in the present thermo-elasto-viscoplastic formalism.
Finally, an isotropic hardening law based on a linear isotropic hardening law and extended
to the semi-solid state has been developed. It allows to numerically represents the solid
behavior when the material is cooled down back to room temperature.
Finally, the numerical simulations of both non-stationary and double-cup extrusion
processes that have been experimented at the University of Liège represents an original
contribution of this work. Indeed, such numerical tests are highly complex, considering the
numerous interconnected phenomena that have to be taken into account, as it combines
several aspects of the large deformation theory, like ALE formalism, thermomechanical
coupling, sophisticated thermo-elasto-viscoplastic constitutive laws.
8.2 Main features of the models and their numerical
applications
Focusing on the proposed constitutive modeling, the basic idea was to adapt the
simulation techniques, that are specic for the thixotropic behavior and are presented in
the literature in the frame of a uid formulation, to the solid mechanics formalism used
in Metafor.
The specic behavior of thixotropy, in both steady-state and transient conditions, has
been integrated by means of two additional non-dimensional internal parameters: the
liquid fraction (or alternatively the eective liquid fraction) which introduces the thermal
eects on the semi-solid material behavior and the cohesion degree which introduces the
eect of the evolution of the microstructure.
Under the chosen thermo-elasto-viscoplastic formalism and with the assumptions made
in this work (no kinematic hardening, no damage...), it has been shown that the develop-
ment of a new constitutive law reduces to the expression of the current yield stress and
viscosity by appropriate isotropic hardening and viscosity laws. Thus, various viscosity
laws and isotropic hardening, which implies both internal parameters have been proposed.
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8.2.1 Cohesion degree and transient behavior
The cohesion degree is a structural parameter that characterizes the degree of
built-up in the microstructure and can take values between zero and one: a value
of one corresponds to a fully built-up structure, while a value of zero corresponds to
a fully broken structure, or in other words, to solid particles in suspension in a liquid phase.
The calculation of the cohesion degree is based on a dierential equation that is often
used in the modeling of the thixotropic behavior [44].
Concerning the transient evolution of the material microstructure, it is well admitted that
the microstructure takes a nite time to adjust to new conditions. Thus, a breakdown
characteristic time is dened.
As a rst illustration of this fact, the response of a thixotropic material to a shear
rate step change, which is very particular, has been studied in the frame of the isothermal
simple shear test. It is characterized by an over (respectively under) peak of the stress at
the shear rate step-up (respectively down), followed by a stabilization of the stress which
corresponds to the return to equilibrium. In this work, this particular behavior has been
numerically reproduced with accuracy, as the computed stress was in good agreement
with the stresses measured by rheometry.
Also, as another illustration under circumstances that are closer to actual forming
processes, the short-time response of a semi-solid thixotropic material recorded during
a rapid compression test, which is also very typical, has been investigated. The load-
displacement curve displays a peak followed by a strong increase of the load. The time
from the peak load to the subsequent minimum load corresponds to the time required for
structural break down. It has been qualitatively (no quantitative experimental data were
available on the case that has been studied) numerically reproduced.
Beyond these isothermal considerations, where only the eect of the strain on the
microstructure is taken into account, a thermomechanical formulation of the cohesion
degree is proposed. Based on Favier's model [50], the formulation of the cohesion degree
has been enhanced in this work in order to represent the instantaneous deagglomeration
due to melting as well as the instantaneous structural built up due to solidication.
The importance of the introduction of the present feature which ensures an imme-
diate return of the cohesion degree to a value of one, corresponding to a fully built up
microstructure, with the solidication, is highlighted in the frame of the non-stationary
extrusion. In this case, the combined thermal and structural breakdown eects have to
be taken into account in the model through both internal parameters of cohesion degree
and liquid fraction. Indeed, in this experiment, an increase of the forming speed eases the
ow by two combined eects. The rst one is the microstructural breakdown that is more
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important at higher forming speeds, the second is the decrease of the heat loss induced by
the die contact lasts for a shorter period of time. This second eect not only aects the
liquid fraction, but also the cohesion degree, since the microstructure of the solid state is
obviously fully built up. If this is not introduced into the model, the eect of the forming
speed on the loading force can not be accurately taken into account.
8.2.2 Liquid fraction and thermal eects
The second internal parameter, i.e. the liquid fraction, is computed in terms of the
temperature using the classical Scheil [65] steady-state equation.
The analysis of the thermal eects has been performed on the compression test
under non isothermal conditions. Going back to the load-displacement curve that is
representative of this test, we can see that the structure remains unchanged during
the rst step of the loading, namely before the peak. Thus, during this rst step, the
microstructural eects are dissociated from the thermal ones, so that we can focus on the
latter.
The numerical simulation of the compression test for dierent initial slug temperatures
showed good agreement with the experimental data. It has been shown that this was not
true for the Perzyna viscosity law which can not take into account the solidication that
is due to the contact with the colder die.
As a more sophisticated illustration of the inuence of the liquid fraction, it has been
shown that the double-cup extrusion is mainly driven by thermal eects. Indeed, the
contact between the billet and the tool causes some solidication of the material which
has a greater inuence on the loading force than the microstructural breakdown due to
the deformation. Thus, again the thermal eects are more or less isolated from the shear
rate breakdown. The numerical representation of the double cup extrusion revealed a
good agreement with the experimental results. The eect of the initial slug temperature
combined with the average tool temperature have been studied and are well taken into
account in the calculations. Again, the results obtained with the Perzyna law are less
accurate.
8.2.3 Viscosity law
Several viscosity laws which integrate both internal parameters have been selected.
The rst one is an enhanced version of Burgos' isothermal law [44] which introduces
the thermal eects by means of the liquid fraction. Then, two enhanced versions are
proposed in order to degenerate properly to the behavior of free solid suspensions when
the cohesion degree tends to one. The rst one is based on the Lashkari's viscosity law
for free suspensions [19] and has been extended to numerically degenerate properly to the
solid state. The second version is original and based on experimental observations.
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A fourth viscosity law, based on Favier's micro-macro model [13, 49, 50] and adapted to
the present framework has also been implemented in Metafor.
In general, the four dierent considered viscosity laws predict similar results. Thus,
in terms of the correlation with the reference data, one can not tell which one should be
recommended.
In terms of CPU costs, the choice of a particular model of thixotropy should not be driven
by CPU cost matters neither, as all models costs are of the same order of magnitude.
Thus, if one model has to be chosen, we would have a preference for the original model,
because it is more simple and thus easier to handle than the micro-macro model, but
it still oers the possibility to degenerate to the behavior of free suspensions, namely a
fully broken down microstructure, even though this feature has not been activated in the
experiments that have been carried out in the frame of the present work.
8.2.4 Hardening law and residual stresses
Finally, the isotropic hardening law is based on a linear isotropic hardening law and
extended to the semi-solid state by the introduction of the liquid fraction. It assumes
there is no yield stress at the liquid state, while it considers a linear (and possibly non
linear) hardening at the solid state.
This oers the possibility to predict the residual stresses that remain inside the part
after unloading and cooling down. These residual stresses have been computed and are
presented for the dierent forming processes that have been studied.
8.3 Outlook
Last but not least, as perspectives, hereunder are listed a few of the points that were
not completely solved in the frame of this work and that are worth to deepen. In general,
these perspectives concern a close interaction between experimental and numerical work.
It has been shown in this work that both shear-thickening and shear-thinning nature of
the thixotropic behavior, namely the increase or the decrease respectively of the apparent
viscosity with a shear rate increase, can both be numerically represented, depending on
the choice of the material parameters. It is commonly admitted that the steady-state
behavior is shear-thinning, but, literature results show contradicting tendencies about the
transient behavior. Deeper experimental studies are necessary to answer to this question.
Also, we have seen that the task of material parameter identication, to dene a
consistent set of material parameters that is applicable to one material on thoroughly
dierent tests, is awkward and that extensive experimental data are necessary. For
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example, the simple shear test with shear-rate step-up and step-down is well-known
for the determination of the time constant of the material. However, the practical set
up of such an experiment with steel at low liquid fraction is far from obvious. Also,
the rapid compression of a cylindrical billet can lead to the determination of the time
constant parameters. This test may be easier to realize in practise, but it does not involve
homogeneous elds and thus requires identication procedures which may decrease the
accuracy of the results.
Moreover, the die-slug frictional contact which is involved in the compression test is
another cause of uncertainty. Indeed, the phenomena of friction is not well understood yet
and the development of accurate thermomechanical frictional contact law is still a major
challenge. An experiment that could be useful in this frame is the axial compression
of a short hollow cylinder between two parallel plates. Indeed, the changes in the
internal diameter of this hollow cylinder produced during this test can provide a sensitive
indication of friction conditions at the end-faces. With suitably chosen proportions of
length and diameter the internal diameter can be arranged to either increase or decrease
with only a small change in frictional force.
The experiments on the non stationary extrusion test have been extensively studied
by Rou, Cézard, Becker, Rassili, Pierret and Vaneetveld [7, 8, 9, 68, 69, 75]. However,
some phenomena occurring during this thixoforming process have not yet been clearly
and rigorously explained. Moreover, in this case, several experimental data were not
completely clear and unambiguous as there are some contradictory discrepancies between
their dierent sources (loading force evolution, measured die displacement, nal geometry,
etc).
Thus, further work is necessary in order to get a better understanding of the complex
phenomena involved in this test, particularly in terms of the eect of the forming speed.
For this, it could be interesting to combine experimental and numerical testing together.
For example, on the one hand, the numerical simulations make possible the decoupling
between two combined eects that occur during the process: the microstructure break-
down due to the deformation and the thermal eect created by the contact with the
die. This decoupling was limited in practise in the experiments. Thus, in that way, the
numerical simulations can be of some help to better understand and to further analyze the
experimental results. On the other hand, the set up of experiments specically designed
to validate the numerical simulation can also be very useful.
Generally speaking, thixoforging of steels still remains far form industrial development
stage as it is still faced by several challenges, mostly due to the high process temperatures.
Besides the high oxidation of the metals that is resulted, the excessive cyclic thermal load-
ing causes high temperature gradients and thermal stresses within tools and dies, so that
the selection of ecient tool material is still in progress.
As a result of the high temperature dierences between the steel billet and the surround-
ings, extensive eorts are still required to achieve as accurate, uniform and reproducible
slug heating as it is achieved in the case of aluminium alloys process.
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Beyond these technical problems, the investigation of suitable steel grades is another chal-
lenge. For this, it is commonly admitted that one of the main preconditions for the selection
of alloys for thixoforming is the temperature sensitivity in order to keep a suciently large
window of working temperatures. Moreover, thixoforming requires a deep understanding
of the microstructure development during the process. The classical method of metallo-
graphic examination of quenched samples proved to be not highly accurate on its own. In
this frame, the numerical modeling developed in this work can be of great help for the
proper process control which needs instantaneous microstructure state monitoring.

Appendix A
Phase change eects on conservation
equations
In the semi-solid state, the material is subjected to phase change which aects the con-
servation equations. This eect has to be taken into account in the numerical simulations.
A.1 Phase change eects on mass conservation
In general, the density  of a material depends on the temperature. This dependency
is even stronger at the semi-solid state i.e. during phase change. Petera [62, 63] proposes
the following relationship:
(T ) = sfs + lfl (A.1)
= s + fl(l   s) (A.2)
where s;l are the density of the solid or the liquid phase respectively and fs;l are the solid
or liquid fraction respectively. All these terms are temperature dependent. It assumes
that the density of the semi-solid slurry is an interpolation between the solid and the liq-
uid ones weighted by the evolution of the liquid fraction. Fig. A.1 illustrates this evolution.
No specic numerical implementation in the code of Metafor is needed to take this
change in the density due to phase change. Indeed, the global mass remains constant (at
least under a Lagrangian formulation) and the mass matrix is not modied.
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Figure A.1: Illustration of the density variation during phase change (not quantitative)
A.2 Phase change eects on thermal energy conserva-
tion
This section focuses on the expression of the thermal energy conservation when phase
change, namely solidication or fusion, occurs. Indeed, the material phase change aects
the energy conservation since solidication is an exothermic process and fusion is a
endothermic one. In other words, some heat is released by the thermodynamic system
during solidication, while some heat is consumed during fusion. This energy is called the
latent heat of phase change and has to be introduced in the thermal energy conservation.
The thermal energy conservation equation (4.134) has been established in chapter 4:
c _T = r(thrT ) +Q (A.3)
where c is the specic heat capacity, T the temperature, th the thermal conductivity ten-
sor and Q gathers the volumetric heat sources powers due to the mechanical deformation
as well as the heat production (see section 4.3.2.3 for more details).
Various numerical models of the phase change energy consumption (or release) exist
and can be classied into two main families: the front tracking methods and the xed grid
methods. According to Pascon [35], the rst family can predict with accuracy the local-
ization of the solid-liquid interface, but is more complicated to implement in an existing
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nite element code.
Among xed grid methods, enthalpy methods and eective specic heat methods are of-
ten used. The enthalpy methods introduce the enthalpy density h of the material. The
variation of the enthalpy density with respect to the temperature variation over one time
step is used instead of the heat capacity c in the thermal energy conservation equation,
as follows:
h
T
_T = r(thrT ) +Q (A.4)
In eective heat capacity methods, an equivalent heat capacity, which depends on the
temperature and introduces the energy variation due to the phase change, is dened.
ceq(T ) _T = r(thrT ) +Q (A.5)
The disadvantage of the latter method is that with such an explicit denition of the
eective heat capacity in terms of the temperature, there is a risk to miss the phase
change if the temperature variation over the time step is larger than the interval of fusion.
However, in the present case of semi-solid forming processes, the working temperatures
are inside the interval of fusion and the interval of fusion is large in comparison with the
temperature variation over one time step, so that the risk to miss the phase change is not
critical.
In the present work, the thermal calculation is based on a weak formulation of the energy
equation, and does not track the interface between the phases but considers the material as
homogeneous (as it is done for the one-phase constitutive law). Thus, it cannot represent
the temperature gradient discontinuity at the interface. The method that is chosen here is
the xed grid method of eective heat capacity.
A.2.1 Description of the method of eective heat capacity
Petera [62] denes the enthalpy density h including phase change as follows:
h(T ) =
Z T
Tref
scsdT + fl
Z T
Ts
(lcl   scs)dT + flL (A.6)
where cs;l are the volumetric heat capacity of the solid or the liquid phase respectively, L
is the phase change latent heat, Tref is a reference temperature and Ts is the solidus. He
deduces the following expression for the equivalent heat capacity:
ceq(T ) = scs + fl(lcl   scs) + @fl
@T
Z T
Ts
(lcl   scs)dT + @fl
@T
L (A.7)
Thus, applying the method of equivalent heat capacity (A.5), the conduction equation
(A.3) can be rewritten as:
scs + fl(lcl   scs) + @fl
@T
Z T
Ts
(lcl   scs)dT + @fl
@T
L

_T = r(thrT ) +Q (A.8)
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A.2.2 Consistent tangent operator
As seen in section 4.4.3.5, the material part of the thermal tangent stiness depends
on:
@c
@T
=
@ceq
@T
=
@scs
@T
+ fl

@lcl
@T
  @scs
@T

+ 2
@fl
@T
(lcl   scs)
+
@2fl
@T 2
Z T
Ts
(lcl   scs)dT + L

(A.9)
The function of evolution of scs and scs with the temperature depend on the material.
Thus, the terms @scs
@T
and @lcl
@T
are not known a priori and are obtained by numerical
perturbations.
A.2.3 Discussion and illustration of the method
We can see in Eq.(A.7) that the function ceq(T ) is a continuous function only if the
function fl(T ) is continuously dierentiable, which is not the case of the Scheil equation
adopted in this work (see chapter 6):
fl =
8>>><>>>:
0 if T  Ts
T Ts
Tl Ts
 1
r 1
if Ts < T < Tl
1 if Tl  T
(A.10)
) dfl
dT
=
8>>><>>>:
0 if T  Ts
f2 rl
(r 1)(Tl Ts) if Ts < T < Tl
0 if Tl  T
(A.11)
Taking a closer look to Eq.(A.11), it can be seen, as already noticed in section 6.2, that
the derivative of the liquid fraction is well continuous around the solidus (as long as we
keep r < 2). It is not the case at the liquidus. This fact is illustrated in Fig.A.2 where
the dierent heat capacities are plotted in terms of the temperature. The discontinuity
in the equivalent heat capacity can cause numerical problems at temperatures near the
liquidus so that another expression of fl(T ) should be used. This adds a new weakness
of the Scheil equation already discussed in chapter 6. However, this is not a concern in
the present framework, which is focused on the semi-solid state and where liquid fractions
remain lower than one.
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Figure A.2: Illustration of the heat capacities evolution with temperature (not quantitative)
The expression of the equivalent heat capacity (A.7), can be rewritten as
ceq = scs + fl(lcl   scs) + @fl
@T
Z T
Ts
(lcl   scs)dT| {z }
Properties modications:cp
+
@fl
@T
L| {z }
Latent heat
(A.12)
shows that the equivalent volumetric heat capacity ceq has got two contributions: The
rst three terms that can be gathered as cp , which introduces the eect of material
properties modications and contraction with phase change and the latter term that
includes the phase change latent heat. The latter term of latent heat has the eect to
increase the apparent heat capacity of the material and, following (A.8), it will thus
tend to decrease the temperature rate _T . Indeed, when temperature is increasing, the
phase change (fusion) consumes heat which slows down the temperature elevation. On
the contrary, when temperature is decreasing there is some heat dissipation due to
solidication.
To illustrate the introduction of phase change eects on the thermal energy conserva-
tion, several simulations of the compression test detailed in chapter 7 (section 7.2.1) have
been conducted. Fig.A.3 compares results in terms of loading force for dierent models1.
1Note that the curves of Fig.A.3 are not quantitative in this illustration.
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We can see that when introducing thermomechanical eects in the model, the contact with
the colder die causes some solidication which increases the loading forces with respect
to the isothermal calculation. Also, it can be seen that taking into account the phase
change eects on the thermal calculation counteracts this fact, the results being closer to
the isothermal case. This is coherent with the comment made above saying that phase
change eects go against temperature variations.
Figure A.3: Comparison of dierent models on a compression test
Bibliography
[1] H.V. Atkinson (2005) Modelling the semi-solid processing of metallic alloys. Progress
in Materials Science, 50:341412.
[2] J. Hass, S. Abdelfattah (2002) Potenziale des Thixoschmiedens aus industrieller
Sicht. Proceedings of the Umformtechnisches Kolloquium Hannover, Hannover,
Germany, 193-207, E. Doege. (in German)
[3] G. Hirt, R. Kopp (Eds) (2009) Thixoforming. Semi-solid Metal Processing. John
Wiley and Sons, Ltd, Chichester.
[4] H.V. Atkinson (Ed) (2008) Modelling of Semi-Solid Processing. Shaker, Ltd,
Aachen.
[5] M. Suéry (Ed) (2002) Mise en forme des alliages métalliques à l'état semi-solide.
Lavoisier, Ltd, Paris. (in French)
[6] Metafor (2009) University of Liège, Aerospace and Mechanical Engineering depart-
ment, Computational Mechanics Unit, http://www.ltas-mnl.ulg.ac.be. (in French)
[7] J.C. Pierret (2009) Quantication de la robustesse du procédé de thixoformage des
aciers. University of Liège, Liège, Belgium. PhD Thesis. (in French)
[8] G. Vaneetveld (2009) Optimisation des paramètres du procédé de thixoforgeage
des alliages d'aluminium 7075 à haute fraction solide. University of Liège, Liège,
Belgium. PhD Thesis. (in French)
[9] E. Becker, P. C'ezard, R. Bigot, L. Langlois, V. Favier, J.C. Pierret (2008) Steel
thixoforging : heat exchange impact on the mechanical and metallurgical features
of thixoforged samples. Solid State Phenomena, 141-143:701706.
[10] J.C. Pierret, A. Rassili, G. Vaneetveld, R. Bigot, J. Lecomte-Beckers (2010) Fric-
tion coecients evaluation for steel thixoforging. International Journal of Material
Forming, 3:763766.
[11] H. V. Atkinson (Ed) (2008) Introduction to modelling semi-solid processing, in
Modelling of Semi-Solid Processing, H. V. Atkinson (Ed), Shaker, Ltd, Aachen,
119.
313
BIBLIOGRAPHY 314
[12] D.B Spencer, R. Mehrabian, M.C. Flemings (1972) Rheological behavior of Sn-
15 pct Pb in the crystallization range. Metallurgical and Materials Transactions,
3:19251932.
[13] V. Favier, C. Rou, R. Bigot, M. Berveiller, M. Robelet (2004) Micro-macro mod-
eling of the isothermal steady-state behaviour of semi-solids. International Journal
of Forming Processes, 7:177194.
[14] M. Suéry (Ed) (2002) Obtention du matériau de base, in Mise en forme des alliages
métalliques à l'état semi-solide, M. Suéry (Ed), Lavoisier, Ltd, Paris, 2136. (in
French)
[15] R.F. Decker (1990) Solid base for new technology. Foundry Trade Journal, 7:634
635.
[16] M. Collot (2002) Réchauage, in Mise en forme des alliages métalliques à l'état
semi-solide, M. Suéry (Ed), Lavoisier, Ltd, Paris, 3784. (in French)
[17] A. Rassili, M. Robelet, R. Bigot, D. Fischer (2007) Thixoforming of steels and
industrial applications. Proceedings of the 10th Esaform Conference on Material
Forming, April 18-21, Zaragoza, Spain, E. Cueto, F. Chinesta (Eds).
[18] M. Modigell, L. Pape (2008) Fundamentals of rheology, in Modelling of Semi-Solid
Processing, H.V. Atkinson (Ed), Shaker, Ltd, Aachen, 2049.
[19] O. Lashkari, R. Ghomashchi (2007) The implication of rheology in semi-solid metal
processes: An overview. Journal of Materials Processing Technology, 182:229240.
[20] M. Reiner (1964) The Deborah Number. Talk presented at the Fourth International
Congress on Rheology, August, Providence, USA, Physics Today.
[21] H.A. Barnes (1997) Thixotropy - a review. Journal of Non-Newtonian Fluid Me-
chanics, 70:133.
[22] C.J. Quaak (1996) Rheology of partially solidied aluminium alloys and composites.
Technische Universiteit, Delft, The Netherlands. PhD Thesis.
[23] T.Y. Liu, H.V. Atkinson et al (2003) Response of semi-solid Sn 15%Pb to rapid
shear rate changes. Metallurgical and Materials Transactions A, 34A:409416.
[24] D. Brabazon (2008) Experimental Determination of Parameters for Modelling Semi-
Solid Metal Flow, in Modelling of Semi-Solid Processing, H.V. Atkinson (Ed),
Shaker, Ltd, Aachen, 153175.
[25] T.Y. Liu, H.V. Atkinson et al (2003) Rapid compression of aluminium alloys and
its relationship to thixoformability. Metallurgical and Materials Transactions A,
34A:15451554.
BIBLIOGRAPHY 315
[26] M.C. Flemings (1991) Behavior of metal alloys in the semi-solid state. Metallurgical
and Materials Transactions, 22A:269293.
[27] J.P. Ponthot (1995) Mécanique des Milieux Continus solides en grandes transfor-
mations et traitement unié par la méthode des Eléments Finis University of Liège,
Liège, Belgium. PhD Thesis. (in French)
[28] J. Donea, Antonio Huerta, J.-P. Ponthot and A. Rodríguez-Ferran (2004) Arbi-
trary Lagrangian-Eulerian Methods, in Encyclopedia of Computational Mechanics -
Volume 1: Fundamentals, Edited by Erwin Stein, René de Borst and Thomas J.R.
Hughes, John Wiley & Sons.
[29] R. Boman (2010) Développement d'un formalisme Arbitraire Lagrangien Eul¯ien
tridimensionnel en dynamique implicite. Application aux op¯ations de mise à forme.
University of Liège, Liège, Belgium. PhD Thesis. (in French)
[30] R. Boman, L. Papeleux, Q.V. Bui, J.P. Ponthot (2006) Application of the Arbitrary
Lagrangian Eulerian Formulation to the Numerical Simulation of Cold Roll Forming.
Journal of Materials Processing Technology, 177:621625
[31] J.P. Ponthot (2002) Unied stress update algorithms for the numerical simulation
of large deformation elasto-plastic and elasto-viscoplastic processes. International
Journal of Plasticity, 18:91126.
[32] L. Adam (2003) Modélisation du comportement thermo-élasto-viscoplastique des
métaux soumis à grandes déformations. Application au formage superplastique. Uni-
versity of Liège, Liège, Belgium. PhD Thesis. (in French)
[33] P. Perzyna (1966) Fundamentals problems in viscoplasticity. Advances in Applied
Mechanics, 9:243377
[34] L. Adam, J.P. Ponthot (2005) Thermomechanical modeling of metals at nite
strains: First and mixed order nite elements. International Journal of Solids and
Structures, 42(21-22):56155655
[35] F. Pascon (2003) 2D1/2 Thermal-Mechanical Model of Continuous Casting of Steel
Using Finite Element Method. University of Liège, Liège, Belgium. PhD Thesis.
[36] M. Géradin, A. Cardona (2001) Flexible Multibody Dynamics: a nite element
approach. John Wiley and Sons, Ltd, Chichester, UK.
[37] O.C. Zienkiewicz, R.L. Taylor (2005) The Finite Element Method for Solid and
Structural Mechanics. Elsevier, Ltd, Oxford, UK.
[38] N. Newmark (1959) A method of computation for structural dynamics. Journal of
the Engineering Mechanics Division ASCE, 85:6794.
BIBLIOGRAPHY 316
[39] J. Chung, J. Hulbert (1993) A time integration algorithms for structural dynamics
with improved numerical dissipations: the generalized-method. Journal of Applied
Mechanics, 60:371375.
[40] L. Noels (2004) Contributions aux algorithmes d'intégration temporelle conser-
vant l'énergie en dynamique non-linéaire des structures. University of Liège, Liège,
Belgium. PhD Thesis. (in French)
[41] P.P. Jeunechamps (2008) Simulation numérique, à l'aide d'algorithme ther-
momécaniques implicites, de matériaux endommageables pouvant subir de grandes
vitesses de déformation. University of Liège, Liège, Belgium. PhD Thesis. (in
French)
[42] J.C. Simo, C. Miehe (1992) Associative coupled thermoplasticity at nite strains -
formulation, numerical analysis and implementation. Computer Methods in Applied
Mechanics and Engineering, 98:41104.
[43] M. Chiumenti, M. Cervera, A. Salmi, C. Agelet de Saracibar, N. Dialami, K. Matsui,
(2010) Finite element modeling of multi-pass welding and shaped metal deposition
processes. Computer methods in applied mechanics and engineering, 199:23432359
[44] G.R. Burgos, A.N. Alexandrou, V.M. Entov (2001) Thixotropic rheology of semi-
solid metal suspensions. Journal of Materials Processing Technology, 110:164176.
[45] D.C.-H. Cheng, F. Evans (1965) Phenomenological characterization of the rheolog-
ical behaviour of inelastic reversible thixotropic and antithixotropic uids. British
Journal of Applied Physics 16:15991617.
[46] Moore F. (1959) The rheology of cereamic slips and bodies British Ceramic Society
58:470484.
[47] M. Modigell, J. Koke (2001) Rheological modelling on semi-solid metal alloys and
simulation of thixocasting processes. Journal of Material Processing Technology,
111:5358.
[48] J. Koke, M. Modigell (2003) Flow behavior of semi-solid metal alloys. Journal of
Non-Newtonian Fluid Mechanics, 112:141160.
[49] P. Cézard, V. Favier, R. Bigot, T. Balan, M. Berveiller (2005) Simulation of semi-
solid thixoforging using a micro-macro constitutive equation. Computational Mate-
rials Science, 32:323328.
[50] V. Favier, M. Manceau (2009) Transient semi-solid behaviour: Modelling step-
change up and step-change down in shear rate using a micromechanical approach.
International Journal of Material Forming, 2:737740.
BIBLIOGRAPHY 317
[51] V. Favier, H. Atkinson (2011) Micromechanical modelling of the elasto-viscoplastic
response of metallic alloys under rapid compression in the semi-solid state. Acta
Materialia, 59:12711280.
[52] L. Shaofan, W. Gang (Eds) (2008) Introduction to Micromechanics and Nanome-
chanics. World Scientic Publishing Co. Pte., Ltd, Singapore.
[53] V. Favier (2008) Micromechanics and homogenization techniques for disordered ma-
terials: Applications to semi-solid materials, in Modelling of Semi-Solid Processing,
H.V. Atkinson (Ed), Shaker, Ltd, Aachen, 123152.
[54] J. Eshelby (1957) The determination of elastic eld of an ellipsoidal inclusion, and
related problems. Proceedings of the Royal Society of London. A241, 379396.
[55] R. Hill (1963) Elastic properties of reinforced solids: Some theoretical principles.
Journal of the Mechanics and Physics of Solids., 11:357372.
[56] R.M. Christensen, K.H. Lo (1979) Solutions for eective shear properties in three
phase sphere and cylinder models. Journal of the Mechanics and Physics of Solids.,
27:315330.
[57] T.Y. Liu (2002) University of Sheeld, Sheeld, UK. PhD Thesis.
[58] C.G. Kang and J.H. Yoon (1997) A nite-element analysis on the upsetting process
of semi-solid aluminum material. Journal of Materials Processing Technology, 66:76
84.
[59] D.C. Ko, G.S. Min, B.M. Kim, J.C. Choi (2000) Finite element analysis for the
semi-solid state forming of aluminium alloy considering induction heating. Journal
of Material Processing Technology, 100:95104.
[60] A. Zavaliangos, A. Lawley (1995) Numerical simulation of thixoforming. Journal
of Materials Engineering and Performance, 4:4047.
[61] J. Petera, M. Modigell, M. Hufschmidt (2004) Special Issue Modelling and Optimi-
sation: Physical simulation and Material Testing. International Journal of Forming
Processes, 7:123140.
[62] J. Petera (2006) Modelling and simulation of forming processes of metallic suspen-
sions under non-isothermal conditions. Journal of Non-Newtonian Fluid Mechanics,
134:1626.
[63] J. Petera (2008) Two Phase Approach to Modelling of Semi-solid Process, in Mod-
elling of Semi-Solid Processing, H.V. Atkinson (Ed), Shaker, Ltd, Aachen, 77104.
[64] S. Shima, M. Oyane (1976) Plasticity theory for porous metals. International
Journal of Mechanical Sciences, 18:285291.
BIBLIOGRAPHY 318
[65] M.C. Flemings (1974) Solidication processing. Metallurgical transactions, 5:2121
2134
[66] M. Modigell, J. Koke, J. Petera (1998) Two-phase model for metal alloys in the
semi-solid state. Proceedings of the Fifth International conference on Semi-Solid
Processing of Alloys and Composites, June 23-25, Colorado, USA, A. Bhasin, J.
Moore, K. Young, S. Midson, 317326.
[67] P.A. Joly, R. Mehrabian, (1976) The rheology of a partially solid alloy. Journal of
Materials Science, 11:13931418.
[68] P. Cézard (2006) Impact des eets thermiques sur le comportement du matériau
lors de la mise en forme des aciers à l'état semi-solide: analyse expérimentale et
numérique. ENSAM Metz. PhD Thesis. (in French)
[69] C. Rou (2003) Contribution à la caractérisation et à la modélisation du comporte-
ment d'un acier à l'état semi-solide - Application au thixoforgeage ENSAM Metz.
PhD Thesis. (in French)
[70] http://www.boulder.nist.gov Database for solder properties with emphasis on new
lead-free solders National Institute of Standards and Technology and Colorado
School of Mines
[71] T.A. Laursen (Ed) (2002) Computational contact mechanics. Wiley, Ltd, England.
[72] P. Wriggers (Ed) (2002) Computational contact and impact mechanics. Funda-
mentals of modeling interfacial phenomena in nonlinear nite element analysis.
Springer, Ltd, Berlin.
[73] http://www.engineersedge.com Engineering Material Specications and Character-
istics Ferrous and Non-Ferrous Metals Engineers Edge
[74] J. Lecomte-Beckers, A. Rassili, M. Carton, M. Robelet, R. Koeune (2007) Study
of the Liquid Fraction and Thermophysical Properties of Semi-Solid Steels and
Application to the Simulation of Inductive Heating for Thixoforming, in Advanced
Methods in Material Forming, Springer, Ltd, Eds Prof. Dorel Banabic, Romania,
321347.
[75] E. Becker (2008) Investigations expérimentales et numériques pour l'identication
des paramètres clefs du procédé de thixoforgeage de l'acier sur le produit mise en
forme. ENSAM Metz. PhD Thesis. (in French)
[76] http://www.transvalor.com Material forming simulations Transvalor
